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PREFACE 


In many recent text-books of Elementary Mathematics, 
_in which there has been a considerable departure from the 
traditional treatment of the subject, it is evident that the 
- authors have been faced by a serious dilemma. If on the one 
hand they omit a detailed exposition of the ideas under- 
_ lying their special mode of treatment, their plan is unintelligible 
or at least obscure; if on the other hand they insert all 
necessary explanations in the text, the book becomes unsuit- 
_able for the use of pupils. 

In the early stages of such a subject as Algebra, teaching 
must be almost entirely of an oral character. Discussions 
_in the text are of little or no value to the ordinary boy. All 
: that he requires to see in print are a few simple cautions, 
certain definite instructions and illustrative examples: these 
are sufficient to enable him to use his text-book for reference 
and revision purposes. The moral effect produced by a 

book whose size has been diminished through absence of 
“talk ’’ is of definite value ; and discussions hinder the pupil 

“in achieving the very necessary object of learning his way 
about the book. 

_ The authors have accordingly placed in an Introduction, 
which is included only in the Teacher’s Edition, all explana- 
tions which they consider unsuitable for the pupil. They 
are fully conscious that these introductory remarks may be 
considered too diffuse; but they have preferred to risk this 
‘charge rather than one of obscurity to which a briefer exposi- 
tion might have laid them open. 
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In selecting their material the authors have chiefly kept 
in mind the needs of the non-specialist, for whom it is 
contended the real function of Algebra is to furnish an equip- 
ment which will enable anyone of average ability before 
leaving school to become acquainted with the fundamental 
ideas of Trigonometry, Mechanics and the Calculus. If this 
equipment is made too elaborate, little time remains for 
dealing with subsequent applications and the pupil is left 
with an impression of Algebra as a useless “tyranny of 2 
and y.”’ Its essential elements and the ends it should serve 
have been the subject of many debates at the meetings of 
the Mathematical Association, and the authors have derived 
much assistance both from those discussions and the published 
Reports of the Association. 

Chapters I—X. (Part I.) contain what in their opinion is 
the most suitable normal school course as far as quadratic 
equations: Chapters XII—XY. (Part II.) deal with indiceg 
logarithms, ratio, variation and functionality: then follow 
four sections which are independent of one another, (a) 
Chapters XVI.-XVIII. on Calculus Ideas, (b) Chapter XIX. 
on Series, (c) Chapters XX., XXI. on Permutations, Com- 
binations and the Binomial Theorem, (d) Chapters XXII., 
XXII. on Empirical Formulae and Nomography: these 
can be taken in any order, and any one or more can be omitted 
without prejudice to the others. 

For some pupils, however, a more elaborate equipment is 
required; the last chapter in each part (Chapter XI. in 
Part I. and Chapter XXIV. in Part II.) accordingly contains 
such further developments of the previous work as seem 
advisable for those who are in some degree specialists. 

The inclusion of a chapter on Nomography may invite 
criticism ; it is justified partly by its growing utility in 
practical mathematics, but also by the educational value 
which all such general methods possess. The authors have 
felt more hesitation in admitting a chapter on Series, a subject 
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which often loses its value in an elementary course by being 
reduced to mere rule of thumb. It is hoped that the treat- 
ment adopted obviates or at least minimises this danger. 

The revision papers (220 in number) are arranged to suit 
the variations of order in which different sections of the book 
may be taken. 

Every effort has been made to introduce as much variety 
as possible into the examples and to infuse them with practical 
interest. Repetitions of special types may eventually induce 
some kind of facility in handling them, but this method dulls 
the mind: it is variety alone which makes the pupil “‘ keep 
thinking.” 

As there is little explanatory matter and few definitions 
in the text, the Glossary has been made rather fuller than 
usual, and it is desirable that its use should be encouraged. 
Pages are numbered consecutively through the two Parts, 
but the diagrams in Parts I. and II. are numbered independ- 
ently ; where any reference is made to a diagram on a different 
page, the number of this page is also added ; but such refer- 
ences are rare. 

The death of Mr. G. W. Palmer shortly after the final 
preparation of Part I. for the press, but before any further 
progress had been made, necessitated new arrangements : 
and the authors of Part II. must bear the sole responsibility 
both for the choice of material in this Part and its manner 
of presentation. 

Acknowledgment is due to The Controller of H.M. Stationery 
Office and to the Oxford and Cambridge Joint Board for kind 
permission to include questions set in recent examinations, 
and to Messrs. Macmillan and Co., who have sanctioned the 
use of their method of arrangement of logarithm tables. 
Special mention must also be made of Molesworth’s Pockei 
Hand-book for Engineers, which contains in a concise form 
an admirable collection of formulae which has provided 
excellent material for examples. The authors also wish to 
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take this opportunity of expressing their indebtedness to 
Mr. R. C. Fawdry, Head of the Military and Engineering 
Side, Clifton College; to Mr. D. B. McQuistan, Head of the 
Mathematical Department, Allan Glen’s School; to Mr. 
A. E. Broomfield of Winchester College; and to Mr. H. K. 
Marsden of Eton College, whose criticisms have been most 
helpful. 


CHVeD: 
R. M. W. 
April, 1921. 


In response to requests for the provision of additional drill 
exercises in certain sections of Part I., there has now been 
added (after page 251) a selection from the Extra Practice 
Exercises in my Practical School Algebra. Reference to these 
additional exercises is made by a footnote on the pages 
concerned. The Extra Practice Exercises can also be used 
as a revision course, 


Cc. V.D. 
March 1928. 
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INTRODUCTION 


In this book Algebra is introduced as an extension of Arith- 
metic, and the subject has been developed in the early chapters 
with the idea of enabling the pupil to pass from one to the other 
as easily and naturally as possible. There is a wide gulf between 
the use of numbers and the use of letters. Until this has been 
bridged, the pupil is unable to attach any real meaning to his 
work. Initially, therefore, every effort must be concentrated on 
this object. Concrete examples must take the place of abstract 
conceptions. It is not enough to point out to the pupil, however 
often, that the letters he is using represent numbers: obviously 
this has to be done: but the work must be so arranged that in 
the early stages he is being continually forced to replace letters 
by numbers for himself. While using letters, he must be com- 
pelled by the nature of the work he is doing to “think 
numerically.” Only by this means will the notation of Algebra 
become tangible and intelligible. The authors have tried to 
suggest various ways of carrying out this principle—in the first 
three chapters, the chief features of which are (i) the construction 
of formulae, (ii) the interpretation of formulae, (iil) the generalisa- 
tion of arithmetical work. This course of action also serves the 
important purpose of enabling the pupil to form some idea of 
the object of Algebra. He is able to see for himself that the 
new notation is a kind of mathematical shorthand, in that it 
gives him a means of crystallising into a single statement an 
unlimited number of arithmetical results which obey a common 
law by an explicit statement of what that law is. Further, by 
continual comparison with the similar processes in Arithmetic, 
the elementary operations of Algebra become intelligible and 
reasonable. 

The course of work indicated in the early chapters will be more 
efiective for this purpose if, in the initial stages, the teaching is 
mainly oral. This is discussed more fully on pp. xiv and xv. It 
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is assumed that the pupil has at this stage a thorough knowledge 
of the more elementary parts of Arithmetic and some acquaintance 
with the following further sections of the subject: (i) Areas and 
Volumes, (ii) Averages, (iii) Percentage and Simple Interest. He 
is also supposed to know that the adjacent angles formed by two 
straight lines are supplementary, and that the sum of the angles 
of a triangle is two right angles. This gives a wider range and 
greater variety of examples. But it is quite possible for anyone 
to use this book, though unacquainted, for example, with Per- 
centage and Simple Interest; 1t is only necessary to omit one 
section of Chapter III. (which is not essential) and a few examples 
elsewhere. ’ : 

In the early chapters the analysis is of the simplest kind 
possible : practice in the use of letters to represent number and 
in the generalisation of arithmetical processes is regarded as 
more important than dexterity in handling elaborate algebraical 
expressions. This does not mean that ability to perform the 
ordinary algebraic operations is regarded as unnecessary, but 
that in the early stages only such expressions as may aU ie 
be expected to occur in a natural manner should be handled. 
Attention is thereby focussed on the group of new ideas which 
accompany the introduction to analysis. 


CHAPTER I.—THE USE OF LETTERS IN ALGEBRA. 


THE chief object of this chapter is to familiarise the pupil with 
the use of letters to represent numbers. It contains three 
sections. 

I. Generalisation. A number of particular statements which 
obey a common law are taken; and letters are then used to 
formulate the general statement in which the various special 
cases are all included. 

II. Notation. A short account is given of the notation of 
Algebra, in so far as it is required in the early stages. 

III. Substitution. Particular statements are deduced from a 
given general statement by the substitution of definite numbers 
in the place of the letters which occur in it. 

Throughout the early stages of the Algebra course, a great 
deal of viva-voce work is most desirable, and it is suggested that 
nearly the whole of this chapter should be taken orally. There 
is no attempt to represent such work by discussions in the text, 
but every endeavour has been made to select examples which 
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are suitable for oral treatment, to vary their character, and reduce 
manipulation to a minimum. Thus, after a preliminary dis- 
cussion on some such lines as the illustrative examples indicate, 
it is suggested that the examples in Exercise I. a. should be taken 
orally. In each question taken, the whole class should be told 
to write down the generalised answer; and the correct solution 
should then be explained immediately. An example, explanation 
included, need not occupy, as a rule, more than two minutes, 
and it will be found that the ground is covered very rapidly. It 
is inadvisable at this stage to set boys to work through the whole 
or part of an exercise by themselves: this tends to produce 
mechanical and unintelligent work. The constant intervention 
of the teacher, the immediate dealing with the various questions 
that arise, and the opportunity it affords of correcting mistakes 
and explaining difficulties on the spot more than compensate 
for the fact that the pace of the stronger has to be accommodated 
to that of the weaker. It wil] increase the interest of the subject 
if, to the examples given in the book, are added others of a topical 
character: e.g. find a formula giving the number of days to the 
end of the term from the n™ of June; it is t o’clock now, what 
would it be if there were no Daylight Saving Bill? Pupils should 
be encouraged to suggest and invent formulae for themselves. 

In connection with Exercise I.a., a warning should be given 
that a statement is not necessarily true in general, merely because 
it is true in three or four special cases. For example, if we 
investigate the statement that the sum of the first 2n+2 prime 
numbers, counting 1 as a prime number, where n is a positive 
integer, ends in either 1 or 9, we find that it is true for 4, 6, 8, 
10, 12, 14, 16, 18, 20 primes, but it is not true for 22. It also 
follows that, even if a general statement is true, it has not been 
proved to be so, when it has only been verified in a few cases. 
This caution is one that requires frequent repetition throughout 
the elementary course. 

There is a natural tendency on the part of most or all pupils 
to divide their mathematical work, at any rate mentally, into 
disconnected groups: and it is worth while devoting consider- 
able time to breaking down the barriers they erect between the 
various subjects. Unless this is done, there arises, for example, 
an idea that there is one system of principles and rules for 
Arithmetic and a totally different set for Algebra. Merely to 
point out the real continuity subsisting between them is not 
enough: what is needed is the formation of a definite mental 
habit, and this can ouly come uum a repeated insistence on the 
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idea, illustrated again and again by examples. It is important 
therefore to remove at the outset the possibility of confusion 
due to notation, arising in the comparison of 23=2x10+3 
and 2}=2+2} with ab=axb. But when this has been done. 
every opportunity should be taken of comparing the analogous 
methods of expressing quantities in Arithmetic and Algebra. 
This will correct such mistakes as imagining that 222 means 
(2a), or that the square of 3y is 3y?, or that the result of multi- 
plying axb by 4 is 4a x 4b, ete. 

From the first the fact should be emphasised that letters are not 
used to represent numbers-of-things, but simply numbers. For 
example @ may represent the number of pence that a boy has in 
his pocket, but not the sum of money itself. It needs constant 
attention to secure that, in written work, there is no confusion 
of this kind. It is, of course, a matter that becomes especially 

rominent in connection with the problem work of Chapter VI., 
bt frequent occasions occur in the early symbolical work, when 
this point can be made. 

In the first four chapters, the existence of negative numbers 
is ignored: in all the examples letters are used to represent 
positive numbers or zero. As a matter of fact, in the majority 
of cases they are taken to represent whole numbers. This has 
been done to avoid arithmetical difficulties, at a time when the 
pupil is fully occupied with new algebraical ideas. Fractional 
values should, however, be introduced, from time to time, in viva- 
voce work, to remove the impression that a letter always stands 
for a whole number. 

As has been said above, the chief purpose of this chapter is 
to teach the pupil to think numerically, while working with 
letters. If he can attach a definite meaning to such statements 
as “the sum of the first 2 odd integers is x2,” the arguments 
he hears and the operations he is taucht to perform cease to be 
mysterious abstractions and rather tedious conjuring tricks. He 
has, in fact, begun to see what it is all about. The reality of 
the transition from the one subject to the other can be brought 
home vividly by making members of the class supply simple 
examples for each other. One boy states any simple arithmetical 
question he can think of, such as “a golf ball costs two shillings, 
what do six golf balls cost?” Another boy then states it in 4 
more general form, and a third boy may be able to generalise 
it still further. The mere fact that they build up for themselves 
the complete generalisation from a simple particular case means 
that they understand it, when it is obtained. 
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CHAPTERS II.—IJI.—GENERALISED ARITHMETIO. 


The work which the pupil has done in Arithmetic is here repeated 
in some detail and extended to algebraical expressions. By this 
means the pupil is made to realise the connection between Arith- 

metic and Algebra, and he is less likely to fall into the error of 

imagining that rules and principles of the one are inapplicable 
to the other. The examples have been arranged with this end 
in view, but it is doubtful whether written work, on whatever 
plan, can be as effective as a viva-voce treatment. 

It has been convenient to divide this work into two chapters : 

Chapter II. Processes, t.e. The Four Rules, H.C.F., L.C.M., 
_ Fractions, etc. 

Chapter III. Problems, t.e. applications of the rules and pro- 
cesses of Chapter II. to various kinds of problems, such as occur 
‘in connection with Unitary Method, Areas and Volumes, Per- 
centages, etc. There is also a section on the further use of 
formulae. 


CHAPTER II. 


Some teachers may be surprised at the simplicity of the 
majority of the examples in this chapter, and it is the case 
that there are comparatively few to which the answer cannot 
‘be given without any intermediate work. The authors, however, 
‘believe that it is simplicity alone that enables the principles 
‘under consideration to be illustrated effectively. No apology is 
‘therefore made for including examples of so ordinary a character ; 
if the line of the argument has been made clear and meets with 
the teacher’s approval, it is obvious that he can manufacture 
any number of suitable examples without the smallest difficulty. 
But in class work it often saves time and enables the pupils to 
follow the work more easily if the examples taken are printed 
in the book in front of them. 
_ It will be noticed that frequently the working in the illus- 
trative examples has been set out in much greater detail than 
would be expected or desired from the pupil in his own work 
(see, for instance, Example X. page 16). If, however, his work 
is intelligent and not merely mechanical he should be able— 
ind indeed should be occasionally asked—to expand his work 
on the lines there indicated. He will probably not like doing 
it, but there are few more effective ways of testing his grasp 


of the subject. ’ 
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The definitions of H.C.F. and L.C.M. on p. 16 will require 
some explanation. It should be pointed out that in Algebra 
we cannot say generally of two independent numbers a and b 
which is the greater in the same way that we can of two numbers 
in Arithmetic, for a and b may have many different values. Nor 
even, of two related numbers, such as a and a*, can we say which 
is the greater. Later on we shall find that we cannot even say 
that 2a is greater than a, without some qualification. 

But if we take any algebraical expressions, e.g. 12cy® and 
18cyz and write down their eommon factors, we shall find that 
there is one, of which all the others are factors. In this case it 
is 6zy, and all the other common factors, z, 2, 62, y, 2y, 3xy, 
etc., are factors of 6zy. This factor we agree to call the Highest 
Common Factor (or more shortly the H.C.F.) of 12xy? and 18zyz. 
It is not necessarily greater than the other common factors, when 
we give x and y numerical values. Hg. if y=}, 62 is greater 
than 6zy. 

Similarly, if we take any algebraical expressions and write 
down common multiples of them we shall find that there is one 
of which all the others are multiples. This we agree to call the 
Lowest Common Multiple of the given expression. 

It should be pointed out that the algebraical and arithmetical 
H.C.F. (or L.C.M.) are not necessarily the same. For example, 
the alvebraical H.C.F. of 22 and 4y is 2; but if 2 represents 
15 and y represents 21, the arithmetical H.C.F. is not 2, but 6. 

The only other section in the chapter which is likely to present 
difficulties is that on Brackets. Attention has been confined to 
such simple cases as may reasonably and naturally occur in the 
work that follows ; and within this limited range every endeavour 
has been made to illustrate the advantages resulting from the 
employment of brackets and.to encourage an intelligent use of 
them. Except in one exercise at the end of the chapter, no 
example contains more than one kind of bracket. The course 
suggested will be evident from the examples given; it falls into 
three parts: (i) the interpretation of expressions containing 
brackets, (ii) the use of brackets to express operations with 
numbers and quantities, (iii) the simplification of brackets. 

Although it is an easy matter to teach the pupil the rules for 
the removal of brackets and to secure a fairly accurate appli- 
cation, it is very far from easy to make him understand the 
justification for these rules. If anything beyond mechanical 
accuracy is desired, there must be a large measure of oral 
instruction, and the rules must be Wlustrated by suitable 
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examples. It is, therefore, suggested that the questions in 
Exercise IJ.1. should be considered in careful detail: in this 
way instances will be taken of all the various cases which arise 
in the simplification of a+ (b+ c). A discussion of each example 
in turn, supplemented by others the teacher may devise or the 
pupil suggest, will clear away any mystery that surrounds the 
rules which are afterwards enunciated. 


CHAPTER III. 


It is not necessary to work completely through this chapter 
_ before going on to the succeeding chapters. The amount that 
can be taken conveniently in a first course will depend on the 
_ pupil’s knowledge of Arithmetic. The chapter contains examples 
_which vary very much in difficulty, and some of them will be 
unsuitable at the stage of the work indicated by the position of 
_ the chapter ; it is suggested consequently that parts of it should 
be taken at intervals, throughout the period of time allotted to 
the whole book (Part I.). Its object is partly to give further 
practice in the use of letters and partly to improve the pupil’s 
ideas of arithmetical method by generalising the work. As an 
instance of this, take the example on p. 40: “If a train is 
travelling at the rate of a miles an hour, how long will it take 
to go z miles?” 

It is important that the pupil should realise that the answer 


is = hours in all cases ; it is often necessary to correct the false 
a 


| impression that this is only true if 2 is greater than a; there is 
also the tendency to imagine that this result holds only if 2 and a 
are integers. Such special cases as “he travels half a mile in 


4 nours ” should be mentioned. This work gives an opportunity 
for considering such questions as, (i) is zy greater than x? (ii) is 
* Jess than x ? (ili) is the square of x greater than 2? etc., which 
smooth away kindred difficulties that have occurred in Arithmetic. 


CHAPTER IV.—GRAPHICAL WORK. 


The introduction of graphical work at this stage is not due to 
any belief that it is in itself of much value so early in the course 
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but because, from this point onwards, it is useful in various 
places as a means of illustration. Much later on, in Part |B bed 
graphical methods will be employed to develop the idea of a 
function and to explain some of the properties of simple functions ; 
but for the present the work is confined to such simple ideas as 
will be found helpful in illustrating the work of Part I. It is 
therefore necessary to deal only with the plotting of functions of 
a single variable. 

The graphical representation of an algebraical relation between 
two variables, eg. the representation of 2r+3y—-1=0 by a 
straight line, has been deliberately omitted, because it embodies 
an idea which is far too difficult for pupils at this stage. They 
can, of course, be taught to draw the graphs corresponding to 
linear relations between x and y, but unless a great deal of time 
is devoted to this work and the intellectual ability of the pupil 
is out of the ordinary, the process will be merely mechanical, 
and not, in any true sense of the word, educative. The authors 
do not believe that it is wise to trespass at this stage on the pro- 
vince of co-ordinate Geometry. This limitation involves the 
omission of the graphical solution of simultaneous equations. 
Those teachers who do not agree with this point of view will 
find examples that can be used for graphical solution in Exercise 
VII. a. 11-34, and Exercise X. f. For similar reasons, applications 
of graphical methods to Geometry, such as finding the distance 
between two points of given co-ordinates, the area of a triangle 
whose vertices are given, the equation of a line joining two given 
points, etc., have been omitted. 

The first set of examples deals merely with the meaning of 
axes of reference and of co-ordinates and with the plotting of 
points. The necessary instruction should be given orally, and 
will naturally include the following considerations : 

(i) The meaning of the terms employed. 

(ii) The representation of numbers and quantities by lines of 
suitable length. 

(iii) The representation of a pair of numbers or quantities by 
a point in the plane. 

(iv) The difference between a variable and a function of that 
variable. 

(v) The difference between diagrams containing only isolated 
points and those which involve an unlimited number of points 
and so lead to a continuous curve. 


(vi) The clear indication on the figure of the axes and the 
scales that have been chosen. 
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(vii) The choice of a convenient scale. In this connection two 
things are important: (a) The scale must be a simple one, 1.e. 
such that any number or quantity can be plotted with only the 
simplest calculation, e.g. if 3 large divisions represent 10 lb. it 
is not easy to represent 7 lb. or 13-8 or to read off the weight 
represented by any length chosen at random; but 3 large divisions 
=] hour is quite convenient. (b) To secure as great a degree of 
accuracy as possible, the scales should be so chosen that the 
graph extends across the greater part of the given piece of squared 
paper, if it can be done with a convenient scale. If OA and OB 
are the axes, it is not necessary to make the point O correspond 
to zero for either axis (see Example I. p. 56). 

(viii) The importance of using decimals, instead of vulgar 
fractions, in any table of values. 

(ix) The importance of neatness and accuracy. 

In the second set of examples (Exercise IV. b.j groups of values 
are represented graphically. In this way the changes in a varying 
quantity may be seen more readily than by inspecting a list of 
numbers. For example, from the diagram on p. 56 the changes 
in the average annual price of a quarter of barley between 1900 
and 1910 can be seen at a glance. In most of these examples 
we are plotting isolated points, and it is advisable to join the 
points by straight lines, but it is important to point out that 
these straight lines have no quantitative meaning. 

The next set of examples (Exercise IV.c.) deals with the plotting 
of simple algebraical functions of a variable. The primary object 
of this is to show how such functions change as the variable 
changes. For example, on p. 58 our object is to show how 


5 +3 changes as z changes; not how to represent graphically 
the relation y= 5 +3 or the equation z—-2y+6=0. 


Probably 4. a first reading it is advisable to take only the 
easier examples in Exercise IV.c., and to leave the remainder 
for a second course. 

In tabulating values of such functions as 3a?- 7x +2, the pupil 
should be required to write down all the numerical work in tabular 
form, and should not be allowed to write miscellaneous computa- 
tions on another sheet or at the side. It should be pointed 
out that the work can be easily checked when arranged in 
this way. 

The tendency to imagine that f(0) is always equal to 0 needs 
a special word of correction. 
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At a later stage, after the pupils have had considerable practice 
in drawing graphs of simple algebraical functions, their attention 
should be directed to some of their more elementary properties, 
such as the following : 4 

(1) The graph of az, where a is a number and zg the variable, 
is a straight line through the origin (0, 0). 

(2) The graph of ax+6, when a and b are numbers and z the 
variable, is a straight line. : 

(3) The graph of az? is a curve symmetrical about the axis 
OB; it is concave upwards, and its lowest point is the origin 
(0, 0) if a is positive; it is convex upwards, and its highest point 
is the origin if a is negative. 


CHAPTER V.—NEGATIVE NUMBERS. 


Until the beginning of the seventeenth century mathematicians 
dealt exclusively with positive quantities. This historical fact 
is of itself sufficient evidence of the intrinsic difficulties involved 
in the idea of a negative number ; and it is not surprising, there- 
fore, that at the present time there exists much divergence of 
opinion as to the way in which this subject should be handled 
in the elementary course. On the one hand, some teachers 
believe in a thorough and elaborate investigation of the laws 
regulating the use of negative numbers. On the other hand, 
many are content with making their pupils learn by heart a 
few rules dealing with the combination of such numbers. The 
authors do not consider the first method practicable or justifiable 
at this stage, but they are reluctant to follow the line of least 
resistance and adopt the second. The course adopted in the 
present chapter is consequently a compromise, and, as such, iz 
liable to be attacked from both sides. It will probably not be 
acceptable to the rigorous school of thought, and it may appear 
unduly protracted to those who believe in covering as much 
ground as possible in the shortest time. Nor is it maintained 
that any startling results can be expected. The main purpose 
is to enable the pupil to judge of the ‘“‘ reasonableness”? of the 
rules which after a time will become mechanical. 

One of the first steps is to explain why negative numbers are 
employed. A good example of this is furnished by the history 
of the thermometer. Fahrenheit took as the zero of his scale 
the lowest temperature with which he was acquainted. When 
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lower temperatures than 0° F. were obtained, the introduction 
of negative numbers on the scale avoided the necessity of a 
Te-atrangement. But Celsius, who invented the Centigrade scale, 
made use of negative numbers from the first, and so obtained a 
more convenient system of measurement. 

The advantage of using negative numbers in Algebra is seen 
by considering such an expression as (a—b)—(a—c). Without 
them, this expression is meaningless, unless a>b and a>c 
and (a—b)>(a-—c). Clearly it would be extremely laborious 
to make such a series of restrictions of this nature as would be 
required in any piece of algebraical manipulation. And in any 

protracted analysis, the accumulation of such restrictions would, 
for all practical purposes, make progress impossible. lt would 
lead to the consideration of endless special cases, and would permit 
of very few general statements being made. We could not say, 
for example, that if a man climbs a hill x feet high and descends 
‘into a valley y feet deep, he is x—y feet above his starting- 
‘point; nor that an equation of the first degree must always 
‘have one root, since it would not be true of such an equation 
as 2+1=0. 

One of the greatest difficulties the pupil experiences is that of 
distinguishing between the number “ —3” and the operation 
“subtract 3.” This is no doubt largely due to his being accus- 
-tomed to use the same symbol to represent these two distinct 
ideas. At the risk of appearing to adopt an artificial treatment 
and of seeming to introduce unnecessary difficulties, the authors 
have come to the conclusion that the best way of illustrating the 
difference is to employ at first separate symbols. The new 
numbers are therefore represented, in descending order, by 
(-1), (—2), (—8), etc., with intermediate numbers such as 
(—1-2), (—23), etc. Later on this special notation will be dis- 
carded. 

It is well to point out that new symbols might have been 
used, entirely different from those for positive numbers; com- 

are, for example, the use of ¢ and e for the digits ten and eleven 
in the duodecimal system of numeration. But all notation 
should, as a matter of convenience, be as suggestive as possible 
in its form, in order to avoid causing any unnecessary burden 
to the memory. 

We have now an extended scale of numbers, such as is indicated 
by a thermometer scale, which may be imagined to extend 
without limit in either direction. This provides us with a series 
of symbols arranged in a definite order, and this fact is referred 
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to as the ordinal property which is possessed by all numbers, 
positive or negative. 


Scale of centimetres. 
SS ee 
€4) ¢3) 2) (-1) fe) 1 2 3 @ 


We say that the symbol a represents a greater number than 
the symbol 8, if it occurs in this scale to the right of 6, while it 
represents a smaller number than 6 if it occurs to the left of b. 


Thus 4is greater than(-1) or 4>(-1), 
(—38) is less than(-1) or (-3)<(-1). 


So far we have given a meaning to 0, (—1), (—2), (—1:3), ete.; 
it now remains to discuss the operations of addition, multipli- 
cation, etc., for such numbers. In this connection such state- 
ments as a—(—b)=a+b or (—a) x(—b)=ab should be regarded 
as extensions of the meaning of the operations of subtraction and 
multiplication rather than as enunciations of new truths. In 
fact what we have to do is to find meanings for +, -, x, + 
when we are dealing with negative numbers. 

The following points may properly form subjects of discussion : 


(i) If you invent new symbols, you can lay down any laws you 
like (provided that they are consistent) which those symbols are 
to obey. 

(ii) Some systems of laws are more convenient than others. 

(iii) In the particular matter in hand, it is obviously desirable 
to select, if possible, a system which will enable us to operate 
with the symbols a, b, ¢, etc., in such a manner that it is immaterial 
whether a, b, c, etc., represent positive or negative numbers. In 
this way we avoid special cases and secure generality. This Jast 
consideration is most important. 

Addition. Case I. (-—a)+0. In this and all the following 
cases a and 6b represent positive numbers. In dealing with 
positive numbers the operation +6, 1.e. “add b,” applied to 
a number means that we count up b from that number or 
move 6 units to the right on the scale above. This is conse- 
quently, in accordance with the principles in (iii) above, our state- 
ment of what we mean by addition or our definition of addition, 
whether the number to which we are adding 3 is positive or zero 
or negative. Thus(—3) +4 means that we start from the number 


(—3) and count up 4, or start from (—3) on the scale and move 
4 units to the right. 
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It can be shown that this agrees with general practice when 
dealing with negative numbers on the thermometer scale, a 
contour map, etc. 

Case I]. a+(-—b). It is important to emphasise the fact that 
+(-—b) is an operation which so far is quite meaningless. As 
before, we shall use the principle in (iii), p. xxiv, to give it a meaning. 
Now, so long as m and n represent positive numbers, m+n=n+m, 
We shall assume that this is true for all values of m and n, positive 
or negative. Thus a+(—b)=(-—b)+a, and the meaning of this 
is given in Case [. Of course we might have taken some other 
property of positive numbers-instead of a+b=b+a and extended 
it to include negative numbers. For example, we might have 
taken a+(—b)+c=a+[(-b)+c]=[a+(-)b)]+e. 

It will be found that the meaning that we have found for the 
operation +(-—b) gives a+(—b) the same value as if we were to 
start from the number a and count b down, or on the scale start 
- from a and move 6 units to the left. For example, 
. 4+(-7)=(-7)+4=(-3). 
- And we obtain the same result (—3) if we start from 4 and move 
- T units to the left. 
Case III. (—a)+(-—}). We shall assume that, as in Case I1., 
- the effect of the operation +(-6) on a number can be represented 
_ by starting from that number and moving 6 units to the left. 
This is again in accordance with the principle in (ili), p. xxiv. 
We can now say that (-4)+(-3)=(-7), ete. 
We have now settled the meaning of the operation of addition 
whether we are dealing with positive or negative numbers. It 
should be pointed out that we have not proved that, with these 
meanings, negative numbers satisfy the fundamental laws of 
Algebra that have been proved for positive numbers. Forexample, 
-in Case IT. we know that a+b=b+a, but we have not proved 
it in Case III. Of course we can easily do so for any given case ; 
eg. (—4)+(-3) and (—3)+(-—4) both give (—7); or more 
generally, (— a) +(—}) and (—6)+(—a) both give —(a+6). For 
further remarks on this see p. XXVU. 
Subtraction. Subtraction can be made to depend on addition, 
It will be assumed that the symbol a—b, which represents the 
result of the operation of subtracting b from a, is equal to the 
number which, when added to 6b, gives a. For example, to find 
‘the value of 3—4, we find the number which, added to 4, gives 3. 
Thus we see that the operation —4, or “ subtract 4,” gives the 
same result as the operation +(-4), or “add (-—4).” Again, 
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to find the value of 3—(-—5), we find the number which, added 
to (-—5), gives 3. Then we see that the operation —(—5) gives 
the same result as +5. 
To put shortly the results that we have obtained : 
(i) +5 means “ move 6 units to the right on the scale.” 
(i) +( ms b) ” ” ” left ” ” 
(iii) =O ” ” ” ” ” ” 
(iv) a ( a b) ” ” ” right »” ” 
Multiplication. Cuse I. (—a)xb. This may be made to 
depend on addition. £.g. 
(5) x4=(—5)+(—5)+(-5)+(—5)=(—20), 
Generally (—a) x b=(-ab). 


Case II. ax(-—b). . We assume that ae 
MXn=nxm 
for all values of m and n. 


Thus ax(-—b)=(-—b)xa=(-da) or (-ab). 


Case III. (—a)x(-b). We assume that 
m(n+p)=mn+mp 

for all values of m, n, p. For example, to find the value of 

(—4)x(-5), we put m=(-—4), n=6, p=(-—5). 

(—4) [6+(-5)]=(-4) x6+(—4) x(—5)=(-24)+(-4) x(-5). 
But (-4) (6+(-5)]=(-—4)xl=(-4)=(-24) +20. 
Comparing the two results, we see that (—4) x (—5)=20. 
Generally (-—a) x (-—b)=ab. 

We could also have used this method in Case II. 

Division, The operation of division is made to depend on that 
of multiplication by the following definition : 
The symbol a +b represents the number which, when multiplied 

by b, gives a. 

This immediately gives 
(i) (—20)+4=(—5), (ii) 20+(-4)=(-5), 
(iii) (—20)+(—4) =5. 
The Symbol 0. So far nothing has been said as to operations 
Involving the symbol 0. 
From the scale of numbers we have 


G-a4=0; at+(-a)=0, 
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And, by putting e=(—b) in (b+c) a=a(b+c) =ab +a, we get 
0Oxa=ax0=0. 


Also, making division depend on multiplication, it follows from 
this that O+a=0, if a is not equal to 0. 

The operation 0 is excluded from our consideration, and no 
meaning is attached to it. 

We have extended the meanings of the fundamental operations 
80 as to include negative numbers. In each case we have obtained 
a meaning by extending either some fundamental law of the 
Algebra of positive numbers, e.g. a+b=b+a, or some previous 
interpretation of an operation, e.g. +5, which means count up 
5 when applied to positive numbers. But we have not proved 
that all the laws of the Algebra of positive numbers, e.g. 


“(a+b)+c=a+(b+c) or axb=bxa, ete, 


are now true for all numbers. It may be worth while doing this 
in some special cases. But probably the most convincing test 
is that of experience. It will be found that, in the work which 
follows, the results are consistent, and when this Algebra of 
negative numbers is applied to practical affairs, it leads to 
results which agree with those obtained by other methods. 

Of course we might have been content with merely stating 
the extended meanings of +, —, x, +, etc., and then appealing 
to experience, in this way saving the work of pp. 69-77, but 
this would probably have appeared a very arbitrary proceeding 
to the pupil, who is unlikely to have any idea of the reasons 
which led to these particular meanings being adopted. 

It is suggested that the sort of discussion indicated in these 

ages should be given frequently in small doses. It could be 
in before the pupils have finished Chapter III. and continued 
while they are doing Chapter IV. It must obviously be left 
to each teacher, should he follow the line of thought here 
indicated, to decide, according to the ability of his class, at what 
point it is best (i) to drop the bracket notation (—a) for negative 
numbers, and (ii) to permit the use of rules for operations with 
negative numbers. ‘This is done in the text on pp. 81 and 82. 

It seemed worth while to introduce a section on graphical 
work, partly as an exercise in work with negative numbers, 
partly as giving a practical application of the extension of the 
scale of numbers below zero, but partly also to convince pupils 
diagrammatically of the continuity of results in the extended 
scale. In the example given, p. 78, by plotting w for positive 
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numbers @ portion of a straight line is obtained, and it is shown 
that, corresponding to negative values of z, we get further portionr 
of the same straight line. 


CHAPTER VI.—PROBLEMS AND EQUATIONS. 


As the solution of problems by means of algebraical equations 
usually presents considerable difficulties to beginners, an attempt 
has been made to sub-divide the work and, as far as possible, to 
face one difficulty at a time. 

The following order has been adopted : 

(i) The expression of a statement connecting numbers by means 
of an equation, without solving the equation. 

(ii) Similar work with quantities, instead of numbers. 

(iii) The solution of simple equations, firstly by means of the 
four axioms, and afterwards by the use of rules. 

(iv) Problems relating to numbers. 

(v) Problems relating to quantities. 

It will be noticed that in the text the attention of the reader 
is continually drawn to the importance of the correct use of 
letters. The natural tendency to unintelligent working generally 
causes a dangerous unwillingness in the student to state explicitly 
what his unknown really represents. The confusion between 
numbers and quantities must be removed at the earliest stage 
possible: it is mainly due to a form of mental laziness. This 
is also, in part, the reason why at first the student will appear 
disinclined to adopt the “writing out of the problem” method 
suggested on pp. 102, 103, the chief purpose of which is to make 
him grasp clearly the data of the question. He should be made 
to work on these lines, in some very easy examples at least, even 
where he can state the equation immediately, because if he does 
not acquire the habit in simple cases, he will find it very difficult 
to adopt in harder problems. 

Equations should at first be solved step by step with reference 
to the fundamental axioms. It is of little value for the student 
merely to quote the axiom by number or in any other way, but 
he should write down in his own words the operation he is per- 
forming, e.g. “ add 3 to each side,” or “ divide each side by 5.” 
The object of this is to ensure that he understands what is really 
happening : unless he does this he is very liable to make such 
mistakes asav=b; ,°, z=b—a. At what stage the rules, given 
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on p. 95, should be introduced is, of course, a matter for the 
individual judgment of the teacher. 

In connection with problems, there is great difficulty in providing 
good examples in sufficient quantity. Some of the examples one 
sees are artificial and fanciful. Take the following (which has 
a classical sanction): ‘‘ Of a swarm of bees clustered on a tree, 
the square root of half their number flew away. Eight-ninths 
of the original number then departed, leaving but two behind. 
How many were there at first ?”” Others, such as the following, 
seem a useless form of breakfast-table conundrum: ‘* A woman, 
selling apples, sells half her stock and one more to A, one-third 
of the remainder and two more to B; one-third of what then 
remained and three more to C: 25 are left. How many had 
she originally?’ Probably the inclusion of some artificial 
examples is inevitable, at least in the early stages, if a sufficient 
number of an elementary kind is to be provided ; but it is curious, 
if this subject is as important as it is generally considered, that 
there should be such a poor supply of natural applications. 

Literal equations have been postponed to Chapter IX., but it 
may be thought desirable to include some of the simplest type 
in the work of this chapter. Such examples will be found on 
p- 145. 


CHAPTER VII.—SIMULTANEOUS EQUATIONS. 


The following is suggested as one method of introducing 
Simultaneous Equations. 

Consider the problem, “Find two numbers whose sum is 32.” 
This gives the equation x+y=32, but it. is evident that the 
problem is indeterminate. More information is needed, 80 we 
add “one of which is greater than the other by 6.” This gives a 
second equation z—y=6. 

The method of elimination can then be explained, by means 
of which, from two equations containing x and y, we obtain 
one equation containing, for example, x; in this way the value 
of x can be found, and so the value of y. 

It is evident, from the method of solution, that we can as a 
rule determine two unknown numbers or quantities if we have 
two statements, each of which can be expressed as an equation 
of the form ax+by=c. : 

Later on it wiil be shown that, from three such equations, we 
can as a rule obtain three unknown numbers or quantities. 
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The examples on pp. 111, 112, are written as a pupil might be 
expected to write them after he has had some experience, and 
no detailed explanation is given. But at first it is necessary 
that he should be able to explain, at any rate orally, what is 
meant by such operations as adding the equations 


10r+12y=32 and 9r-12y=6. 


So also care is necessary in clearing an equation of fractions. 

One or two hints may be useful to the pupils. 

(i) After one unknown number has been found, the other may 
be found by substituting in either of the given equations or in 
any equation that has been deduced from them in the course of 
the work. The easiest should be chosen. 

(i) The equation selected for checking should not be the same 
as that used for substitution, nor directly connected with it. E.g. 
in Example II. p. 112, y is found by substituting in 10z—y=208. 
The equation QF am dt should not be chosen for verification, as 
it is really the same. 

(iti) In equations with fractional coefficients it is sufficient to 
clear the x and y terms of fractions. The constant terms may 
remain as fractions whether they are vulgar or decimal fractions. 

The supply of good problems to be worked by simultaneous 
equations is even poorer than in the case of simple equations, as 
many of the former can be worked as well or even better with 
only one unknown number. 


CHAPTER VIII.—FACTORS AND MULTIPLES OF MORE 
THAN ONE TERM. 


So far, multiplication and division have been by single-term 
expressions. In this chapter they are extended to expressions 
of more than one term. As a rule, such work is divided into 
sections which are kept separate: one on long multiplication 
and division, one on factorisation, one on H.C.F., one on L.C.M. 
one on simplification of fractions (addition and subtraction), one 
on simplification of fractions (multiplication and division). The 
danger of this plan is the tendency it produces to render the 
work mechanical and imitative. The pupil may work through 
a dozen or more examples, all of similar character, with success 
and so on through the various types; but a month later he will 
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have forgotten all about them, and if faced with a miscellaneous 
exercise will break down badly, because his mind has not really 
been trained by the work he has done. ‘The writers have 
endeavoured to obviate this by presenting each relation in as 
many ways as possible, and by using it for as many purposes 
as possible : e.g. the relation a* — b? =(a +b)(a — b) gives the product 
of a+6 and a—b, the result of dividing a?—b? by a—b, the factors 
of a#—b?, etc. It can then be used for multiplication, division, 
H.C.F., L.C.M., simplification of fractions, solution of equations, 
etc. All these applications are put together in one section of 
the chapter. Another point to which importance is attached is 
the close connection between the simplification of fractions and 
the solution of fractional equations. It is hoped that the emphasis 
laid on the close relation between Arithmetic and Algebra is a 
partial cure for the widespread disease of dropping denominators 
when simplifying fractions. Confusion of mind is liable to 
occur when the pupil sees the denominators disappearing in the 
solution of fractional equations. This source of confusion must 
be faced boldly: the two processes should go on side by side, 
and repeated explanations are needed to enable him to dis- 
criminate between the two operations and to understand the 
justification of what is done. Such work as 


1 1 at. 
+1 a+4 242" 
. (©+4)(e+2) +(2+1)(24+2) =2(e+1)(x +4) 
oe (v+1)(2%+4)(a+2) 


should never be allowed. 

The only safe course is to make quite sure that the pupil 
anderstands what he is doing, and is not merely working by rule. 

It may be said that such a scheme as has been adopted makes 
things more difficult for the pupil ; and in one sense it is true, 
because it demands from him continuous mental labour. He is 
not working all the time by type, and the variation in the form 
of the question will compel him to use his brain to a greater 
degree; but it is this very mental exercise which will impress 
his work on him and will enable him to retain and reproduce 
what he has been doing after an interval which would obliterate 
the effect of merely mechanical processes. It makes a greater 
tax on his mind, compels him to reason and discriminate, and 
for that very reason leads to intelligent working. 
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CHAPTER I[X.—LITERAL EQUATIONS. FORMULAE 
(CHANGE OF SUBJECT). IDENTITIES. 


Literal equations are introduced by problems, parallel problems 
being given (see p. 144) which lead, one to a numerical, the 
other to a literal equation. Only those of a simple kind are 
given in this chapter, others (including simultaneous equations) 
will be found in Chapter XI. Simple examples furnish good 
opportunities of testing whether the pupil understands the 
process of solution of an equation, and on this account some of 
the examples may be taken concurrently with Chapter VI. 
Their chief value, however, lies in their connection with formulae, 
and the section on “change of subject’ (see p. 147) should be 
taken carefully. 

Only quite simple identities are considered in this chapter. 
The immediate object is merely to give the average boy an idea 
of the difference between an identity and an equation. More 
difficult examples, which tend to develop the sense of algebraic 
form, will be found in Chapter XI. 


CHAPTER X.—PROBLEMS. QUADRATICS AND 
SIMULTANEOUS QUADRATICS. 


In the solution of quadratics, it is advisable to insist on the pupil, 
throughout the first course, inserting all the steps in the argument. 
Failure to do this is responsible for a very common mistake. For 
example, in solving 2? +42 -—21=0, the steps are: 

(2—-3)(7+7)=0; 
-. ©-3=0 or 4+7=0; < 
’..@=3 or —T. 
The pupil is very likely to omit the step marked with an arrow, and 
if he does this he will soon start to write down, .., x= —3 or 7. 
And he will tend to act on an unintelligent rule, without being 
conscious of the reasoning which underlies his work. 

[t will be noted that the general method of solution is based 
on factors rather than the extraction of the square root of each 
side of the equation. It may be true that this is a slightly more 
difficult course, but firstly, it is continuous with the method of 
solution when the roots are rational : although a rather harder 
application of that method, because the factors cannot be guessed 
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at sight. Secondly, it shows why there are two roots. Thirdly, 
it enables the pupil to avoid the mistake of obtaining only one 
root, which is likely to happen, owing to his omitting the + sign 
when he takes the square root. The fact that the working is 
made slightly longer is comparatively unimportant, as eventually 
the formula would naturally be always employed. 

In the solution of simultaneous quadratics (one being linear) 
it has been left to the teacher to point out the wisdom of con- 
sidering, before substitution, whether it is better to express 2 
in terms of y, or y in terms of x. It is worth while taking a few 
viva-voce questions on this point, without actually going through 
the working, so as to make it clear. For example, which is the 
better in the following cases and why ? 

z—2y=1, Tz + 2y=10, 
w+ 37? =7 | 32? —5y?=1; } 
3z+y=8, eee 
Bry —Ty?=1; ry =2. 

Examples, where both equations are quadratic, will be found 
in Chapter XI. The simple case given at the bottom of p. 165 
is included here, because many problems can be solved either 
by a single quadratic equation or by simultaneous equations, 
and so equations of this type are likely to occur. See the train 
problem on p. 166. , 

The section on graphical work has been kept fairly short. 
Some of the topics, often discussed at this stage, are postponed 
till much later, when properties of simple functions of one variable 
will be considered more fully. 


CHAPTER XI.—FURTHER DEVELOPMENTS. 


The principles which have guided the choice of material for this 
chapter and the use to which it is intended to be put have been 
stated on p. vi. 


REVISION PAPERS. 


The later papers of set A are more difficult than the early ones, 
and are more suitable for revision at a later stage. The same 
thing is true of the later papers of sets Band ©. Such papers are 
marked with an asterisk. 

é 


PARI 
CHAPTER XII. 


Indices. The laws for positive integral indices are as 
follows : 


If m, n are positive integers, 
(i) a™ xa" =qmin, (ii) a™+a"=a"™—", ifm>n, 
1 


~ aqn—m ’ 


ifm<nj; 

(iii) (a™)* =a™", 

The proofs of these laws follow immediately from the 
definition of the symbol a™, 


a™=axaxaxax...to m factors. 


Exercise XII. a. illustrates the use of these laws, and is 
intended to show the reader how they are proved. Many 
numerical examples are usually required to clear away the 
haziness of idea most pupils have about indices, and in par- 
ticular about (iii); and it is essential this should be done 
before proceeding to the interpretation of fractional and 
negative indices. It is hopeless to attempt to tackle these, 
until the pupil uses his reason and does not merely work by 
rule in his handling of positive integral indices. But when 
this stage is reached, there are few who, although they may 
never have seen or heard of fractional or negative indices, will 
not answer successfully such series of questions as : 

1. What is the square root of (i) 2&5 (ii) w8 5 (iii) 27 2 

2. If 2528 =a", what is n 2 

3. If x7 +27 =2", what is n? and so on. 

The examples in Exercise XII. b., which to a large extent 
should be taken orally, are intended to lead the pupil to make 
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his own interpretations. The conclusions are summarised at 
the end of the exercise, but some teachers will no doubt prefer 
to ask for formal interpretations while the working of the 
exercise is in progress. 

It is worth noting that most boys are slow to realise that 
Va™ and (</a)™ are identical, or to see the reason for it, or to 
make use of it when evaluating such expressions as 1/45. 

Exercise XII. c. may well be postponed to a second reading. 

Irrational numbers. The theory of irrational number is 
outside the scope of this book : for that, the reader is referred 
to Nunn’s Algebra, Part II., page 13, or Hardy’s Pure Mathe- 
matics, Chapter I. The present section is purely practical, and 
aims at giving facility in handling irrational expressions by 
examples on the statements 


Vax /b=/ab, (\/at++/b)(s/a-+/b) =a-b. 
The name “surd ”’ is not used. 
The graphical section which concludes the chapter is the 
natural link between indices and logarithms. 


CHAPTER XIII.—LOGARITHMS aND SLIDE RULE. 


aR more examples are given in the text than will be required 
py any single student, the object being to enable each teacher 
to make the selection he prefers. The graphical section should 
be taken orally. 

No explanation is given in the text of the use of the slide 
rule, as oral instruction is almost essential. It is suggested 
that this should start as follows: 

Draw a line 5 inches long, preferably on a strip of card- 
_ board, and call it A,Aj). Mark points Ay, A;, A,,... Ag on it 

such that 

(i) A,A,=5 (log 2 —log 1) inches =5 log 2 inches 
=5 x 0-301” =1-505”". 
(ii) A,A, =5 (log 3 —-log 1) inches =5 x 0-477” =2:385”". 
(iii) A,A, =5 (log 4 —log 1) =5 x 0-602 =3-010", 
and so on. 

Thus A,A,=5log7 =5 x 0-845 =4-225”. 

A part of this line is shown in Fig. 1, where the graduations 
are represented by 1, 2, 3,... instead of A,, Ay, A,,.... 
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The line can now be subdivided by the same method. 
To obtain the graduation 1-5 we have 


5 (log 1-5 — log 1) =5 x 0-176 =0-880", 


and so on. 


Now cut the cardboard along the straight line and you have 
the elements of a rough slide rule. 

It is so graduated that the distance of any graduation n 
from the graduation 1 is proportional to log n. Slide the lower 
half along until “1” on it comes below “2” on the upper 
half, then you will see that “3 ” on the lower half comes below 
2x3 or 6 on the upper half. This is because 


log 2 +log 3 =log 6. 


By this method any two numbers can be multiplied together : 


and by reversing the process we can find the quotient of any 
two numbers. 


CHAPTER XIV.—RATIO AND PROPORTION. 


Definition. Ifa, b are two numbers such that, if 6 is divided 
into an integral number g equal parts, a contains exactly p of 
these parts, a and 6 are said to be in the ratio p : g. 


Or, If integers p, g exist such that ton , then the ratio of 


a to b is said to be equal to the ratio of p to gq. 

For example, if a=2}=} and b=2!=3, 6 can be divided 
into 27 equal parts, each equal to 51,, since b ={=2, 

a can be divided into 28 equal parts, each equal to te 
since @ =f =28 ; 


ia b= 288 07. 


This process amounts to finding a common sub-multiple of 
the two numbers. 


Next consider a square of side 3 inches; the length of its 
diagonal is 4/18 inches, 
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In this case it is impossible to find an integer qg such that 
if the diagonal is divided into g equal parts, the side will 
contain an integral number of these parts. 

Such related numbers as 3 and 4/18 are said to be incom- 
mensurable. The term ‘ratio’ can only be applied to such 
numbers if the definition given above is extended in scope. 
The necessary discussion is regarded as beyond the limits of 
this volume. 

In addition to ratios of numbers, we may have ratios of 
similar quantities, e.g. the ratio of the populations of two towns 
or of the rents of two houses, etc. But it is meaningless to 
compare different kinds of magnitudes with each other, e.g. 
5 inches with 2 hours. 

The statement that the ratio of the populations of two 
towns X, Y is a:b may be expressed in any of the following 
ways: 

(i) The number of people in X =; x the number in FY. 
... The number of people in X_a 

(1) the number of people in Y 6’ 

(iii) If the people in X are arranged in groups of a and the 
people in Y are arranged in groups of b, there will be the same 
number of such groups in X as in Y. 

(iv) If the population of X is az, the population of Y is bz. 

It has been said that the uneducated mind compares two 
numbers or quantities by noting their difference, the educated 
mind by noting their ratio. Ratio provides the best test of 
comparison in general, because the absolute value of the 
difference shows nothing of its importance relative to the 
quantities concerned. A difference between the heights of 
two men of } inch is considered trifling in our world; in 
Lilliput it would be noteworthy. Again, a rise of income of 
£1 a week is a big rise to a labourer earning £2 a week, but is 
insignificant to the millionaire. 

Ratios appear in Mathematics in a variety of forms. Per- 
centage is a special form of ratio ; specific gravity, sines and 
cosines, coefficients of friction, of expansion, of elasticity, etc., 
are all examples of the use of ratio and furnish material for 
oral instruction. 

Variation. The idea of variation is best explained by taking 
orally a number of simple examples, such as 

(i) In uniform motion, distance « time, 
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(ii) The number of Kms. between any two places « the 
number of miles between those places. 

(iii) The length of a shadow at any given moment « the 
height of the object. 

(iv) For substances of equal weight, the specific gravity 
varies inversely as the volume. 

(v) For spheres of the same material, the weight varies as 
the cube of the diameter. 

Oral questions should be taken of such types as the following 
(expressed as concrete examples) : 

(i) If A « B, what is the effect on A of doubling B or on 
B of doubling A ? 

(ii) If A « 5, what happens to A if Bis halved ? 

(ili) If A « B?, in what ratio is A increased if B is increased 
in the ratio 3:2? 

A boy cannot answer such questions unless he understands 
what he is talking about. 

Graphical work should be taken side by side with each form 
of variation, and attention should be directed to the graphical 
tests for variation. Thus, to test whether A varies inversely 
as B, the values of A should be plotted against the corre- 


sponding values of 


It helps also to clear up difficulties if pupils are made to 
examine or construct tables which follow a variation law, and 
some examples of functionality which are not variation laws 
should be taken to establish the distinction. 

The obvious danger is unintelligent working. A boy easily 
acquires the habit of saying that if y x 2, then y=ka3, without 
thinking what it means. It is a much harder matter to make 
him realise that this variation-relation really implies that if 
x is altered in any ratio, then y is altered in the cube of that 
ratio. But his power to do this is the real measure of his 
understanding. Mere juggling with & is of little value. 

It is left to the teacher to discuss and expand the statements 
given in the summary of results: this will naturally be done 
during the course of the exercises which precede it. 

The discussion in the text on joint variation is rather fuller 
than usual, in order to indicate one way of introducing this 
idea. It is useful to point out to the student the difference 
In value of A, according as V=X.h or V=Xr.r2, The con- 
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struction of a double-entry table of values drives home the 
meaning of the double variation. 


CHAPTER XV.—FUNCTIONS OF ONE VARIABLE. 


THE idea of functionality is both difficult and important. It 
is fairly easy to learn the mechanical process of computing 
special values of a function and plotting them on squared 
paper. It is much harder to grasp the meaning of the 
“equation of a curve’ and to form a mental picture of the 
graph of a simple function from observation of the manner in 
which the function changes. In this chapter we are mainly 
concerned with the general characteristics of simple functions ; 
e.g. (x —3) (x —2) (x -1) is large when = is large, decreases to 
zero as x —> 3, is negative for 3 > x > 2, increases to zero as 
x — 2, is positive for 2 > 2> 1, decreases to zero as x1, is 
negative for 1 > x and tends to -~ asx—-o. This is the 
life history of the function, and from it the reader should be 
able to picture its graph. Conversely, given the graph of a 
function, its life history can be outlined. The plotting of 
special values is irrelevant and should be discouraged in this 
connection, except for verification, and squared paper should 
not be used. Whether it is advisable to include the harder 
examples in XV. a. at a first reading depends on the capacity 
of the class, but many of the difficulties can be lightened by 
oral treatment. 

Exercise XV.b. gives some examples on the construction 
of functions corresponding to various geometrical properties. 

The use of accurate plotting of functions is illustrated in 
XV.c., applications being made to maxima and minima 
problems and the solution of equations—a type of question 
which appears to be a favourite with many examining bodies. 
Exercise XV.d. provides practice in functional notation, 
which is essential for the Calculus ; but the second half of the 
exercise should only be attempted by students of special ability. 


CHAPTER XVI.—LIMITS AND GRADIENTS. 


No attempt has been made in the text to define and discuss 
exhaustively the meaning of a limit; the analytical idea is 
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too subtle and delicate for most students at this stage ; when 
desired, reference should be made to the excellent expositions 
in Nunn’s Algebra, Part II., Section VIII., and Hardy’s Pure 
Mathematics. 

The subject-matter of this chapter is arranged on the 
assumption that the work will be accompanied by oral in- 
struction and general discussion, the extent of which must 
depend on the ability of the class. Example I. and Exercise 
XVI. a. are designed to bring out two fundamental ideas : 

(i) That the statement Lt f(x) =Z implies that given any 


positive quantity «, a positive quantity 5 exists such that, 
for all values of x included in 


0<|z-a\<8, |f(x)-Li<e. 
(ii) That the statement Lt f(x)=Z does not necessarily 


require that a value of x exists for which f(z) =Z. 
The notation Lt f(x) should be avoided : it is misleading, 


and may easily produce inaccurate ideas on the subject. 
The explanation of the phrases n >< or Lt f(x) > is left 


i—r 


for oral treatment. As regards the first, the ordinary boy does 
not find much difficulty in forming a reasonably correct idea of 
what is represented : for example, suppose n takes in succession 
the values of the prime numbers 1, PS a8 1 Oy PB Eg Llanes 
arranged in a steadily increasing sequence. However large a 
number your opponent cares to select, you can always find a 
stage in the sequence beyond which ail the numbers of the 
sequence exceed the number chosen by your opponent. In 
such a case you say n tends to infinity. The second expression 
may be treated similarly. The important idea for the pupil 
to grasp at this stage is that infinity is not a number and that 
expressions such as } or 2 are meaningless, 


of the average slope represented by a chord. 
Although it is easier to grasp the meaning of rate of change 
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referred to the time, it is important that some examples 
should be taken to illustrate the use of the word ‘rate’ 
referred to any independent variable. The rate at which a 
piece of ground on the side of a hill rises provides a simple 
and familiar example ; but it should be pointed out that the 
measure of the slope or gradient is at variance with the ordinary 
usage of surveyors, who measure the gradient of a road by 
the sine of the angle of slope and not by the tangent of that 
angle. 

The work on calculation of gradients is divided into two 
stages : the first deals with examples in which rates of change 
are estimated from observed data or statistics, and the second 
mainly with examples on formulae which permit of exact 
calculation. 


CHAPTER XVII.—DIFFERENTIATION. 


THE notation of the Calculus is best explained orally, and 
might follow some such line as the following: 


K 


2” ox > —____--—__1-+}. 
Oo fey fe O N ™M 


Fia. 2. Fia. 3. 


If x is the distance of a point P from O, and H is a point 
close to P on the line OP, the length of PH is represented by 
the symbol 4x, which means “ a small increment of the vari- 
- able z,” or colloquially “a little bit of x,” and is positive if 
_ OH>OP and negative if OH < OP. é 

Similarly, if OQ=y and K is near Q on the line 0Q, QK 
_ may be denoted by dy. Unless some condition is. imposed, 

$a and dy may be any small quantities at all. But if x and y 
are connected by an equation, although 6x can still be any 
small quantity whatever, dy can be calculated in terms of dz. 

For example, suppose zy = 36. : 

Then Sy is the change of y caused by a change 6z in 2, and 
is computed from the equation 

(x + dx) (y + dy) =36. 
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Again, suppose a train starts at O (Fig. 3), and arrives at 
N, where ON =s feet, after ¢ secs. and passes M after ¢+6t 
secs., then the extra distance NM travelled in 6¢ secs. is 
denoted by és feet. Here 6¢ might be anything at all. But 
if we know 6¢ and know the equation connecting s and f, 1.e. 
how the train travels, we can calculate ds in terms of dt. 

It must be emphasised that in the symbol és, the ‘6’ and 
the ‘s’ cannot be separated, that it is simply a shorthand 
notation for the phrase “a small increase in s,’’ and does not 
mean 6 multiplied by s. 

Exercises X VII. a.,b. are dull work; but the reader must 
acquire facility in differentiating x” (at any rate in simple 
cases) and handling easy polynomial expressions before pro- 
ceeding to applications. A formal proof of the general formula 
pt ek is excluded as unsuitable at this stage, but 
sufficient special cases are given as exercises to make its 
assumption plausible. 

Exercise XVII. c. deals with the interpretation of the sign 
of - this is not really difficult, but when the work is ex- 


tended to cover the sign of te ( a there is liable to be at 


first some confusion of idea. This line of thought is, however, 
so instructive that it is worth while devoting time to it. 


Fia. 4 


The reader has already had a good deal of practice in the 
graphic representation of functions. This exercise carries the 
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method a stage further forward, as it involves examining a 
figure to see whether the rate of increase is itself an increasing 
or decreasing function. The examples are intended to make 
the progress slow, and at first should be taken orally. It is 
useful and illuminating to exhibit, one below the other, the 
2. 

x and a for some simple functions, as, for 
example, in Figure 4, basing the work on an appeal to the 
eye. 

Exercise XVII. e. is introduced partly because methods of 
approximation have an importance of their own, but mainly 
as leading up to the integration work in the next chapter ; 
the last six questions in it introduce the method for the 
differentiation of F[¢(x)]. Anyone can be taught the process 
as a mere rule of thumb ; but the understanding of the method 
is difficult and should at this stage be reserved for the clever 
boy who gets ahead of the class. 

The work on calculation of rates of change in Exercise 
XVII. f. always presents difficulty, and may well be deferred 
to a second reading. 


graphs of y and 


CHAPTER XVIII—INTEGRATION. 


INTEGRATION is treated as the reverse process of differentiation : 
the idea of summation is more difficult and may well be de- 
ferred. The investigation of the analytical basis upon which 
Dufton’s and Simpson’s approximate rules depend is omitted 
as beyond the scope of this volume. For an account of the 
former, the reader is referred to Nature, Vol. CV., pp. 354, 455. 

The temptation to introduce more physical applications into 
the examples was great, but was resisted on the ground that 
it would disturb the proportions of the book, which aims merely 
at a general introduction. Those who intend to go further will 
naturally turn to a special text-book. Problems on centres 
of gravity, pressure, moments of inertia, etc., are therefore 
omitted, except in cases where the formulae are supplied in 
the question itself. 


CHAPTER XIX.—SIMPLE SERIES. 


Tx inclusion of a chapter on this subject is open to criticism. 
Certainly there is little educational value in memorising the 
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formulae for the sums of arithmetical and geometrical pro 
gressions, and in getting up the stereotyped questions which 
some examination papers still contain. But, examinations 
apart, there is a definite value in the appreciation of any kind 
of algebraic form and in the cultivation of the power to 
generalise ideas and to utilise formulae. If the reader can be 
led to construct formulae for himself and to understand the 
idea of order, he will gain definite advantage from the work 
of this chapter. It is therefore suggested that formulae 
should not be allowed to be used in Exercises XIX.a., b.,c. 
In order that the pupil may not attach too much importance 
to the ordinary progressions, as much variety as possible has 
been introduced into Exercise XIX.a., which is intended to 
give training in the general idea of a law. 


CHAPTER XX.—PERMUTATIONS AND 
COMBINATIONS. 


A sHorT section on this subject is introduced as a necessary 
preliminary to a treatment of the Binomial Theorem. The 
illustrative examples have been made as brief as possible, and 
the main idea in each exercise has been to lead up through a 
large number of special cases to the general formula; the 
general formula should not be given until the pupil begins to 
see that there must be one, and that, if he knows it, it will 
simplify his work. A brief mention has been made of prob- 
ability because of the intrinsic interest of the subject even, or 
perhaps especially, to the boy whose main interests are non- 
mathematical. The real importance of the subject lies in its 
application to Insurance and the Theory of Statistics ; an 
excellent introductory account is given in Nunn’s Algebra, 
Part II., where the idea of relative frequencies is clearly 
developed. A discussion of the Probability Curve is reluc- 
tantly omitted from this chapter as being disproportionate to 
the scheme of the book. 


CHAPTER XXI.—BINOMIAL THEOREM. 


Ir was considered that an elementary book on Algebra would 
not be complete unless the Binomial Theorem, at any rate for 
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a positive integral index, was included. Probably few teachers 
will take this chapter before doing the chapters on Functions 
and Differentiation, but there is nothing in the scheme of the 
book to prevent their doing so if they wish. The educational 
value of the chapter lies primarily in its giving the pupil a 
sense of algebraical form. If he sees that he can write down 
the expansion of (a +a) (x +6) (x+ce) (z +d) or of (x +a)* with- 
out any laborious multiplication, he obtains a sense of mastery 
of his subject and a better appreciation of the value of algebraic 
method. On the practical side the chief value of the Binomial 
is its application to approximate calculations, and a short 
section on this subject has therefore been included. The proof 
of the Binomial Theorem for any index is obviously unsuitable 
at this stage. It seems the best plan to follow the historical 
method, obtaining, as Newton did, the expansion for (1+2)7} 


by long division and for (1 +2)* by the square-root rule. And 
it is of interest to point out tc the reader Newton’s brilliant 
induction of the general law from the special cases he con- 
sidered. In the same way here, the general fact that, if x is 
small, 1+na is an approximation for (1 +2)" is an inference 
the student should be encouraged to draw from the examples 
he works out in Exercise X XI. c. 


CHAPTER XXII.—EMPIRICAL FORMULAE. 


GrapuicaL work so far has consisted of : 

(i) The representation of statistics or experimental results 
for which no functional relation is known. 

(ii) The representation of functions of one variable. 

We now proceed to consider a complementary problem : 
given a series of observations, is it possible to find an analytical 
formula which governs them to a fair degree of approximation ? 

When this can be done, the result is called an empirical 
formula. Before investigating the problem, two cautionary 
remarks may be made: (i) however closely the formula may 
fit the data within the observed range, it is impossible to rely 
upon deductions from the formula outside this range. In other 
words, inferences based on interpolation are trustworthy, but 
those based on extrapolation are of little value. (ii) Unless 
the form of the expression has been determined from theoretical 
considerations, there is no reason to suppose that the functional 
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character of the formula corresponds to any fundamental 
physical property. 

We shall deal in the present section with results that either 
conform to or are reducible by various methods to a linear 
law. For practical work, a student should have either a fine 
black thread or a piece of transparent celluloid on which is 
cut a fine line running along its length down the middle from 
end to end. 

The first example in the text (page 416) shows the results of 
an experiment plotted in the ordinary way. The points do 
not lie precisely on a straight line ; their divergence may be 
due to errors of observation, imperfect conditions or faulty 
apparatus ; but the divergence is sufficiently small to suggest 
that a straight line can be drawn which will represent the 
data within a reasonable degree of accuracy. The black 
thread, or better the celluloid, should now be used to deter- 
mine that straight line which best fits the observations. Mark 
two points on this “ best fit line ” at opposite ends of it and 
read off their coordinates. Substitute them in the formula 
Rr eae Lede 
Ry—X%_ Yi —-Y2 
a, b are expressed correct to as many significant figures as the 
methods and data employed justify. The formula so obtained 
is only approximate, and therefore a, b should not be given 
in fractional form, and in no case to more figures than the data 
warrant. 

In general, when experimental results are plotted, the graph 
is a curve instead of a straight line. In such cases it may be 
possible by some method to transform the curve into a straight 
line. The following list gives a few of the means which may 
be tried. 

If y is a function of 2, plot 


, and reduce this to the form y=ax+6, where 


(i) logy against x or log x against y ; 
(ii) log y against log a ; 
(iii) vy against x or vy against y ; 


(iv) y against zoe against ; ; 
(v) . against x. 


Unless theoretical considerations furnish some kind of a clue, 
nothing but experience can teach the student how best to proceed. 
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When trying (i) and (ii), much time is saved by using 
specially ruled logarithmic or semi-logarithmic paper. [This 
can be obtained from scientific instrument makers, e.g. 
C. Baker, 244 High Holborn.] 

For further information, the reader is advised to consult an 
excellent monograph by Professor Running. [Empirical 
Formulae: T. R. Running. Chapman & Hall.) 


CHAPTER XXIII.—NOMOGRAPHY. 


TuE object of this section is to give the reader some idea of 
the use now being made of nomograms by engineers. There 
is great variety of method, special problems requiring dis. 
tinctive treatment, and only a brief outline is given here. 
Those who are interested in the subject, which is still in its 
infancy, will naturally turn to books specially devoted to it. 
The classics on the subject are d’Ocagne’s Calcul Graphique et 
Nomographie and Traité de Nomographie, and it is d’Ocagne 
who is the real inventor of the idea. 

The following English works provide an easier introduction : 


S. Brodetsky, First Course in Nomography. (Bell. 
10s.) 

E. S. Andrews, Alignment Charts. (Chapman & Hall. 
1s. 3d.) 

Capt. R. K. Hezlet, R.A., Nomography. (R.A. Insti- 
tution. 33s.) 

E. W. Tipple, Line Charts. (By application to the 
author, 5 Cross Flatts Row, Beeston, Leeds. 2s.) 


The reader may be sceptical of the practical value of a 
method which at first sight appears exceedingly laborious and 
leads, like all graphical methods, only to approximate results. 
- But once the nomogram has been constructed in a durable 
form by a skilled draughtsman, practically no skill is required 
_ in reading from it any number of numerical results that may 
be required for engineering or commercial purposes. And 
that astonishing accuracy can be attained by skilled draughts- 
men using graphical methods is shown by the results obtained 
by sound-ranging sections in France in locating the position 
of hostile guns from the intersections of hyperbolas. ! 

The theoretical side of the subject, which is given here, is 
of educational value. The idea of non-uniform graduation 
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gives an opportunity for discussing or revising the principle 
of the slide rule. In practice it will be found that the examples 
oceupy a great deal of time ; logarithmic graduation is a slow 
process until experience gives facility. How much of this 
work should be done by rule is open to question, but in any 
event there is abundant intellectual exercise to be obtained 
in such matters as the choice of units, the best positions for 
the axes and suitable methods for checking the work. 

The illustrative examples in this section are worked out 
more fully than has been customary in earlier chapters owing 
to the comparative novelty of the subject ; and a great deal 
of assistance is given in some of the exercises. This makes 
them appear longer than they really are, due to the fact that 
the statement of the problem is often almost a skeleton 
solution. Nothing has been said in the text of the use made 
in Nomography of the graduation of curves; but the outline 
of d’Ocagne’s solution of the quadratic, which is given in the 
last example of XXI.c., indicates the use that may be made 
of them. The skeleton method has in fact made it possible 
to introduce into the examples a greater variety of method 
than could be included in the text. 

The main point to be grasped is that the simple operation 
of laying a straight-edge between two points on graduated 
lines and noting the value of the graduation at which the 
straight-edge cuts a third line or curve also suitably graduated 
leads to approximate numerical solutions of an almost inex- 
haustible variety of formulae and equations. 


CHAPTER XXIV.—FURTHER DEVELOPMENTS FOR 
THE SPECIALIST. 


ALTHOUGH one of the sections in this chapter is explicitly 
described as Algebraic Form, the subject-matter of the whole 
chapter and the general characteristics of the exercises have 
been chosen with the idea of developing that analytical sense 
which is the true hall-mark of the specialist. There is not a 
great deal of bookwork, and the variety of methods that must 
be employed diminishes the usefulness of illustrative examples 
and increases proportionately the value of work of this type. 
The importance of insisting on the use of symmetrical methods, 
wherever possible, can hardly be exaggerated. 


CHAPTER I. 
THE USE OF LETTERS IN ALGEBRA. 


| GENERALISATION. NOTATION. SUBSTITUTION. 


Tue possibility of generalised statements by means of 
letters must be explained orally and should be fully 
illustrated. For this and other matters connected with 
_ this chapter, refer to the Full Introduction (see Preface), 


GENERALISATION, 

What. is an odd number ? ; 

This question can be answered in several ways. 
_ (i) We might give a large number of instances, e. 9. 
eco ur lL. 23.02, ; 

(ii) We might give a rule for testing whether a number 
is odd, for example: A whole number is odd if there is 
a remainder. when it is divided by 2. 


_ (iii) We might proceed as follows : 
2x1+1 is an odd number, 


*2x241 sj Ff, 
Ss Si EE 7 
2x4+4+1 e ne 
2x5 +1. » 9 
_. and so on. 
2 x 73 +1 is an odd number, 
. and so on. 


D.P.A. : A 
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We can put all these facts into a single sentence, as 
follows : 

2xx+1 is an odd number, if x is any whole number. 

In (i) we give a number of special cases; we cannot 
write down all odd numbers in this way. In (ii) we give 
a general rule which applies to all odd numbers. 

In (iii) we first give a number of special cases, and 
then deduce from them a general expression, 7.e. a way of 
writing all odd numbers. 

Such a statement as that given in italics is called a 
generalisation. One of the advantages of Algebra is that 
it enables us to generalise arithmetical statements. 


Example I. Give a general statement to include the 
following statements : 
8exceeds 5by 8-5. 
10 exceeds 2 by 10-2. 
140 exceeds 37 by 140 -37. 


Answer. Any number 2 exceeds any other number y 
(less than x) by x -y. 


Example II. Give a general statement to include the 
following statements : 
2x3=3x2; 6x9=9x5; 4x7=7x4; 6x8=8x6. 
In each case we have two numbers, and we state that 
when the first is multiplied by the second, we get the 
same result as when the second is multiplied by the first. 


Assuming that this is always true, we may state it as 
follows : 


If x and y are any two numbers, x xy =y x2. 
Example IIT. Give a general statement to include the 
following statements : 
The sum of the first 2 odd numbers is 22. 
” ” 3 ”> 32, 
” ” 7 ” 72, 
[N.B.—These statements should be tested ; e.g. the sum 
of the first 3 odd numbers =1+3 +5 =9 =32.] 
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Answer. The sum of the first » odd numbers (where 
n is a whole number) is n?. 

This result can be tested for other values of n. It can 
also be used as a short way of finding the sum of such 
numbers; e.g. the sum of the first 10 odd numbers is 100. 


EXERCISE I, a.* 


(NotrE.—The majority of these examples should be taken 
orally, especially the more difficult.) 


Give a general statement, by means of letters, to include all 
the statements in each of the examples 1-18. 


1. 3+3 =twice 3. PA, Bae WAV: 3,3x S=32. 
4+4=twice 4. R= Boh), Tx 71 
7 +7 =twice 7. 8=78—0) 19 x 19 =19%, 
2121 =0 
4552+ 3= 3+2. 5. 2x 5-1 is an odd number. 
5+ 9= 945. 2x 7-1 is an odd number. 
7+ 4= 447. 2 x 12-1 is an odd number. 


12 +73 =73 +12. 
96+ 1= 1+96. 


1 3x2 3 
ee ==: eet O =) 
6. 5x5 L, df ee 8 Pe Dimes 
Gel 3x7_3 Tx T= 7. 
6 5x7 5 10? x 10 = 10%. 
Leo) 3x10_3 262 x 26 = 26%. 
? 5x10 5 
42 x m0) all 
9, What must be added to 3 to obtain 19 ? 19-3. 
6 2 3 3 24 2 24-3. 
9 ” 3 36 2 36 -3. 
, 28 
10. By what must 7 be multiplied to obtain 28? 7 
35 
Pe 7 . 35 2 7 
40 
99 7 ”? ” 40? Gi 
i 1]°4 
"if 4 . 11-4? sa 


99 
* For additional examples, see E.P. 1, page 251/2. 
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11. 7-1, 7, 7+1 are three consecutive whole numbers. 
5-1, 5,541 Fe 3 » 
97 = l, 97, 97 oF 1 ” 2? > 
A 
D B Cc 


Fic. 1. 
12. If the angle ABC is 60 degrees, the angle ABD is 


180 — 60 degrees. 


If the angle ABC is 75 degrees, the angle ABD is 
180 —75 degrees. 


If the angle ABC is 113 degrees, the angle ABD is 
180 —113 degrees. 


13. The number of shillings in 4 guineas is 4 x 21. 


5 , ll Seba. 
” ” 24 ” 23 x 21. 
14. There are 2 even numbers up to and including 8. 
ae : : 20, 
8 
ah = : " 18. 
15.0x 4=0. 16. 3 times 5+ 5=4 times 5. 
Ox 7=0. 3 times 6+ 6=4 times 6. 
0x13 =0. 3 times 11 +11=4 times 11. 
17. Since 5- 3=2, - 6=2+3. 
Since 11- 7=4, « ll=4+7, 
Since 20 -6=14, .. 20=14+6. 
18. 3 per cent. of a number is a of that number, 
7 
7 ” ” 100 ” 
12 
12 a3 ” 100 ” 
23 9? 9 oh 


100 2” 
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19. What must be subtracted from 20 to leave 4% The 
answer is 20 —4. What must be subtracted from 20 to leave 
7% What must be subtracted from 20 to leave a ?°» What 
must be subtracted from b to leave a.? 


20. The next even number above the even Pern ber 6 is 
6+2. What is the next even number above 2, if x is an even 
number ?. What is the next even number above x, if x is 
an odd number ? 


21. The number of feet in 5 yards is 5x3. What is the 
number of feet in 28 yards? What is the number of feet 
ina yards ? What is the number of yards in b feet ? 


Es 6 per cent. of 85 is ao x 85 ; 11 per cent. of 247 is 


an x247. What is x per wee! of 85% What is x per cent. 
of y 2 


23. Prove that the sum of the first 3 even numbers is 
3243. Prove that the sum of the first 4 even numbers 
is 42+4, What is the sum of the first 5 even numbers ? 
Prove it. What is the sum of the first » even numbers ? 


NOTATION. 


The symbols +, -, x, + have the same meaning in 
Algebra as in Arithmetic. 

The product of 2 and 3 is represented in Arithmetic 
by 2x3 or 2.3; so in Algebra the product of a and b 
may be represented by a xb or a.b; it is, however, 
generally represented by ab. Similarly 3x represents 
' the product of 3 and w. We know that the product 

of 1 and z is x, so that the expression Iz is not used. 

In a product we write a number before a letter, eg. 
we write 3x, not 73. 

In other respects the signs used in Algebra have the 
game meaning as in Arithmetic. 

74 means 7 x7 x7 x7. a*t means @ x@ x@ x6. 

4/8 means the squareroot 1/x means the square root 

of 8. of x. 
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* is the same as 3—4. 5 is the same as a—b. 
4.52.73 means 4a?b? means 
4x5x5x7x7x7,. 4xaxaxbxbxbd. 


For other symbols, see page 252. 

Do not think of Arithmetic and Algebra as separate 
subjects. In the following chapters you will repeat in 
Algebra most of the processes to which you have been 
accustomed in Arithmetic. 


Example IV. What is the meaning of 2x+5? 
To obtain 22+5, we multiply 2 by 2 (or x by 2) and 
add 5 to the result. 
Example V. If stands for 5, what does 2x% stand for? 
223 stands for 2 xx xz xz, 
i.e. for 2x5 x55, if x stands for 5, 2.e. for 250. 
Example VI. If a stands for 3 and 6 for 2, what 
does a? + 5ab stand for ? 
a? stands for a xa, i.e. 3 x 3, 1.e. 9. 
5ab stands for 5 xa xb, i.e. 5 x3 x2, 2.e. 30. 
~, a? +5ab stands for 9 +30, 2.e. for 39. 
Example VII. If a=9 and 6b =16, what are the values 
of \/a, V/b, Vvat+vb? 
Va=V9=8, Vo=V/16=4, Vatvb=3+4=7. 


EXERCISE I. b.* 


1. Give the meanings of the following (see Example IV. 
above): 


(i) 2a. (ii) 83a +0. (iii) 3. Gy) aa, 
(v) V2a. (vi) Vr+l. (vii) 4ab?. (viii) ab —b. 
2. How do you write more shortly «xxxaxaxx? 


How would you write it if there were thirteen factors, each 
equal to x ? 


3. In what other ways can you write 2 x 2? ? 
* For additional examples, see E.P. 2, page 251/4. 
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4. If x stands for 9, what do the following stand for ? 

(i) 2a. (ii) 2+2. (iii) 2 +2. 

(iv) 2. (v) 2+3z. (vi) V2. 
5. If a stands for 2 and 6 stands for 3, what do the following 
stand for ? 
(i) a+6. (ii) b+a. (ili) ab. (iv) ba. 

(v) a*+2ab. (vi) 3a —-20. (vii) 54+26. (viii) 10ab. 
(ix) ab. (x) ab®%. (xi) 6? -a®. (xii) s (xiii) ong. 


6. If x =5 and y =2, what are the values of the following ? 


(i) y?. (ii) 2 —2y. (iii) 2a. 
(iv) ay?. (v) r+V2y. (vi) 22-3, 
Th Abi ae what are the values of the following ? 
(i) 1-2. (ii) 2%, (iii) Qa. 
(iv) 2 +2. (v) = (vi) 203, 
8. If x =2, y=5, z=3, what are the values of the following ? 
(i) xyz. (ii) 3ayz. (iii) x®yz. (iv) ayz?. 
(v) v2 +y?+4+2?. (vi) x+y +z. . (vii) y-x-z. 
9. If x =3, find the values of the following : 
(i) 2-1. (ii) 32? -5x +2. (iii) 223, 
-, €+1 ie i EE eA 
(iv) pees (v) x*-32. (vi) 12 (vii) = 


10. If =. y =, find the values of the following : 


(i) xy. (ii) ry. (iii) 10zy. 
(iv) 7 (v) +1. (vi) 6x +15y. 
11. If x=0, y =2, find the values of the following : 
(i) x+1. (i) sa, (iii) e+y. (iv) zy. 
(v) xy. (vi) 32y?. (vii) z7+y. 


12. If x=3 and y =2z, what is the value of y ? 
13. If x+y=10 and y=2, what is the value of x ? 
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14. If y =2a2 +2 and «=3, what is the value of y ? 

15. If ab =48 and b=8, what is the value of a ? 

16. If a=3b and b =2, what is the value of ab ? 

bie x+2y=z, what is the value of z, when x=1 and 
y=3"t 


18, If x is the square of y and y=3z and z=2, what is the 
value of xyz % 


SUBSTITUTION. 


We have seen that it is often possible to combine in a 
single algebraical statement a number of different arith- 
metical results. 

We shall now consider the reverse process, 7.e. from 
a general algebraical statement to obtain various arith- 
metical results. 


Example VIII. Give two numerical examples of the 
following statement : 


Tf 2 is a whole number, x +1 is a factor of z* -1, 


(i) Let 2 stand for 6. The statement becomes : 


6+1 is a factor of 62-1, 
or, 7 is a factor of 35. 


(ii) Let z stand for 10. The statement now becomes : 


10 +1 is a factor of 10? -], 
or, 11 is a factor of 99. 


Each of these two statements is seen to be true. 


Example IX. If a room is / feet long, w feet wide and 
h feet high, the area of the walls is 2h1+2hw sq. ft. Use 
this statement to find the area of the walls of a room 
20 ft. long, 15 ft. wide and 9 ft. high. 
In this case 1 =20, w =15, h =9. 
e. the area of the walls is 2x9 x20+2x9x15 sq. ft., 
i.e. 18 x204+18 x15 sq. ft., 
1.e. 18 x 35.sq. ft., 
7.e. 830 sq. ft. 
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EXERCISE 1. c, * 
[Oral.] 


Deduce two arithmetical results from each of the fol- 

lowing statements : 

1. The sum of x and 32 1s 42. 

2. The difference between 10x and zw is 9x. 

3. The product of a and a+1 is equal to a? +a. 

4. The square of 3y is 9y?. 

5. If the square of x—1 is subtracted from the square of 
x+1, the result is 4x. 

6. If a side of a square is x ft., the perimeter is 42 ft. 

7. If the diameter of a circle is d inches, its circumference 


9 
may be taken to be at: inches. 


_ 8. If coal costs’ xs. a ton, you get 560 Ib. for a penny at 
the same rate. 3a 
9. In a right-angled triangle, if one acute angle is x degrees, 
the other is 90 -- x degrees. 
10. If x is less than y (and they are whole numbers), there 
are y —1-—z whole numbers between x and y. 


[ Written. ] 


11. If you multiply z+5 by 3, the result is 37+15. Show 
that this is the case when x stands for (i) 4, (ii) 0. 


12. If x is multiplied by the product is y. Show that 


this is true when «=5 and y=10. 

18. x+1 is the square root of x2+27%+1. Show that this 
is true when 2=6. 

14. If you subtract 32 from I1z, the result is 8x. Show 
that this is true when 2 =7. 


15. If x and y are two consecutive whole numbers, x being 
the smaller, then y?-2? is equal to y+. Show that this 


is true when x=8 
* For additional examples, see E.P. 3, page 251/5. 
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16. After the zth day of November there are 61-7 days 
to the end of the year. How many days are there after the 
25th of November ? 


17. If the temperature is x degrees Centigrade, it is = +32 
degrees Fahrenheit. Express 15 degrees Centigrade in degrees 
Fahrenheit. 


18, If a rectangle is a inches long and b inches wide, its 
area is ab sq. in. Find the area of a rectangle 10 inches long 
and 34 inches wide. 


19. x miles may be taken as equal to 82 \ilometres. 
Express 100 miles in kilometres. 5 


20. The sum of the first 2 whole numbers (I. 2, 3, 4, ....) is 
12 +2, Show that this is true when 2 =6. 
21. If n of the numbers 1, 4, 7, 10, 13, 16, 19, .... are written 


down, the last number is 3n-2. Show that this is true 
when (i) n =4, (ii) n=8. 


od 
22. If a polygon has n sides, the sum of its angles is 2n —4 
right angles. What is the sum of the angles of (i) a quadri- 
lateral (four sides), (ii) a figure of eight sides 2 


23. If we assume that the middle of the day is at 12 o’clock 
and the sun rises at x o’clock, it sets at 12-2 o'clock. If on 
April 19th it rises at 5 o’clock, when does it set 


24, If the diameter of a circle is d inches, its area may 


2 
be taken to be Ae sq. in. Find the area of a circle of 


diameter 10 inches, to the nearest square inch. 


25. If n post cards cost (n +1) half-pennies, when n is less 
than 12, find the cost of eight post cards. 


CHAPTER II. 
GENERALISED ARITHMETIC. PROCESSES. 


ADDITION AND SUBTRACTION. 


LIKE TERMS. 
EXERCISE II. a.* 


The value of 34+34+3+4+3+3 is 3x5. 
The value of x+u+u+uxu+e% 18 xx 5, i.e. 5x. 
In a similar manner, write down the value of 
1.54+5+5+5. 2.a+a+a+a. 
3. 22 +27 +2. 4, ry +ay. 
5. %@+U+x4+e+H+%. 6. a+a+ar+.... to thirty terms. 
The value of 3x19+7x19 is 10x19. 


The value of 3x+7x is 10x. 
The value of 6x-«x is 5x. 
In a similar manner, write down the value of 
725 x1F +3 X17. 8. 5x +32. 9. 7x9-2x9. 
10. 7% —22. 11. 5x9+9. 12. 5b+b. 
13. 2ab +3ab. 14, 7x? — 222, 15. 8a -a. 
16, 2x? - x. 17. 12xy +9ay. 18. 15a? — 10a3. 


UNLIKE TERMS. 


Example I. Addawandz. Answer 2x. 
Example II, Add x and y. Answer x+y. 


* For additional examples, see E.P. 4, Nos. 1-24, page 251/8. 
1] 
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Example ITI. Simplify 2% +32 +y. Answer 5x +y. 
Example IV. Simplify 5a -2a +1. Answer 3a +1. 


EXERCISE II. b.* 


Simplify : 

1. a+a+b. 2. e+u+utyty. 
Shee pe hot ae A. xtyt+aut+y+e. 

5. ©+34+24+54+2 6.a+6+5+b+1. 
7,a+a+b-a. 8, 8x+20+y. 

9, 8a +b —3a. 10. 3u+y—2e+y. 
ll. a+b-a. 12. a+b+c+a+b+e. 
18. w+2y+2ut+y. 14, w+y—z+u-ytz2. 
15. 3v+a+a-a. 16. 4a+b+2c —2a -b. 
17. e+yt54+2+3. 18. 2a+3b+4-a-26-3. 
19, 3xy +2yz —vy. 20. Qa? —y? +2y? — 2? + 22? — x3, 
21. 22+ 2xry +202 — ry — x2. 22. day +2a+2y—x-y. 
23. 10a? + 7b? — 2c? + 36? - 3c*. 24, 5yz+2zy - yz —6ry. 

POWERS. 


Example V. Simplify 2a?+32+2-27+2%+1. 


Taking like terms together, i.e. 222-22, then 32+2z2, 
then 2+1, we get x? +5x +38. 


An expression such as 2a5+7at+a3+22?+8 cannot 
be simplified. Each term contains a power of x multi- 
plied by.a number, which is called the coefficient of that 
power. The term 22° is said to be of degree 5 in x (or 
of the 5th degree) and the coefficient of 2° is 2. The 
term 23 is said to be of degree 3 in 2, and the coefficient 
of w is 1. The a term, or term of degree 1, is missing. 
The last term, 8, is called the constant term, or term 
independent of x. 

It is convenient to write such expressions in an orderly 
way. They are consequently usually written either (i) 
descending powers of x, i.e. beginning with the highest 

* For additional examples see B.P. 4, Nos. 25-56, page 251/8. 
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power, then the next highest, and so on; or (ii) on 
ascending powers of x, i.e. beginning with the constant 
term, then the x term, then the x? term, and so on. 
For example, 
22° + Tat +23 + 2x? + 13a +8 is in descending powers, 
and 8+13x +2x*+23+724 +225 is in ascending powers. 


EXERCISE II. c,* 


1. The number 347 may be written 3.10?+4.10+7. 
In a similar way write 265. In your answer write x for 10, 
x* for 100. Can you simplify 227+6z+65 ? 


2. The number 2083 may be written 2.103+8.10+3. 
In a similar way write 4609. In your answer write 22, x3 
for 107, 108. Can you simplify 423 +622+9 ? 

3. Can you simplify 22+ ? 

4, Can you simplify 222-xw? 5, Add 22? and 3z. 

6. Subtract 1 from 2?. 7. Subtract x? from 23, 

8. What is the value of z7+2”%+9 when z=10 ? 


Simplify : 
9. 6a? — 427, 10. x? +32 -2z2. 
11, a? + 3a? + 3a —a?. 12. 2? -24+1+4+2?+2¢4+1. 
13. 5x? + 8x —42? -8, 14, 2*7-l+z-1. 
15. a* +2at. 16. a?+a+2+2-a. 
17, 24 +92? +1 -—52?. 18. 4-4a+a* -a*-2a-1. 


19. ag+a*+a+a%+a+1. 

20. 5a3 + 10a? + 10a +5 — 5a? — 5a. 

21. Write down (i) the term of degree 4, (ii) the coefficient 
of x, (iii) the constant term, in 

Tet +203 +322 +0 +5. 

22. Write down (i) the term of highest degree, (ii) the 

coefficient of x?, (iii) the constant term, in 
x? +503 +37 42. 
23. Arrange 2+7x?+23+92++2x in (i) descending powers 


of x, (ii) ascending powers of x. 
* Tor additional examples, see E.P. 4, Nos, 57-90, page 251/8. 
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24, Arrange x+2°+32%+1+42% in (i) descending powers 


of a, (ii) ascending powers of «. 
25. Simplify x3 +2a?+3x2+4—-2-22%, arranging the answer 


in ascending powers. ; 
26. Simplify 23 +1+322+3r+1-3xr+ 322-23, arranging 


the answer in descending powers. 


MULTIPLICATION AND DIVISION. 


Example VI. To prove that 2° xa?=2°. 
ea=xxaexx and w=" x7. 
- og xa®a=uxaxexexe=Z?, 


Example VII. Multiply 3a? by 2ab. 
3a2=3 xa? and 2ab=2 xaxb. 
2. 3a2 x 2ab =3 xa? x2 xa xb 
=3 x2 xa? xaxb 
=6 xa? xb =6a°b. Answer. 

This is the same method as is used in Arithmetic for 
multiplying two numbers together, each of which is given 
in prime factors. ; 

Thus, putting 5 for a and 7 for 6, 

Scot M208 Teena CO pote = Ob als 


Example VIII. Divide 2x%yz by xz. 
Sede ate ae _2XUXU XE XY X2 
xz 2 Rigen 2 
=2xuxy=2Qxy. Answer. 
After a little practice the answers to such questions as 
Ex. VIL. or Ex. VIII. can be written down without any 


working. 


EXERCISE II. d.* 


In a manner similar to that of Examples VI.-VIII. 
above, prove the statements in Exx. 1-6. 


1. 23 x 2#=27, 2. a® xa? =a’, 
83. 223 x a =2z24, 4, 6a? =c4, 
5. 624+ 2a =32%. 6. Qay x 3x*y = Gaty?, 


* For additional examples, see E.P. 5, page 251/9. 
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Write down the values of the following : 


as 
10. 
13. 
alls, 
19. 
22. 
25. 
28. 


63 x 62, 

2 .52x5. 
2ab xa. 
54— 58, 
wz. 
628 — 222, 
4a*b—ab. 
a? x 2bc?, 


8. 
ia 
14. 
17. 
20. 
23. 
26. 
29. 


a’ xa’, OF ye xy, 

2a? xa. 12.°3c? x 2c3. 

3xy x xz. 15. 3a3 x 3a3. 
at—a, 18. 11°11. 

2a’ —a?, 21. 6a?—a, 
3y+y. 24. xy*—xy. 
12abe x ab. 27. 3ab x abe. 
6abc? ~ 6bc3. 30. 4p?q?r? — 4pqr. 


SQUARES, SQUARE ROOTS, ETC. 
Example IX. To prove that 1/x§ =2°3, 


xz? xz =78, 


.. the square of 2? is x, 
.. a square root of x° is 73. 


[NV.B.—We shall find later that a number has more than 
one square root, but at present we shall consider only one.] 


EXERCISE II. e. 
In a manner similar to that of Example IX. above, 
prove the following statements : 
1. 4/104 =102. 
3. V/4a2y? =2ry. 
5. A cube root of 2° is x. 
6. A cube root of 8a%b3 is 2ab. 


Write down the square of : 


2. fa =at. 


4. A square root of 49° is 73, 


7. 32. 8. a3. 9. ab, 
10. 5x?y. ll. 4ab?c. 12. 2a7b%c5, 
Write down a square root of : 

132 3. 14, a6, 15. 44. 
16. 9y8. 177a7b*c*. 18. 162z?y'. 


19. Write down the cube of (i) 22; (ii) 3ab?. 
20. Write down a cube root of 6427, 
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HIGHEST COMMON FACTOR. LOWEST COMMON 
MULTIPLE. 

Of the two expressions, 4x*y and 62y?, there are several 
common factors, viz.: 2xy, 2, 27, 2y, zy. But all the 
rest of these are factors of the first one, 2zry. 

2xy is called the Highest Common Factor (H.C.F.) of 42°y 
and 6xy?. 

Of the two expressions 42°y and 6xy?, we can write 
down as many common multiples as we like, viz. : 12x°y?, 
240x3y?, 12a23y3, 60a?y?2?, etc. But all the rest of these 
are multiples of the first one, 12%?y?. 

12x’y? is called the Lowest Common Multiple (L.c.M.) of 4a?y 
and 6xy”. 


E: cample 2 “Find ti (i) the H.c.F., (ii) the L.co.M. of 6ab? 
and l5ab?c. 


(i) 3 is the H.o.¥F, of the coefficients ; of the powers of a, 
viz.: a? and a, we take the lowest, a; of the powers of 5, 
viz.: b? and 62, we take the lowest, b?; we leave out c, as it 
is not a factor of 6a?b?: 


Multiplying together the factors we have taken, viz.: 
3, a, b®, we get the H.0.F. 8ab?. 
(ii) 30 is the L.c.m. of the coefficients ; of the powers of a 


we take the highest, a?;° of the powers of b the highest, b? ; 
of the powers of ¢ the highest, C. 


Multiplying these together we get the L.c.M. 80a*b?c. 


EXERCISE IT. f. ee 


I Of which of the expressions 2, 2x, 4x3, 2xy, 6xy?, Saty, 
2a?y? is 2x a‘factor ? 


2, Of which of the exprogsne 32, 2x7, 3xy?, 6y?,' ec is 
627 a multiple ? 


3. Of which of the pairs of expressions (i 12x? and 623; 


ey and 422y; (iii) 10x4y4 and ae is 227 a common 
actor ? 


4. Ts 202%y3 a multiple of 5y2? Why ? 


5. Is 3xyz a factor-of xy3z3 2? Why-% 
* For additional examples, see E.P. 6, Nos. 1-30, page 251/10, 
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6. Is 4a?b? a common factor of 4a? and 63? Why? 
7. Is 3x%y?z? a common multiple of 3vy and yz ?. Why ? 


8. Of the expressions, 2, 2x, 4x2, 32, 12x%y*,, Caty?, Davy, 
6x?y, 1824, x, xy, bry, 3x°y, Quxz, 6x22, 6xyz, write down those 
which are (i) factors of 22, (ii) factors of 32y, (iii) common 
factors of 2x? and 3ay, (iv) multiples of 2x2, (v) multiples 
of 3xy, (vi) common multiples of 227 and 32y. 


9. Of the expressions 6, a2b, a2b2c?, 3a, b, 6at, 6a%be, abc?, 
a, 3bc, 2a, 12a%bc, bc, write down those which are factors of 
(i) abe, (ii) 6a. 


10. Find the u.c.¥F. of 2a and 6ab. 
11. Find the t.o.m. of 2a and 6ab. 
12. Find the u.c.F. of 4zy and 4xz. 
13. Find the H.c.F. of 6?c? and 4bc. 
14, Find the t.o.m. of 2ab and 3a. 
15. Find the u.c.F. of ab and abc. 
16. Find the L.c.m. of a?, 6ab, 3%. 


17. Find the u.c.m. of a®, 5abc, 2a? : write down the quotients 
obtained by dividing the L.c.m. by each expression. 

18. Find the t.c.m. of 4x?y, 62323, 3xyz?, 224: write down 
the quotients obtained by dividing the L.c.m. by each 
expression. 

19, Find the u.c.F. and t.c.m. of 102? and 152%. 


20. Find the u.c.F: and u.c.m. of 24, 3x, 3xy, 6xz. 


| FRACTIONS. 
Heample XI. Simplity 272. 
name eX: Bap fy. tye 


The 11.0.¥. of the numerator and denominator is 2z2y. 
Divide the numerator. and denominator by 22?y. 


Aaty 2%" Anewer, 
Gatye 2 8z-i fo: 
D.P, Ac BARR daind OF-16:00% 0 LBs 
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EXERCISE II. g.* 
Simplify the following fractions : 


ih oy eee 3. aa 4. - 
5. se 6. ae 7. “ 8. ae. 
9. ae 10. eae 11. na Fat 
13. a 14, eae 15. < eae ie: a 
Ligee is east a 205. 
21. a 22, es 23. 2a 24. aie 


Example XII. Express = as a fraction of the same 


value, having 6b as its denominator. 
Multiply numerator and denominator by 2. 


2a 2ax2 4a 
a 
Sh 5b xa) Ghee ee 


2 
Example XIII. Express si as a fraction of the same 


value, having 10x*y*z? as its denominator. 
If 102*y?z? is divided by 5yz, the quotient is 2z%yz, 
Multiply numerator and denominator by 2x*yz. 
et ate Date 2x‘yz 
Byz  dyzx2e*yz  10x?y2z?’ 


Example XIV. Add the fractions : and = 


Answer. 


The t.c.Mm. of the denominators z, 2x is 2x. 
Each fraction is so expressed that its denominator is 22. 
2 2 Die eed leo 
x Q&x a5 ee 22 (Ox" 
421 wS 
7 av lad dad 
* For additional examples, sez E.P. 6, Nos. 31-60, page 251/11. 
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Compare this with 7 
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Example XV. Subtract a from +s 

The L.c.M. of the denominators a, b is ab. 
ab a® § a?-p? 
b a=ab ab ab 

5 3 5% 32 52-32 

386 93 665x530) 


Answer. 


Compare this with 


Example XVI. Simplify a -—. 


The L.c.M. of the denominators 1, a is a. 


Answer, 
aa ya a 


EXERCISE II. h. * 
1. Express . as a fraction of the same value, having (i) 6, 


(ii) 30, (iii) 42 as its denominator. 


2. Express ” as a fraction of the same value, having 
(i) 2y, (ii) ay, (iii) y? as its denominator. 

3. Express er as a fraction of the same value, having 
(i) 10y, (ii) 5yz, (ili) 15y? as its denominator. 
ud 
b 
equal denominators. 


: Bin Ce 
5. The fractions Be Gy? 32 
all their denominators are equal. What is the simplest way 
in which this can be done ? 


6. Fill in the gaps in the following : 


4. Express — and : as fractions of the same value, having 


are to be so expressed that 


«22 sate ee i e. 
@) 3 =3ye? ™) Gabe Toate ab 
a A eg losty? a? a°b8 
ore = % pone ae @ Sis Se 
Gi) @=5; (wv) 2=%5 ww) S-S. 


® For additional examples, see E.P. 6, Nos. 61-90, page 251/11. 
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Simplify the following fractions : 
40, 3 Rete aM eraLy 
7. (1) Dy (11) and (iii) dante 
rok 1 Pee Ge | y  3Yy 
8. (1) 79x49 (ii) eo ia? (ii) mane 
2 TEAR. 39 a ee 
9. (i) 5B 10° (11) nit Sa (i1) aa 
1 i} zy 2 
10 eae 11. Tie 12. l+5 
Tee 14. 143. wp. 142 
b x ab 
ae at 2 oy 
16. (i) ye i (ii) Cae ( ) 9a 2a’ 
jet 1 wit Lae 5 fay | (ot 
1) a) ae ae 
ae yee a Es Le be b 
18. (i) mK 16) 5) (il) a 2a’ ( 1) a ~3a 
1a ay ee ee 2 eee) 
ye be xy 
on Lec OA Wigs see hota, 
0. ene ee Sees eas 
20) Salhe Oh ae Lid CF ry 2 
r ie es 2, cae c 
21. (1) 7 i (ii) 7 oes (iii) ab — =. 
22. Subtract = from - 93. Add ; to 1. 
24. Add % to ©. 25. Subtract = from +. 
bb 2 
26. Subtract b from ©, 1 
a a 


Simplify the following : 


28. 


29. 


(i) Ex35 


ne 
(1) 7783 


(ii) 4% 33 


(i) 531 


27. Subtract ” from e 


(iii) : x Z. 


(iii) +2. 
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30. (i) 
31. (i) 
32. (i) 


33. (i) 
34. (i) 


35. (i) 
36. (i) a3 

87. (i) 53 
38. 
39. (i) a—-9; 
ipo wee sete 
41. (i), 5 43 


42. (i) —+-3 


43. What fraction is x pence of y pence ? 


ii) 3x4 
he welts 
(ii) Vey Ae 
(ii) wees 


(ii) 3-2; 


oI1ae 


(ii) 


Gi) 12be |, Wad 
; 35a2 ~~ 2463 ’ 


ae 7 
(ii) x -T00 


soya 
(1!) 706": 
oe 4 i 
i) ~+1+ 
Gi) 


a 2. 


a? a 


(ii) 


a) 


y. 
a’ 


(iii) z x 


ea G8 
x 


<= 

=: 

a 
18 Wi bo cv) bo 18 


<—-~ 
= 
= 
= 
“— 
QI Sia sg 


(ii) —— x ae 


C 


Rae a 
(ill) y + oy: 


21 


Qia*y? | 18xy? 
Ba™ = 1027 


By substituting 


in your answer, find what fraction (i) 3 pence is of 5 pence, 


(ii) 7 pence is of 2 pence. 


does it matter whether z is greater or less than y ? 


44. Express (i) x yards in inches, (ii) 2 inches in yards. 


In the first part of the question, 


45. Express a shillings +6 pence (i) in pence, (ii) in shillings 


as a single fraction. 
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46. What fraction is x pence of y shillings ? 
47. What fraction is 3x inches of x feet ? 


48. If 100 of a school are boys, what fraction are girls ? 


49. If 1 of a stick is cut off, what fraction remains ? 
x 


50. Does the value of the fraction ae alter, if different 
values are given to x ? dx 


51. Does the value of ~ we * depend on the value of x ? 


52. Simplify ty 53. Simplify ; a 
3 


13 2° : 
54. If 8 Km. =5 mi., what fraction is x Km. of x mi.? 
55. If 8 Km.=5 mi., what fraction is 8x Km. of 5a mi. ? 


56. ABC isa straight line; if AB=a, BC =6, what fraction 
is (i) AB of AC, (ii) AC of BC 2? 


BRACKETS. 
EXERCISE II. k.* 
To obtain the value of 2(x% +y), we add y toxand multiply — 
the result by 2. 


To obtain the value of 2x +y, we multiply x by 2 and add y © 
to the result. 

State in words, in a similar manner, how to obtain the 
value of the following. Do not try to simplify them. 


1. 3(a-b). 2. 3a-~ b: 3. 2 +2(y +2). 
4. c+ 2y +z. 5. (w +2)y +2. 6. 2 +2y +z. 
J. (vx +2)(y +2). 8. (a+b) -c. 9. c—(a+b). 
10. c—a+b. ll. c-a+b. 12. a+b-a+te. 
18. a-2(b+c). © 14 a-(2b+0). 15. (a —2)(b +c). 
16. a-2b+¢. 17. Va+b. 18. 4/2(% —y). 


Example XVII. Express by means of brackets the 
remainder after subtracting x times y —z from x. 


x times y —z is represented by 2(y —2z). 
.. the remainder = x? -x(y -z). Answer. 
® For additional examples, see E.P. 7, page 251/12, 
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Express by means of brackets the following: do not 
simplify them. 
19. The remainder after 6 +¢ is subtracted from 2a. 
20. The remainder after c —d is subtracted from a —b. 
21. Twice the remainder after y is subtracted from z. 
22. The product of 2x and x -y. 
23. Half the sum of 6 and c. 
. 24. The quotient when a is divided by x+y. 
25. The square of the sum of x and y. 
26. The sum of the squares of x+y and x-y. 
27. The square of the product of 2 and x+y. 
28. The sum of half of x+y and three-quarters of x-y. 
29. The square root of the difference of x andy. [a>y.] 
30. The difference of the square roots of andy. [x>y.] 
31. The excess of 1 over x+y. 


32. The product of two numbers, one less than x by 2 and 
the other the sum of a and 6. 


33. The product of three consecutive integers, of which a is 
the least. 


Example XVIII. Aman walks 34 milesin 3days. He 
waiks x miles the first day, y miles the second day ; how 
‘far does he walk on the third day ? 


He walks x+y miles the first two days. 
*, he walks 34 -—(x+y) miles the third day. 


Example XIX. <A box of sugar weighs p lb.; the box 
when empty weighs q lb. How many boxes are used for 


despatching x lb. of sugar ? 
Each box contains p —q lb. of sugar. 


x—(p—q) or z 2 boxes are used. 
Dp — 


24 ALGEBRA [cHar. 


Express the answers to the following questions by 
means of brackets. Do not try to simplify the result. 


34. How many pence are there in « +y shillings ? 


35. From a stick a inches long a part b +c inches long is cut 
off; how much is left ? 


36. A man has walked a +y miles of a journey of a +6 miles ; 
how far has he still to walk ? 


37. A book costs x 5 shillings and is sold for 15 shillings ; 
what is the profit ? 


38. The length of a rectangle is a+b feet and the width is 
c feet ; what is the area ? 


39. The area of a square is x2+ay sq. feet; what is the 
length of a side ? 


40. Rewrite the product 871 x 99, putting 100-1 instead 
of 99: 


41. Rewrite the product 59 x 12, putting 2 -? instead of 12. 


42. A man’s rent is £x a year and his food costs Ly a year ; 
how much is left, after paying these, out of an income of 
£350 ? 


43. A man’s income is £(v+y). What is it, after it has been 
increased by a tenth ? 


44. A man buys x copies of a book and later y copies of the 
same book: the bill for the whole is 35 shillings; what was 
the cost of each book ? 


45. A tin when empty weighs p lb. and will contain gq Ib. of 
coffee ; 59 of these tins of coffee are packed in a box weighing 
r lb. ; what is the total weight ? 


46. A man has to pay a bill of x shillings; a discount of 
y shillings is taken off the bill. He pays it with a £5 bank-note. 
How many shillings change does he receive ? 


47. A cask when empty weighs lb. and when full weighs 
y lb.; what is its weight when half full 3 
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SIMPLIFICATION OF BRACKETS. 


ADDITION AND SUBTRACTION. 


The method of simplifying brackets should be explained 
orally by examples, before formal rules are given. See 
Introduction, p. xviii. 


Example XX. Ina school of x boys, y are Scotch and 
z are Irish ; how many are neither Scotch nor Irish ? 
First method. There are y +z Scotch and Irish boys. 
—(y +2) are neither Scotch nor Irish. 


Second method. There are x—y boys who are not Scotch, 
of these z are Irish. 


*, x —y —z are neither Scotch nor Ivish. 


Comparing these two results, we see that 
—(y +z) is the same as x -y —z. 


Example XXJI. In Fig. 2, OP =a, OQ =b, RQ =c inches. 
Show that a —-(b-c)=a-b+e. 


Fic, 2. 
OP =a inches, OR=b-c inches; 
”. OP -OR =a —-(b-c) inches, 


i.e. RP =a—(b —C) inches. .........cccceeee (A) 
Again, QP =a —6 inches ; 
°. OP +RQ=a-b +c inches, 
4.6.0 BE =a —O4-6 INCHES. ....0:fccasorsssenss (B) 


Comparing the two results (A) and (B), we see that 
a—(b-c)=a-—bte. 
Examples 1-15 of Exercise II. l. are intended as illus- 
trations of the following results : 
(i) a+(b+c)=a+b +e. (ii) a+(b -c) =a +b -c. 
(iii) a-(b +c)=a-b -c, (iv) a-(b'-c) =a-b+e. 
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EXERCISE II. 1. 


(Notr.—Ezamples 1-15 should to a large extent be taken 
orally.) 
1. A boy divides his day into working, eating and playing. 
In a day of a hours he is working 6 hours and eating c hours. 
How long is he (i) working or eating ? 
2 :. (ii) not working or eating ? 
Again, how long is he (iii) not working ? 
and by subtracting the numbers of hours he is eating, find 
how long he is (iv) not working nor eating. 
Compare the two results (ii) and (iv). 


2. A farmer has x horses and y cows ; he sells z cows. 
(i) How many cows has he left ? 
(ii) By adding this number to the number of horses, 
find the number of animals he has. 
Again, (iii) find how many animals he had before he sold 
the cows. 
(iv) By subtracting the number sold, find how 
many he had after he sold the cows. 
Compare the two results (ii) and (iv). 


3. ORQP is a straight line, so that OP=11", OQ =6’, 
QR =2". -What are the lengths of : 
(i) OP -OR; 
(ii) OP —-(0Q -QR) ; 
(iii) OP -OQ+QR? 
4. ORQP is a straight line, so that OP=a", 0Q=b’, 
QR=c’. 
(i) What line is of length b —c inches ? 


(ii) is a —(b-—c) inches ? 
(iii) AA = a —b inches 2 
(iv) a) f a—b+c inches 2 


(v) Express the length of RP in two different ways. 


5. By a figure similar to those used in Questions 3 and 4 
show that (i) 11+ (64+2)=11 4642. 
(ii) a+(b+c)=a+b+e. 
(iii) 11 + (6-2) =11+6-2, 
(iv) a+(b-c)=a+b-e. 
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Work out Examples 6-10 in the same way as Example 
XX, 


6. A boy has 2s. He receives from home two postal orders, 
one of 10s. and the other of 5s. He would have just the same 
money if he had received one postal order for 10 +5 shillings. 
How much money has he in each case ? 


7. A stick is a inches long. A man cuts off a piece 6 +c 
inches long. From another stick a inches long, a man first 
cuts off 6 inches and then another ¢ inches. What length 
is left in each case ? 


8. A man is standing at the third floor of a building in New 
York. He gets into the lift and goes up 6 floors, meets a 
friend, and they go up another 4 floors to his office. Next 
day, starting again from the third floor, he goes straight to 
his office, up 6+4 floors. What floor does he reach in each 
case ? 


9. Domodossola is 2155 ft. above sea-level. From Domo- 

‘ dossola to the top of the Simplon Pass you go up 4425 ft., and 

from the top of the pass to Brigue you go down 4325 ft. 

But if you go from Domodossola to Brigue by the Simplon 

Tunnel you go up (4425-4325) ft. Give the height of Brigue 
in each case. 


10. A man has £z. He buys a new camera, and pays £y 
for it. He then sells his old camera and gets £z for it. 
Instead of doing this, he might have exchanged his old camera 
for the new one, and paid the difference £(y—z). How much 
would he have had left in each case ? 


To show that 20 +(13 -6) =20 +13 -6, 
20 +(13 -—6) =20 +7 =27, 
20 +13 -6 =33 -6 =27. 


In a similar way show that : 

1112087) = 19S 7, 

12. 100 +(20+9)=100+20+9 13. 15-(342)=15-3-2, 
14. 13-(12-1)=18-12 41. ~16. 6-(5-3)=6-543. 
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Example XXII. Simplify (2a + 5b) - (a - 26). 
(2a +. 5b) — (a — 2b) =2a +56 -a +26 
=a+7b. Answer. 


Simplify the following : 


16. 
19. 


x+(y+2z). 17. x +(2y -2). 
x+(y—2). 20. x —(y—2). 


18. x+(x+y). 
21. (we +1)+(x-1). 


22. (¢+2)—(w+1). 28. 22-(22-1). 24. 1-(e-1). 


25. 


(a? — 5a) — (x? — 5a). 


The results numbered (i), (ii), (iii), (iv) on p. 25 could 
have been obtained from the following rules : 

(A) If a bracket has a + sign in front of it and the 
bracket is removed, the sign of each term remains the 
same as it was in the bracket. 

(B) If a bracket has a —- sign in front of it and the 
bracket is removed, the sign of each term is different 
from what it was in the bracket. 

You can use these rules to work out Exx. 26-45. 


Simplify the following : 


26. 
28. 
30. 
32. 
34. 
36. 
38. 
39. 
40. 
42. 
44. 
45. 


a —(b+2c), 27. 
2a —(a +b). 29. 
(a+b+c)-(a-—b+c). 31. 
(2a +56 —c) —-(a-b-c). 33. 
x3 + —(x? +1). 35. 
a’ — (a*b —ab? +63). 37. 
(x? + Qay + y?) — (x? — Qry — y?), 


(3x2 — da + 2) — (Qa? —a —3). 


x3 —Qa%*+ae—-(x2-2474+1). 41. 
(b-c)+(c-—a)+(a—b). 43. 


x* + By + 2 — (By? —2?). 
x+y? +22 — (Qyz —2Qzex - Qay), 


a — (2b -c). 
(a+b+c)+(a-b-c). 
(w? +x” -—1)+(a®?9-x+4+1), 
x3 +22 —(x +1). 

1 — 3a + (3x? — 2), 

(x — xy) — (xy —y?). 


(% 2) —(y —2). 
(2a -b —c) —(2b-c-a). 
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MULTIPLICATION AND DiIvIsIon, 


In Arithmetic, we often use such facts as 
3 times 17 +5 times 17 =8 times 17, 

or (3 +5) times 17. 

And, in the earlier part of this chapter, 

382 +5x%=8x or (3+4+5)z. 
These are special cases of the general fact that 
a times c +b times c =(a +b) times ¢, 

or ac +bc =(a +d)c. 


This can be illustrated by a figure. 


a b 


Fic, 3. 


The diagram represents a rectangle of length a+b 
inches and breadth c inches, divided into two smaller 
rectangles. The areas of the two smaller rectangles are 
ac square inches and be square inches. 

The area of the whole rectangle is (a +b)c or c(a +6) ; 


*, ac+bc =(a +b)c =c(a +b). 
The reader should draw a similar diagram showing that 
ac —bc =(a —b)c =c(a -b). 
Again, since (a +b)c =ac +be, 
(ac +bc) +c =a +6. 
Similarly (ac —bc) +c =a -b. 
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We will now collect the results of this chapter. 

(i) a+(b+c)=a+bte. (v) (a +b)c or c(a +b) =ac +be. 
(ii) a+(b-c)=a+b-—c. (vi) (a —b)e or c(a —b) =ac —be. 
(iii) a-(b+ce)=a-—b-c. (vii) (ae+be)+c=a+b. 
(iv) a-(b-—c)=a-—b+e. (vill) (ac —be)+c=a—-b. 

These may be summed up in the following rules :— 

Rule I. If a bracket has a + sign in front of it and the bracket 


is removed, the sign of each term remains the same as it was in 
the bracket. 


Rule II. If a bracket has a — sign in front of it and the bracket 


is removed, the sign of each term is different from what it was in 
the bracket. 


Rule III. If an expression in a bracket is multiplied or divided 
by a number and the bracket is removed, each term of the expression 
must be multiplied or divided by that number. 

These results cannot be used for all values of a, b, c. 
Thus if we put a =2, b =4, c =6, (ii) becomes 2 + (4 —6), ze. 
4-6 added to2. But 4-6 has at present no meaning. 
Again (iii) becomes 2-(4+6), 7e. 2-10. This also has 
no meaning. 

When we have taken special cases of these, we have 
usually chosen whole numbers instead of a, b or c, because 
it makes the work simpler. But these results are true for 
any values of a, b, orc. 

Eg. 10 -(23 +18) =10 -23 -18, 
(2) +32)7 =21 x7 431 x7 

Example XXIII. Multiply 2x -5y by 32. 

(2a —5y)8x =2x x 3x — By x 3x 
= 6x? — Lbdxy. 

Example XXIV. Simplify 3(2a -5y) —2(a +3y). 

3(2x — Sy) —2(u + 3y) = (6x — 15y) — (2a + 6y) 
= 6x —15y —2x -—6y 
= 4x —2ly. 

To avoid mistakes, it is important to multiply in the 
first line and to remove the brackets in the second. Do 
not try to do both in one line. 
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EXERCISE II. m.* 
Simplify the following : 


Ll. (x+y)z. 2. 2(x +y). 3. (x —y)z. 

4. 2(x -y). 5. 2a(b —c). 6. (2x —y)2z. 

7. (2% +3)a?. 8. (x? -2441)z. 9. (xz + yz) +z. 
10. (a? —ab) ~a. Ll. (x? — 2x) 2. 12. (2x3 —3x)~z. 
13. (4a3 + 4a? — 8x) 42, 14. (a? —ab —ac)~a. 

15. (~ -y)22y. 16. (a? —a)—~a. 

17. a? —a(a —b). 18. a(a —b) +ab. 

19. x(x —1) +22. 20. x(24 -1)+2(x-1). 
21. (w-y)x+(a+y)y. 22. 3(2x —5y) —2(a +4y). 
23. (1023 — 152?y) —5z. 24. (8x*y? + 6ry) —2ay. 


25. 4a(x + 2y) — 3x(x -y). 

26. 5(2a — 3b +4c) —3(a — 2b —6c). 

27. 2a%(a + 3b) +3b(b? — 2a°). 28. (1 ad *)e. 
: zx. 


1 Ihe 
29. - ay. 30. (+5 ’ 
( , y 0 = )08 
It is sometimes useful to have more than one set of 
brackets in an expression. 


Example XXV. A book costs 7 shillings and the 
discount is ls. 9d.; a man orders 6 copies to be sent to 
him by post (postage 10d.); express by brackets the 
change he will receive out of £2. 

Each book when the discount is taken off costs 7s. — 1s. 9d.; 

.. the parcel of 6 books with the postage. costs 

6(7s. — 1s. 9d.) +10d. ; 
.. the change he receives is £2 — (6(7s. — 1s. 9d.) +10d.). 


* For additional examples, see E.P. 8, page 251/19. 
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To prevent confusion, it is better, when one set of | 
brackets contains another between them, to choose 
brackets of different shapes. 


Thus £2 - {6(7s. — 1s. 9d.) +10d. } 
or £2 -(6 7s. —1s. 9d. +10d.). 


In this expression, the inside pair of brackets shows 
that 7s. —1s. 9d. is to be multiplied by 6, and the outside 
pair of brackets shows that the sum of this and 10d. is 
to be subtracted from £2. 


Example XXVI. State in words the process of 
simplifying a — {b(c +d) +e} 
Multiply the sum of c and d by }. 


Add e to this sum. 
Subtract the result from a. 


EXERCISE II. n. 
State in words in a manner similar to that of Example 
XXVI., the process of simplifying 

1. a+[b-lerd)}. 2. a[b(c +d) +e]. 

3. [a(b +c) —d]e. 4. a~[b-—c-—d]. 

5. Show that the number of pounds in £3. 15s.:7d. is 

| {(3 x 20 + 15)12 +7} +240. 
6. Express by brackets, as*in Ex. 5, the number of tons in 
(i) 3 tons 7 cewt. 1 qr.; (ii) x tons y ewt. z qr. 
7. A sheet of paper is a inches long and 6 +c inches wide ; 


a square hole, edge winches, is made in it. |. Express by brackets 
the area of the remainder in sq. feet. r 


Fig 
% 


Simplify the following * 


) 8.a+b~ {a (b+ 6)} 9. Wx+y+x—y). 
10. 3[4¢ —2(@ —y)].° > 11. 36 [a +2(b-a)}. -: 
12. 6 —(8¢ —2(b +¢)}.0! 13.°22(a —2 —y —y). 


14; [3a(e —2y)+ 9a?] +32. 15. a=[b—(¢-d) +e]. 
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16. 4(x? —5ay +y?)—By(2e+y). 1% w-2(2-T+y,) 
18. [a(a — 4b) + 7a?c]~a. 19. 3(% — 2y) —2(a” -y). 
20. 1 (4=[1 +1] -1): 21. [a*(1—a) +b(a +.a%)] =a. 


In Examples 22-26, first express the result by means of 
brackets without simplifying, and then simpl fy : 

22. Subtract a — (6 —c) from b —(a —c). 

23. Add 3a +2(b—c) to 4b —3(a -0). 

24. By how much does 2? +y(2x —y) exceed a(x +y) — 2y? 2 

25. From 1 subtract a(b —c) —d. 


26. From the sum of a(x -2y)-—y? and’ saa tS, AE, 
subtract 2x(a —y) —y(2x+y). 


MISCELLANEOUS EXAMPLES II. 'p. 


1. A boy starts the term with 10x shillings. He spends 
@ shillings at once and later on 3~ shillings. How much has 
he left ? 

2. A man is x years old. How old will he be in one year’s 
time ? How old was he 3 years ago ? 

3. Add together x?, 3x? and 427. . Subtract 62? from oe 
result. 

4. A man cycles at 3x miles an hour. How far will he 
goin 5 hours? How long will he take to go 10x miles ? 

5. Simplify 52—2(2-—2). Find the value of this when 
x=1; also of the answer when x =1. 


6. A walks a miles an hour; B walks 6 miles an hour 
faster than A. How fast does B walk ? How far will B go 
in x hours at this rate ? 


7. Subtract a+ 3b from 2a —b +c. 


8. A tank contains 102? gallons of water. How many 
buckets, each containing 2x gallons, can be filled from it 2 


9. How many inches are there in a stick a ft. 6 in. long ? 
How many inches in a stick twice as long ? 
. 10. The length of a rectangle.is 3x inches and its width i: is 
2x inches ; what is its perimeter ? 

D.P.A. Cc 
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11. Add together 7ab and ab, and subtract 5ab from the 
result. 


12. How many pence are there in (i) y shillings, (ii) z half- 
crowns ? 


13. Which of the following are factors of 12ry !—24zy, 6z, 
12, 3x2, 12a2y?, 4ayz, xy, 60ry?, 2az. Which are common 
factors of 12ry and 12zz ? 


14. Find the value of (i) 32? + 42, (ii) 3v? + 4a, (ili) 32? x 42. 
15. A boy is now 2a years old; what will be his age in 
y years ? 


16. Write down the value of (i) 4.10+7, (ii) 6.1042, (iil) 
3.10+9. How would the number 102 +y be written, if « and 
y were whole numbers, not greater than 9 ? 

17. Simplify (i) 50x*yz—2a, (ii) (3a%y%)*, (iil) 3 xx. 


18. A pound of tea costs x shillings and a pound of coffee 
y shillings ; what is the cost of 2 Ib. of tea and 3 lb. of coffee ? 
what is the cost of a lb. of tea and 6 Ib. of coffee ? 


19. There are a boys in a school; 6 leave and ¢ new boys 
come ; how many boys are there now in the school ? 


20. If a=17, b=10, c=7, find the value of (i) a—b+e, 
(ii) a-—(b +0). 


21. Find the H.c.F. of 8ayz and 10baz, Reduce Baye to 
its lowest terms. 10bxz 


22. There are 10a +6 people at a meeting; there are 7a mcn 
and the rest are women ; how many women are there ? 


23. How many pence are there in £a +s. ? 


24. A plank 302 inches long is cut into three pieces ; two of 
them are x inches and 102 inches long; what is the length 
of the third piece ? 


25. From 5a +b take 3a +c, 
26.. Simplify (i) %, (iy * ii) O28 
Simplify (i) he (ii) x by, (iii) anh 
27. On a bookshelf are 22 one-volume novels and 32 two- 
volume novels. How many volumes are there altogether ? 


11.] GENERALISED ARITHMETIC 35 


ret : SI a4! ae ete, 
28. Simplify (i) 1 at (ii) 1 -9 (iii) 1 -=. 
29. A bucket holds x Ib. of water. A cistern when empty 
weighs y lb. and holds z buckets of water. What will be 
its weight when full ? 


30. A man buys 24 lb. of butter; 32 lb. of this prove to be 
bad ; how much is fit to use? If I buy a third of the good 
butter, how much do I buy? If I give as. per lb. for it, how 
much does it cost ? 


31. ABC is a straight line; D is the middle point of AC. 
If AB =8z, BC =6z inches, find DB. 


32. Express by means of brackets the remainder after 
subtracting three times the sum of m and n from five times 
m—n. 

33. Find the value of (i) x-2y+z, (ii) x-2(y+z), when 
@=13, y=3,z=1. 

34. Express by means of a bracket the number of shillings 
in b + 2c pence. 

35. Fill in the blank space in 

34 x 17423 x17 —4} x17 =( We 

What is the value of 3} x17+23?x17-4} x17? 


36. Simplify 


-, 4a 6a 4a 3a SA} 9 
(i) nti (il) 77 +99) (iii) Tian 
. . 1 1 
: } oie 
37. Find the L.c.M. of 4p? and 2pq. Simplify ip? reg 


38. A man buys a penny stamps and b halfpenny stamps ; 
how much change will he receive from 10s.? Answer in 
pence. - 

39. Multiply 12a-6b by 2ab. What is the quotient if 
24a7b —2ab? is divided by 12a —b ? 

40. How many hours are there between (n-2) o'clock 
and n o’clock ? 


41. Simplify 


G 2424, (iy 2xZ, (iy 1-7. 
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42. Simplify (i) x(v? -24+1)+2(x-1). 
(ii) 5 (2a? +b) - (ab +202). 
43. Divide (2ry)? — (4yz)? by 4y?. 


44. Express by means of brackets the following. Multiply 
x-y by 2x, add y? and subtract the result from 4a?. 


45. Express by means of brackets the number of shillings 
left after taking 17 shillings from £(x +1). 


46. Express, by means of a bracket, the square of the 
difference between 2% and y. Find the value of it when x=1 
and y =}. 


47. A is walking x-1 miles an hour to Brighton and is 
10 miles from Brighton. How far will he be from Brighton 
two hours later ? 


48. An engine pumps x gallons of water per minute, and a 
second engine pumps 50 gallons more than the first each 
minute. How much will the two together pump in an hour ? 


49. Write down (i) the square of 5ab%, (ii) a square root of 
9aty*24. 


50. Simplify 
es kd eee | 
(i) 7 Diy Ch) = 


] 3 O+Y X—-Y 
waa iat tetcae 


51. Show that the number of pence in £4. 8s. 5d. is 
(4 x 20 +8)12+5. Write down in a similar way the number 
of pence in £2. ys. 2d. 


52. Rewrite the product 1359 x49, putting 50-1 for 49. 
Get rid of the bracket, and so find the value of 1359 x 49. 


53. (i) Find the H.c.r, of 12ax? and 20aay, (ii) simplify 


l2ax? EC 2 
Bhan Divide 12ax?+20axy by daz. 


54. Simplify 


z <a HOCH Le 1 
b2 2he2 Ha Bice 
(i) 4ab*c x 4a?be?, (ii) re (ili) m= = 
55. The length of a rectangle is a ft. and the width is (a -3) 
ft. (i) What is its perimeter ? (ii) What is its area 2 
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56. Simplify 


0 (os) (ved) on 8 


57. Write down a general statement that includes the 
following as special cases : 


a? xa-=a, al®xai=al?, a%® xa%=a%8, al xa%=a%, 


; A RO EG ares x 

58. Simplify (i) piaauk (ii) x — Too: 

59. How much is a—6b greater than a-2b% Show that 
your answer is right for the special case in which a =10, b=3. 


60. Multiply 2a* —2ab by 6 and divide the result by 2ab. 
61. A rectangular block of wood is a in. long, 6 in. wide, 


‘cin. thick. Write down the sum of the areas of all the faces. 
What does your answer become, if b and c are each equal toa ? 


62. Each shorter side of a rectangle is a in. and each longer 
side (a+b) in.; a square has the same area as this rectangle. 
What is the length of a side of the square ? 


63. Show that (a +b)? =a? + 2ab +b? when a =6, b=4. 
64. What fraction with a+5 as numerator has the same 


value as ; 2 


65. What fraction with ac +bc as denominator has the same 


value as 1 2 
a+b 


66. What fraction with z as denominator has the same 


value as ~? Use your answer to express 3 as a fraction 


with 100 as denominator. 

67. Take the number a; multiply it by 2 and add 6. Take 
this result, multiply by 2 and add 6. Take this second result, 
multiply by 2 and add 6. Do not simplify your results, but 
use brackets. 


CHAPTER III. 
GENERALISED ARITHMETIC. 


PROBLEMS. FORMULAE. 


WE shall now consider arguments and problems in 
Algebra which correspond to the types of problems 
usually worked in Arithmetic. 

Before beginning the chapter the pupil is advised to 
read carefully the following general remarks. 

I. Remember that the letters which you use in Algebra 
always stand for numbers and not for numbers-of-things. 
Hg. they may stand for 2, 3, 57, 3, 1:06, etc., which are 
numbers, but not for num bers-of-things, such as two-pence, 
three-gallons, 57-days, $-mile, ete. 

Any one of these, e.g. three gallons, implies two things, 
(a) a number, in this case three ; (6) a unit, in this case a 
gallon. A letter can stand for the first of these two only. 

If some one asked you the length of a field, it would 
not be enough to say that it was 250, since that might 
mean 250 feet, or 250 yards, or 250 metres, etc. In the 
same way, it is not enough to say that the speed of a train 
is x, but it is quite definite to say that it is x miles an 
hour or x metres a minute. You can talk about x miles, 
x gallons or x days. But never say—let x be the cost of 
a cow, or—let x be the time a man takes over a journey. 
x is merely a number, and if you are dealing with numbers 


of things, you must in addition state the unit you are 
38 
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using—let x pounds be the cost of a cow, let x hours be the 
time a man takes over a journey, etc. 

It is therefore important to remember that : 

All letters used stand for numbers only. 

In every problem dealing with numbers of things, the units 
should always be stated. 

We shall use the word quantity to mean ‘number of 
things.’ Thus x pounds is a quantity, but x is a number. 


II. In Arithmetic we are concerned with problems 
which deal with definite numbers; the nature of the 
method employed, however, is not in general affected by 
the value of these numbers. 

Consider the following : 

How many pence are there in 7 shillings ? 7 x 12 pence. 

If instead of 7 we put any other number, we should still 
find the number of pence by multiplying this number 
by 12. Consequently we have the following : 

How many pence are there in x shillings ? x x 12 pence. 

From these remarks we can deduce the following hint : 


If you do not see how to work out a question in which letters 
are used, invent for yourself a similar problem which contains 
numbers instead of letters and solve it ; then use the same method 
for the given problem. 


EXERCISE III. a. 


Criticise any of the statements 1-6 that seem unsatis- 

factory, and suggest improvements. 

1. If each book costs x, then two books cost 2m. 

9. If 2a is an even number, then 27% +2 is also an even 
number. 

3. If the length of a room is a feet and the width b feet, the 
area is ab. 

4. The temperature was x and rose 3 degrees, so that it 
is now £+3. 

5. Let the price of sugar be x. 

6. Let the price of sugar per pound be ~. 
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7. Let the numerator of a fraction be x; then, if its value 
is 3, its denominator must be 2z. 


8. If the number of inches in a side of a square is x, its 
area is x2, 


9. Let one book cost 2, the other y; then, since one cost 
3s. more than the other, x -—y =3s. 


10. In 1 mile the speed of the train has increased x miles. 


UNITARY METHOD, ETC. 


Example I. If a train is travelling at the rate of 
@ miles an hour, how long will it take to go x miles 2 
Invent a similar question, putting numbers instead 
of the letters a and x: If a train is travelling at 40 miles 
an hour, how long will it take to go 57 miles 2 
It goes 40 miles in 1 hour; 
“. it goes 1 mile in J; hour; 
", 1b goes 57 miles in 7, x 57 hours, 
z.e. $2 hours. 

If instead of 40 we put any other number, that number 
will always occupy the same position in the answer, 7.e. it 
will always be in the denominator. So, if instead of 
57 we put any other number, that number will always be 
in the numerator. Many people think that the position | 
of the number which ‘is taken instead of 40 depends on 
whether it is greater or less than 57. This is not so. It 
will always be in the denominator. 

We can now work out the original question. 

The train goes a miles in 1 hour ; | 


.. it goes 1 mile in! hours; 
a 
-. it goes x miles in “ x x hours, 


2.e. - hours. 
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EXERCISE III. b.* | 


1. If 1 gallon of water weighs 10 lb., how much will 
x gallons weigh ? 


_- 2 If 10 yards of silk cost 30 shillings, how much will 
x yards cost ? 


3. If 10 yards of silk cost 30 shillings, how much can be 
bought for y shillings ? 


4. Ifa yards of silk cost 30 shillings, how much will x yards 
cost ? 

5. If a yards of silk cost 6 shillings, how much can be 
bought for y shillings ? 

6. The railway fare for a journey of x miles is y shillings ; 
how much will a journey of 3x miles cost at the same rate ? 


7. A clock loses x seconds an hour; how many seconds 
will it lose in 5 days ? 


8. If a sheet of cardboard 8 in. long and 5 in. wide weighs 
4 oz., what is the weight of a sheet 3a in. long and 2 in. wide ? 


9. A man walks 3 miles an hour. How many minutes 
will he take to walk (i) 1 mile, (ii) x miles ? 
10. A man cycles 12 miles an hour ; how far will he go in 
y minutes ? 
11. If £1 =a francs, how many pounds are there in ] franc ? 


12. A cubic foot of stone weighs x lb.; find the number of 
cubic feet in a block of stone weighing aton.  — 


13. If two-thirds of the population of a town is x, what is the 
whole population ? 

14. How many coins, each weighing } 0z., can be made 
from x oz. of metal ? 

15. If 1 oz. =x gm., find the number of pounds in a kilogram. 

16. If 8 km.=5 miles, how many metres are there in x+y 
miles ? 


17. If x men can clear a field of stones in 5 days, how long 
will 52 men take ? How long will y men take ? 
® For additional examples, see E.P. 9, page 251/14. 
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18. The railway fare for a journey of x miles is y shillings ; 
what is the fare for y miles at the same rate ? 


19. A town has provisions for a men for 6 days ; how long 
would these provisions last if there were z men ? 


20. Ona railway the telegraph poles are placed d feet apart, 
and a train passes n poles per minute. Find the speed of the 
train in miles per hour. If d=176 and n=20, find the speed. 


21. My income after paying an income tax of a shilling in 
the pound was £z. What was it before I paid the income 
tax ? 


22. If a ton of beetroot produce z Ib. of sugar, how much 
beetroot will be required to produce a ton of sugar ? 


23. If 30 lb. of tea cost £3. 10s., how much can be bought 
for £x+ys. ? 


24. If I buy a War Savings Certificate for 15s. 6d. now, I get 
£1 for it in five years’ time. How many such certificates 
must I buy so as to get £z in five years ? How much shall I 
get in five years’ time if I spend £z now in buying certificates ? 


25. If I buy x lb. of sugar at 44d. per Ib. and y Ib. at 5d. 
per lb., what is the average cost of the sugar per lb. ? 


AREAS, VOLUMES, ETC. 

We shall assume the following formulae : 

1. The area of a triangle of base b ft. and height h ft. 
is 1bh sq. ft., 

2. The circumference of a circle of radius r ft. is 277 ft., 

3. The area of a circle of radius r ft. is rr? sq. ft., 

4. The volume of a figure of constant cross-section 
A sq. ft. (e.g. a cylinder or prism) and length I ft. is 
Al cu. ft. 

Instead of ft., sq. ft., cu. ft., in these formulae we may 
use any corresponding units. 

a stands for the number 3-14159...., and is sometimes 
taken to be 3-14 or 31, 
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Example II. If x tiles, each 4 in. square, are needed 
to cover a path, find the area of the path. 
The area of each tile is } x} sq. ft., 
2.€. + 8q. ft.; 
.. the aréa of the path is } xx sq. ft., 
x 
or 9 sq. ft. 
_ Example III. The volume of a glass tube is x c.c. and 
its length is y metres ; find its cross section. 
The volume is x c.c. 
The length.is 100y cm. ; 


.”. the cross-section is _~_ gq. em. 
100y “2 ™ 


EXERCISE III. c.* ; 


1. A wall is 8 ft. high and x yd. long; what is its area in 
square feet ? 

2. A path is 4 ft. wide and x yd. long; what is its area 
in square yards ¢ 

3. A tile is x inches square ; how many of them go to the 
square foot ? 

4. What is the cost (in pounds) of a carpet a ft. long and 
b ft. wide, at 5s. per sq. ft. ? 

5. The area of a door is a sq. ft. and its height is 7 ft. ; 
what is its width ? 

6. Pieces of steel 2 cm. wide and 12 cm. long are required 
for aeroplane fittings. How many of these can be cut from a 
sheet of steel x cm. square, if there is no waste ? 

7. The page of a book is 7 in. by 4} in. How many square 
feet of paper will be required for a book of x pages ? 

8. A brick is x in. by y in. by zin. What is its volume ? 

9. If xcu. ft. of water are pumped into a tank a ft. long and 
b ft. wide, what will be the depth of the water ? 

10. A vessel 20 cm. long and 12 cm. wide is filled with 
mercury to a depth of h millimetres. How many c.c. of 
mercury are there in it ? 

® For additional examples, see E.P. 10, page 251/16. 
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11. The cross-section of the inside of a glass tube is A sq.cm. 
and it is a metre long. How many c.c. will it hold ? 


12. How many bricks 9 in. by 4 in. by 3 in. will be required 
to make a stack of bricks x yd. long, y ft. high and 18 in. 
thick ? : 


13. A field is 2x yd. long and x yd. wide; find the area of a 
fence, h ft. high, round the field. 


14. A garden path | yd. long and 14 yd. wide is covered 
with a layer of gravel 2 in. thick. How many loads of gravel 
will be required if a load of gravel contains a cubic yard ? 


15. The thickness of a sheet of paper is * of an inch. How 
many sheets will a pile of paper, y in. high, contain ? 


16. How much will it cost to fill a swimming bath 2 ft. long, 
y ft. wide and h ft. deep, if a cubic foot of water =6} gallons 
and 1000 gallons cost Is. 6d. ? 


17. If a man pushes a mowing machine 10 in. wide a 
distance ] yards, how many square yards has he mown 2 


18. A 14-inch mowing machine must be pushed n times 
across a lawn in order to mow it; how many times will be 
required for a 10-inch machine ? 


19. What is the circumference of a circle, of diameter d in. 2 
20. What is the area of a circle, of diameter d in. 2 
21. A cubic foot of copper is drawn out into a wire, the 


cross-section of which is = sq. in. What will be its length ? 


22. The base of a triangle is 2x in. and its height x —y in.; 
what is its area ? 


23. A block of stone is a ft. long, b ft. wide and h ft. high. 
What is the area of its surface ? 


24. The minute hand of a clock is r ft. long. How far does 
the end of it move in 20 minutes ? 


25. A water tank is in the form of a circular cylinder, of 
r ft. radius and height h ft. How many cubic feet of water 


will it hold? How many gallons will it hold, if 1 cu. ft. = 6} 
gallons ? 
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PERCENTAGE. INTEREST. 


If the pupils have not done the corresponding work 
in Arithmetic, this section can be postponed. 


Example IV. How much per cent. is x of 5a ? 
As in Arithmetic, it is x 100 %, 


ie. 4x100%, 
ie. 20%. 


Example V. A horse is sold for £a which cost £b ; find 
the profit per cent. 
Take a similar question in Arithmetic. 
A horse is sold for £37 which cost £32; find the profit 
per cent. 
The profit is £(37 — 32). 
The cost price is £32 ; 
é UES T= 82) i 
.”, the profit is cary Ven x 100 %. 
In the given example, 
The profit is £(a@ —6). 
The cost price is £6 ; 


.. the profit is aC Bye 100 %, 
a oa x 100%, or 20?) 9, 


EXERCISE III. d. 


1. What is 10 per cent. (i) of 80, (ii) of x # 

2, What is the result of increasing by 20 per cent. (i) 60, 
(ii) x ? 

3. How much per cent. is a of b ? 


4, Express as a percentage, (I) 5: {i1) ;, (iii) = (iv) 7 
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5. Find the Simple Interest on £200 at x per cent. for 
3 years. 


_ 6. Find the Simple Interest on £P at 3 per cent. for 1 year. 
7. Find the Simple Interest on £P at r per cent. for 3 years. 
8. What is the number that exceeds n by 5 per cent. ? 
9. If x per cent. of a candle is burnt, what percentage of it 
is left ? 
10. If x per cent. of a candle is burnt every hour, how long 
will the whole candle last ? 


ll. If n seeds are sown and 75 per cent. of them come up, 
how many of them are wasted ? 


12. If a man lends £x at 5 per cent., show that he gets 
xs. a year interest. 


13. Tea is bought at a shillings per lb. and sold at a profit 
of 25 per cent. What are 8 lb. sold for ? 


14. A debtor can pay as.+6d. in the pound; how much 
per cent. can he pay ? 


15. A mixture is made of a lb. of copper and 6 Ib. of tin. 
How much per cent. of the mixture is copper 2 


16. If a man puts £x in the Post Office Savings Bank, he 
gets 6x pence every year as interest. If he puts in £10, how 
much interest will he get? What is the rate per cent. per 
annum? 


17. A pig cost £5x and is sold at a profit of 30 per cent. ; 
find the profit. 


18. The price of cycles is increased 5 per cent. If the old 
price of a cycle was £x, what is the new price 2 


19. What will be the Simple Interest on £100 for n years 
at r per cent. ? What will be the amount after n years ? 


20. In a school of 500 boys, x are on the Classical Side. 
What percentage of the school is not on the Classical Side 2 


21. A bookseller deducts 5p per cent. from the published 
pie of his books for cash. How many shillings in the pound 
is this ? . 

22. Of the people of the British Isles m per cent. are women, 
and of the women n per cent. are married. What percentage 
of the population are the married women ? 
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23. To 100 grams of gold x grams of copper are added. What 
percentage of the alloy is copper ? 


24. Find the value (in shillings) of a per cent. of £10 +b per 
cent. of £7. 10s. 

25. The price of wheat has increased x per cent. in the last 
two years. It is now 60s. per quarter. What was it two 
years ago ? 


FORMULAE. 


As we have seen in Chapter I., it often happens that a 
number of different arithmetical results all obey the 
same law. This law can sometimes be stated by using 
letters. The result of doing this is to make what is 
called a Formula. In other words, a formula is a way 
of stating the method (or law) by which a certain result 
is to be obtained. 


Example VI. To find the law for Simple Interest. 

Here the problem is to find the way in which the 
interest is connected with the sum of money lent, the 
time during which it is lent and the rate per cent. at which 
interest is paid. 

In order to obtain a general law, i.e. one which applies 
to all cases, we make use of letters. 

Let a sum of £P be invested for T years at FR per cent., 
and let the interest be £1. 

What connection is there between P, 7, R, I? If we 
can find out this, we have obtained the formula for which 
we are looking. 


The interest on £100 for 1 year is £R. 
for T years is £R xT. 


bP) 9) 


RxT 
9 £1 ” ae 
PxRxT? 
99 ate 9 ~—00 
But the interest is £1 ; 
3 pk xRxf 
bhi 1 3.7100 


This is the required formula, 
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When the formula has been obtained, every question, 
to which this law applies, can be solved by substituting 
in the formula special numbers instead of the letters. 

For example, the interest on £250 at 3 per cent. for 
250 x3 x14 


1 
1} years is £ 100 


EXERCISE III. e. 


1. The area of the floor of a room ft. long and y ft. wide 
is A sq. ft. What relation connects A, xz, y? [This is the 
formula for the area of a rectangle. ] 


2. Find a formula for the volume (V cubic feet) of a 
rectangular block of given length, breadth and height. [Repre- 
sent length, breadth and height by means of letters,.and then 
state a relation between them and V.] 


3. 8 kilometres may be taken to be equal to 5 miles. Find 
a formula which will express kilometres in miles. [In other 
words, if m miles and k kilometres are the same length, find 
min terms of k.] Use this formula to find the number of miles ° 
in 20 Kim. 

4. A pint of water weighs a pound and a quarter. — If 
P pints of water weigh W Ib., find a relation between P and W. 


5. A tradesman takes two pence in the shilling off the 
price ‘marked up.’ Find the formula giving the price (p 
shillings) paid for an article marked 2 shillings. Use the 
formula to find the price paid for an article marked 18s. 


6. Find the formula for the perimeter of a field whose 
length and breadth are given. _ 


7. Find a formula for expressing in farthings per pound 
a price given in shillings per ewt. [2 shillings per ewt., how 
many farthings is this per lb. ?]_ Use your formula to express 
21s. per cwt. in farthings per pound. 


8. Find the formula giving the number which exceeds x 
by Fe per cent. Use it to find the wages of a man who used 
to earn 24s. per.week and has had them increased by 12} per 
cent. ¢ 


9. The formula giving the volume (V cu. in.) of a sphere 


of radius r in. is V=88.r'; find’ the formula giving the 
volume of a sphere of diameter d in. 
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10. If two angles of a triangle are given, find a formula for 
the third angle. 


11. Find a formula for the average of four numbers. 


12. Find a formula for the sum of the areas of all the faces 
of a cube, given the length of an edge. 


13. Given the length, breadth and height of a room, find 
the formula for the area of its walls. 


14. Find a formula for the length of the day, given the time 
of sunrise. [You may assume that 12 o’clock is the middle 
of the day.| If the sun rises at 5 o’clock, find (from your 
formula.) the length of the day. 


15. The barometer at sea level reads 30 in., and for moderate 
heights you may assume that it decreases | in. for every 
900 ft. that you rise. Find the formula giving the, height 
(in feet) in terms of the barometer reading (in inches). 


16. The circumference of a bicycle wheel is 88 in. Find 


a formula giving the speed in miles per hour, when it is known 


that the wheel makes r revolutions in 15 seconds If it makes 
56 revolutions in 15 seconds, how fast is it going ? 


17. An author gets no profit on the first two thousand copies 
of his book and 5d. on each copy after that If he sells 


- m thousand copies, find a formula giving his profit in pounds. 


18. If BAC is any angle and CA is produced to EH, :and 
AD bisects the adjacent angle BAZ, find a formula for the 
angle DAC, in terms of BAC. ; 


a ary eh ae 
Earl C 
Fia. 4, 


19. On March Ist the length of the day is about 103 hr., and 
increases about 4 min. each day. Find a formula for its 
length on the nth day of March. 


20. To get local time from Greenwich time you add on 
4 min. for every degree of longitude that you are east of 
Greenwich. What is your local time in / degrees east longitude 


when it is 6 o’clock at, Greenwich Bog ; 
D.P.A. D 
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MISCELLANEOUS EXAMPLES. 


EXERCISE III. f. 
1. What is the angle (in degrees) between the hands of a 
clock at (i) 1 o’clock, (ii) 5 o’clock, (iii) x o’clock (if 2 is an 
integer not greater than 6) ? 


2. A ton of coal costs x shillings in July but y shillings 
in December. How much does a man save if he buys 50 tons 
in July instead of December ? 


3. A tank contains x cu. ft. of water. If it is 4 ft. long 
and 3 ft. wide, what is the depth of the water ? 


4. The average age of n boys is 15 years. What is the 
sum of their ages ? 


5. A man’s salary is £a for his first year and increases £6 
every year. What will it be for his fifth year ? 

6. The income tax is 2s. in the pound. If my income is 
£x and I pay tax on all of it, how many pounds do I pay ? 

7. If 25 fr. are exchanged for £1, how many shillings 
shall I get for x francs ? 


8. A ship requires 40 tons of coal per day. How long will 
x tons last @ 


9. How many two-shilling pieces have the same value as 
x half-crowns ? 


10. The perimeter of a square is 2a inches. What is its 
area ? 


11. The pressure of the air is x gm. per sq.cm. Express it 
in kilograms per square metre. 


12. A penny weighs 3 oz., a halfpenny } oz. Show that 
x pennies and x halfpennies together weigh more than 5 oz. 

13. The base of a triangle is 2a ft. and its height is equal to 
its base. Find its area. 


14. Eggs are ad. per dozen; how many do you get for a 
shilling ¢ If their price goes up 1d. per dozen, how many do 
you now get for a shilling ? 


15. Express xs. in the pound as a percentage. 
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_ 16. The circumference of a circle is! ft. What is its diameter 
in inches ?_ Give the answer in terms of 7. 

17. From A to Bis smiles. If you walk from A towards B 
at 33} miles an hour for x hours, how far are you from B ? 

18. What is the formula giving the simple interest in terms 
of the principal, rate and time? Find the simple interest 
when the principal, rate and time are £20, 4 per cent. and 
6 months. 

19. Tf 8 Km.=5 miles, show that to find the number of 
kilometres in x miles we can take 22, and from it subtract a fifth 
of 2x. 

20. A roll of wall-paper is 12 yd. long and 21 in. wide. 


Show that to cover x sq. yd. of wall will require © rolls of 
paper. 7 

21. Find the number of days from the 15th of January 
to the nth of February, counting only one of the ‘ end days.’ 

22. If a verst =2 mile, how many versts are there in x miles ? 

23. An Ordnance Survey map is 2 in. long and y in. wide, 
and is on a scale of 6 in. to the mile. How many square miles 
does it represent ? 

24. A sovereign is composed of 4} gold, ;'; alloy. If the 
gold in a sovereign weighs w grains, what is the weight of the 
sovereign ? 

25. A rough formula for the volume (in cu. in.) of a sphere of 
diameter d in. is }d? +, of }d3. Simplify this. If the correct 


formula is 5 .d3, where 7 =3-142, show that this formula is 


nearly correct. 

_ 96. When it is 12 o’clock at Petrograd it is 10 o’clock at 
Greenwich. What is the time at Greenwich when it is x 
o'clock at Petrograd ? Why is this formula wrong when is 
2 or less than 2 ? 

27. If 1 Kg. =21 Ib., by how much per cent. is half a kilo- 
gram greater than a pound? By how much per cent. is 
a half-kilograms greater than « lb. ? 

28. A boy buys papers at 8d. a dozen, sells some at 1d. each 
and returns the rest, getting 7d. a dozen for them. How 
much does he gain if he buys 10 dozen and sells x dozen 


of them ? 
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29. For what values of » is n per cent. of a sum of money 
greater than the sum of money ? 


30. If a metric ton =2205 Ib., (i) how many metric tons are 
there in x English tons, (ii) how many English tons are there 
in x metric tons ? 


31. A’s income is } of B’s and % of C’s. If B’s income is 
£1, what are the incomes of A and of C ? 


32. If a tons of flour will last 6 men for c days, how long will 
the same amount last « men ? 


33. Two clocks are set right. One gains 2 seconds a day, 
the other loses y seconds. After how many days will they be 
2 minutes apart ? 


34. A can just give B a start of 2000 points in 9000 at 
billiards ; when B’s score is x, what ought A’s to be? When 
A’s score is y, what ought B’s to be ? 


35. The average of four numbers is x and the average of 
three of them is y ; what is the fourth number ? 


36. A man buys 10 cows for £(2a+b6) each; he sells 6 of 
them for £(a+6) each and the rest for £2a each. What does 
he lose ? 


37. By how much per cent. is x guineas greater that £2 ? 
By how much per cent. is £x less than x guineas ? 


38. If x is the smallest prime number greater than 50, and y 
the largest prime number smaller than 50, what is the value 
of x-y? 

39. A man is paid x shillings for each day that he works 
and is fined y pence for each day that he is absent. He works 
for four days out of the six. What will be his week’s wages 
in shillings ? 

40. A sheet of steel 2 ft. long and 6 in. wide weighs 2 Ib. 


What will be the length of a sheet of the same thickness which 
is 9 in. wide and weighs w lb. ? 


41. How many seconds will a train travelling at a feet a 
second take to pass through a station a yd. long, the length of 
the train being 6 yd. ? 


42. The average age of a form of 20 boys is 15 years. If 


another boy joins it, whose age is 15+a years, what is now 
the average age ? 
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43. It costs £x to feed y horses for a year. How many 
horses can be fed for half a year for £z ? 


44. If a florin weighs 2 oz., how many florins can be made 
from « oz. of silver ? 


45. If a man sold his bicycle for £a he would lose 10 per cent. 
on the cost price ; if at £5 he would gain 10 per cent. Find a 
formula connecting a and b. 


46. £a amounts to £b in 3 years. What would it amount 
to in 1 year ? 


47. A number is increased by r per cent. Show that it has 
100 +r 
100s 


48. The section of a tunnel is of the shape of a semi-circle 
above a rectangle. The height of the rectangle is h ft.; the 
radius of the semi-circle is r ft. What is the perimeter of the 
section? Find the perimeter when h=15, r=10. 


been multiplied by 


CHAPTER IV. 
GRAPHICAL WORK. 


(POSITIVE NUMBERS.) 


OA, OB are two straight lines at right angles. 
P is a point in the angle AOB, PM is parallel to OB. 


B 


Fic. 5. 


Then we know the position of the point P, if we know 
the length of OM and of PM. 


The point O is called the origin; the lines OA, OB the 
axes ; the lengths OM, PM the coordinates of the point P. 
The point which has a for its coordinate along OA and 
6 for its coordinate parallel to OB is called ‘the point 
(a, b).’ 
EXERCISE IV. a. 


1. If, in Fig. 6, OA represents 10, what will the following 
represent ? (i) OM), (ii) OM,, (iii) OM,, (iv) OM,, (v) OM, 
OM,? 
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2. What do the same lines represent, if 0A represents 1 inch ? 
3. What do the same lines represent, if OA represents 2 Ib. % 


WGA 
aPC 


4. What do the same lines represent, if OA represents 5 sec. ? 


5. Write down the coordinates of (i) P,, (ii) P., (iii) Ps, 
(iv) Py; (v) Ps, (vi) Pg, if OA represents 10 and OB represents 10. 

6. Write down the coordinates of the same points, if OA 
represents 1 in. and OB represents 1 in. 


7. Write down the coordinates of the same points, if OA 
represents 2 and OB represents 10. 


8. Write down the coordinates of the same points, if OA 
represents 2 in. and OB 10d. 


9, Draw a straight line joining the point O to the point 

(5, 3), taking OA, OB each to represent 1. Which of the 
following points are on this straight line: P,(2, 1:2), F,(2, 32), 
P,(3°5, 2-1), P,(0°43, -26), P,(4, 3:3), Pg(4:7, 2°82) # 
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INFORMATION GIVEN BY MEANS OF DIAGRAMS. 
Example I. The following table gives the average 
price of a quarter of barley for the years 1900 to 1910: 
1900 1901 1902 1903 1904 1905 Si 
24:9 25:2 25-7 22-7 22:3 24-3. shillings 
1906: 1907 1908 1909 1910 
24:2 25-1 25°38 26-8 23-1. shillings. 


— ties 


(Shillings per quarter) 


sad aa al i ag a | Sc lL 
2 HEEE EEE EEE 


1900 190} 1902 1903 1904 1905 1906 (907 1908 1909. 1910 
Fie. 7. 


From this diagram we can see at a glance that : 


(i) The highest price was in 1909, the lowest in 1904, 
(it) The price was rising nearly all the time from 1904 
to 1909. 


(iii) That the greatest fall in any year was from 1909 
to 1910, ete. bid 


EXERCISE IV. b. 


1. The following table gives the average price of a 4 Ib, 
loaf in Great Britain for the years 1907 to 1911: 
1907 1908 1909 1910. . 1911 
5:5 5:9 6-2 6-0 5:7 pence. 
Represent these on a diagram, taking 1 in. to represent a 


penny. Join the points by straight lines. How does the 
price change ? 
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2. The following table gives the average number of pounds 
of potatoes per head imported into the United Kingdom for 
each of the years 1903-1912. Plot these values, taking 
1 small division to represent 1 Ib. on the vertical scale.': Write 
down the year in which 


(i) the amount was greatest. 
(ii) A least. 
(ili) the rise was greatest. 

(iv) the fall was greatest. 


1903 1904 1905 1906 1907 1908 1909 1910 1911 1912 
pce E200) 9 ey Lo pA eS 8 14 


3. The following table gives the average number of people 
to the square mile in Ireland every tenth year from 1811 to 
1911. Plot these values, taking | large division to represent 
10 people, starting from 130. Write down (i) the year when 
the number was greatest, (ii) the period during which it was 
increasing, (iii) the period during which it was decreasing, as 
far as you can tell from these figures. 


1811 1821 1831 1841 1851 1861 1871 1881 1891 1901 1911 
186.209 239 251 201 178 167 159 144 187° 135 


4. The following table gives the average price of silver 
per ounce (to the nearest halfpenny) for the years 1902-1912. 
Plot these values, and write down 

(i) the year in which it was more than 30d. 
(ii) ,, years 5 less than 25d. 
(iii) the longest period during which it was rising. 


1902 1903 1904 1905 _ 1906 1907 


24 25 263 5 BCL 30 pence 
7908 1909 1910 1911 1912 . 
i 244 234 244 244 28. pence. - 


‘5. Of every 1000 men and boys working in coal mines in 
England and Wales in 1901 there were 17 under 15 years of age ; 
106 under 20; 270 under 25; 592 under 35; 804 under 45 ; 
934 under 55; 988 under 65. Plot these values and draw 
a smooth curve through the points... Show that about a half 
are under 32 years of age. mts 
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6. A boat is rowed across a river, and the depth of the river 
is measured every 10 feet ; the depths in feet are 0, 1-2, 4:8, 
12, 16-5, 17, 17, 16-5, 16, 15, 10-8, 7-4, 4-2, 0. Draw a section 
of the river. Let one large division represent 10 ft. horizon- 
tally and vertically. 


FUNCTIONS OF A VARIABLE. 


Example II, Plot the values of 5 +3 as x increases 
from 0 to 6. 


Values of $+3 
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Fia. 8. 


In all the examples that have been worked in Exercise 


iV. b, it has been possible to plot only a small number of 
points. 
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Thus, in Exercise IV. 6, Ex. 1, only five values are 
given, and we can plot only five points. But in this 
question we can give x any value and from it obtain a 
point. We have given z the values 0, 1, 2, 3, 4, 5,6. The 


values of 5 +8 can be worked mentally. The plotted 


points are found to lie on a straight line. To show that 
this still happens for less simple values of x, take x =1-3 
and 4:24, and we get the points P, and P,. 


The graph shows us that as 2 increases from 0 to 6, 
z 


3 +3 increases steadily from 3 to 6. 


An expression such as 5 +38, the value of which depends 
on the value of x, is called a funetion of x; 2 is called 
the variable of the function. . 

The diagram of Example II. shows us how the value 
iy 


of the function 5 


+3 changes, as x changes its value 


between 0 and 6. 


Example III. Plot the squares of numbers from 0 to 10. 
From your curve write down, (i) the square of 5-6, (1i) a 
square root of 14. 


For the scale of x, let 1 large division represent 1. 

For the scale of x, let 1 large division represent 
10. 

First take the values 0, 1, 2,3....10 for z. When 2 is 
greater than 7, the plotted points are rather far apart, 
so it is best to take more values, e.g. 7:5, 8-5, 9:5. Draw 
a smooth curve through the points. 


(i) 2=5-6 gives us the point M,; 
.. the length P,M, gives us the square of 5:6; 
~. 5°6?=31-4, about. 
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(ii) Consider the point P,, such that P,M. o = 14, 
OM,=373; .*. 3°732=14; about; 
*, a square root of 14 is 3-73, about. 


Example IV. Plot values of 1 +3” —a? for values of x 


between 0 and 3, taking 2 large divisions to represent 1 
on each scale. 


Write down all your working in the form of a table, 
the values of # in the top line, of 1+43z in the second 
line, of 2 in the third line; then subtract the third 
line from the second. This makes it easier to find out 
mistakes, bu 
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We can see at once from the curve several things : 

(i) As a increases from 0 to 3, 1 + 3a — x? at first increases 
and then decreases. 

(ii) The greatest value of 1 +3z —x?, as far as we have 
considered it, is about 3°25. 

(iii) The value of a which gives 1 +32 —-2z? its greatest 
value is about 1:5. 

(iv) As « changes from 0 to 1:5, 1 +3x —x* increases 
more and more slowly, and as x gets very near to 1-5, it 
hardly increases at all. 

(v) There are two values of « that make 1+ 3a -2? 
equal to 3, and the same thing is true if, instead of 3, we 
put any number between 1 and 3-25, 
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EXERCISE IV. c. 


Nore.—It is assumed that this work is done on squared 
paper ruled in half inches and tenths of an inch. 


1. Plot values of 27, taking 1 small division to represent 
1 on each scale. The points should lie on a straight line 
through the origin. 


2. Plot values of x +2, taking 2 large divisions to represent 
1 on each scale. Do not give x whole number values in every 
case. The points should all lie on a straight line, but it does 
not go through the origin. 

3. You may assume that x inches is the same length as = 
centimetres. Draw a graph giving values of oe taking 


2 large divisions to represent 1 on the scale of x and 1 large 
division to represent 1 on the scale of 2. 
that the graph is a straight line. 


Use your graph to find the number of centimetres in 4:3”. 


You may assume 


4. You may assume that x miles per hour is the same as 


a ft. per sec. Draw a graph that will enable you to change 


miles per hour into feet per second. Write down 4? mi. per hr. 
in feet per second, 


5. Plot values of 10 —a, taking 1 large division to represent 
1 on each scale. Notice that, as x increases, 10 — a decreases. 


6. The charge for x Ib. of luggage for a certain railway 
journey is 5-15 pence. Plot this for values of x between 
30 and 100. What is the charge for 56 lb. of luggage?) How 
much free luggage is allowed? Of course 5 — 15 pence does 
not give the charge, if there is less than 30 lb. of luggage. 
Why not ? 

7. Plot values of 2? from x=0 to «=2, taking 2 large 
divisions to represent 1 on each scale. Take 0-2, 0-4, 0-6, 0-8, 
1, 1-2, 1-4, 1-6, 1:8, 2 for the values of x. Draw a smooth 


curve through the points. Write down (i) the square of 1-36, 
(ii) the square root of 3. 
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Notice from your curve (a) that, when is small, x? is much 
smaller, (b) that, when z is less than 1, x? is less than .r, (c) that, 
when « is greater than 1, x? is greater than x, (d) that, as x 
increases, x? increases more and more rapidly. If you increase 
x beyond 2, you will soon find that your sheet of paper is not 
large enough. 


8. The distance that a stone will fall in ¢ seconds is 16¢? feet 
(neglecting the resistance of the air). Plot values of 16é? for 
values of t between 0 and 6. Take 2 large divisions to repre- 
sent 1 in the scale of ¢ and 2 large divisions to represent 100 
in the scale of ¢2, Taking Clifton Suspension Bridge as being 
275 ft. above the river, find how long a stone will take to fall. 


9. If F° Fahrenheit is the same as C° Centigrade, 
F=2.C+32. Draw a graph that you can use to change 
temperatures from the Centigrade to the Fahrenheit scale, 
for values of C between 0 and 25. Take 2 large divisions to 
represent 10° on each scale. Change 8-5° Centigrade to 
Fahrenheit. 


10. Sketch roughly the graphs of (i) 2x, (ii) 2x+1, (iii) 
2x +3, for values of x between 0 and 4. 


11. The expression : is called the reciprocal of x. Plot the 


reciprocal of x for values of « between 0-1 and 10. Take 
one large division to represent 1 on each scale. Use your 
curve to find the reciprocal of (i) 0-38, (ii) 4°73. What do 


you know about the value of A (iii) when x is very small, 


(iv) when a is very large Notice from your curve, (a) that 
1 decreases as x increases, (b) that 2 is less than 1 when = is 
x ‘ 


7 
greater than 1, (c) that mo is greater than 1 when 2 is less than 1. 


12. The area of a circle of radius Ft is given by the formula 
A=22.R?. Draw a graph to give you the areas of circles 
with radii not greater than 5 in. Take 2 large divisions 
to represent 1 in. on the scale of R and 2 large divisions to 
represent 10 sq. in. on the scale of A. What is the area of a 
circle of radius 3-2 in.? What is the radius of a circle of 


area 40 sq. in. ? 
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13. Plot. values of x3 for values of x from 0 to 5, taking 
2 large divisions to represent 1 on the scale of x and 1 large 
division to represent 10 on the scale of x*. Use your curve 
to answer the following questions: (i) How do you know that 
as x increases from.0 to 5, 2° is always increasing? (ii) For 
what values of x is x3 less than 1? (iii) What is the value of 
3-853 2? (iv) What value of x makes x7 =20? (v) What is the 
value of 2/20 2 


14. Sketch roughly the graphs of (i) x?, (ii) «2 +3, for values 
of x between 0 and 3. 


15. Plot values of 4x —2? for values of x between 0 and 4, 
taking 2 large divisions to represent 1 on each scale. 

For what values of x (shown on your graph) does 4a — a? 
increase as # increases? What value of a gives 4x —2? its 
greatest value ? What is its greatest value ? 

Sketch roughly the graph of 4x —-a2? +1 on the same sheet ; 
also the graph of 4a — x +2, 


16. The length of a degree of longitude in latitude 2° is 


10 
of a degree of longitude in latitudes between 0° and 60°. 
What is mhe length of a degree of longitude in the latitude of 
London (514°) ? 


very nearly 69 -(5) miles. Draw a curve, giving the length 


‘he If a man is x ft. above sea level the horizon is about 
al ae miles away. Plot values of Re ae for values of x from 


0 to 500.» Find: how far the Skerryvore light, which is 139 ft. 
above sea level, is visible. 


CHAPTER V. 
NEGATIVE NUMBERS. 


THE EXTENDED SCALE OF NUMBERS. 


For an account of a method of introducing this chapter, 
see Introduction, pp. xxii to xxviil. 

In Arithmetic, if we count downwards from, say, 4, 
we count 4, 3, 2, 1 and then stop. We shall now 
imagine other numbers below 1 and write them as 
follows: 4, 3, 2, 1, 0, (-1), (-2), (-8), (-4)...... The 
number ( - 1) is called ‘ minus one,’ and so on. Numbers 


Scale of centimetres. 


Pale 2 a Le SS a ee 
€4) » ¢3) 2) (-1) fo) I 2 3 9 
Fio, 11, 


below 0 on this scale are called negative numbers. Nega- 
_ tive vulgar and decimal fractions correspond to positive 
vulgar and decimal fractions; eg. (-14) is half way 
between (-1) and (-2); counting downwards from 
(-1) in tenths, we get (-—1-1), ( -1-2), ete. 

We shall sometimes find it convenient to write the 
positive numbers, 1, 2, 3, etc., in the form (+1), (+2), 
(+3). 


D.P. A. 8 
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EXERCISE V. a. 


1. Write down four consecutive numbers, of which (i) 10 is 
the greatest, (ii) 2 is the greatest, (ili) (—2) is the greatest. 


2. Write down four consecutive numbers, of which (i) 3 is 
the least, (ii) (—6) is the least, (iii) (-2) is the least. 


8. The temperature is 3° C. ; if it falls 10°, what is the new 
temperature ? 


4. The temperature is (—4)° C.; if it rises (i) 5°, (ii) 4°, 
what are the new temperatures ? 


5. The temperature changes from 3° C. to (-—5)° C.; how 
many degrees has it fallen ¢ 


6. The temperature changes from 0° C. to (—10)° C.; how 
many degrees has it fallen ? 


7. The temperature changes from (—10)° C. to0°C.; how 
many degrees has it risen ? 


8. The surface of Lake Morar is ( + 30) ft. above sea level ; 
a lump of lead is lowered into it at the rate of 5 ft. per second. 
What will be the height of the lead above sea level after 
(i) 1 sec., (ii) 2 sec., (iii) 6 sec., (iv) 10 sec. ? 


9. A boat is 1} mile above Caversham Bridge and is drifting 
down the riyer.at the rate of 1 mile an hour ; how far above 
the bridge will it be (i) 1 hour, (ii) 2 hours later ? 


10. An aeroplane is moving through the air at 50 miles an 
hour. How far does it move forward on its course in an hour 
if there is a wind against it of (i) 20, (ii) 50, (iii) 60 miles an. 
hour ¢ 


ll. A man buys five articles at £100 each and sells them at 
£120, £94, £80, £100, £130 respectively ; write down his gain 
in each of the five cases. Also write down his loss in each of 
the five cases. 


12. At noon, the clocks in a house show the following 
times: 12.5 p.m., 11.55 a.m., 11.52 a.m., 12.1 pm. Write 
down the error of each clock, denoting it by a positive 


number if the clock is fast, by a negative number if it is 
slow. 
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18. A squad of soldiers is judging distances. The true 
distance of a given point is 560 yd. ; some of the estimates are 
600 yd., 500 yd., 550 yd., 580 yd. Give the error in each case, 
representing it by a positive number if the estimate was too 
great ; by a negative number if it was too small. 


14. Fill in the following table : 


PRICES (PER CWT.). 


1907. 1908. Increase. 
Wheat - - 7-7s. 8-4s. 
Sugar - - | 12-0s. 13-0s. 
Tea - - 76s. 758. 
Cotton - - 66s. 61s. 
Jute - - | 22-43, 16-6s. 


a 


15. Rewrite the following phrases, without using negative 
numbers : 
(i) A temperature of (-—5) degrees Centigrade. 
(ii) The surface of the Caspian Sea is on the average 
( - 85) ft. above sea-level. 
(iii) A clock is (—2) minutes fast. 
(iv) A bank balance of £( — 80). 
(v) In the mile race A had a start of (-—20) yd. 
(vi) During the term he gained ( -4) Ib. in weight. 
(vii) Newhaven is 8} miles, Worthing (- 10) miles, east of 
Brighton. 

The temperatures 12 degrees above freezing point, 6 degrees 
below freezing point, freezing pont, 3-5 degrees below 
freezing point, may be expressed more shortly as follows : 
12, (-6), 0, (-8:5) degrees above freezing point. Hapress 
in a similar way the quantities in Questions 16 and 17. 

16. A wins £5, B loses £3, C loses £8, D neither wins nor 
loses. Express as gains. 

17. The time at Berne is 1 hr. ahead of Greenwich time, 
at Petrograd 2 hr. ahead, at Halifax 4 hr. behind, at New 
York 5 hr. behind Greenwich time. Express as times ahead 
of Greenwich time. 


18. A is 2 miles east of B; how many miles is B east of A ? 
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19. A is 200 feet above sea-level; B is 250 feet below A; 
what is the height of B above sea-level ? 


20. P is 2 miles east of A, Q is (—3) miles east of A; how 
many miles is P east of Q ? 


21. The surface of Lake Como is 700 ft. above sea-level, and 
the bottom is (-600) ft. above sea-level. What is the depth 
of the Lake ? 


22. The surface of the Dead Sea is (—1300) feet above 
sea-level ; and the top of Mt. Nebo is 2600 feet above sea-level. 
How much is the top of Mt. Nebo above the surface of the 
Dead Sea ? 


23. The surface of the Dead Sea is (— 1300) feet above sea- 
level ; taking it to be 1300 feet deep, what is the height of 
the bottom above sea-level ? 


24. A man gains £3 and then loses £5. What is his total 
gain? How much must he gain after this, if he neither gains 
nor loses, altogether ? 


25. On a map of the west coast of Scotland, the heights of 
three ‘ bench-marks ’ are given as 14 ft., 50 ft., 83 ft. above 
sea-level. There was a time when the sea was 50 ft. higher 
than it is now: what would have been the heights of these 
points above sea-level at that time 2? 


26. The water in a harbour is 8 feet above mean sea-level, 
and is falling at the rate of 4 feet per hour. What will be its 
height above mean sea-level (i) one hour later, (ii) two hours 
later, (iii) three hours later ? 


27. Which is the greater, (-—5) or (-3)? By how much? 
28. Which is the greater, (+2) or ( -—7)% By how much ? 


29. An express train is approaching Chichester Station from 
the west and is travelling 20 yds. per sec. It is 150 yds. west 
of the station ; how many yards west of the station will it be 


(i) 6 secs. later, (ii) 10 secs. later 2 Explain the meaning of 
the last answer. 


30. A stone is thrown up with a speed of 100 feet per sec., 
and at the end of each second its speed is less than at the 
beginning of that second by 32 feet per sec.; thus, after 
1 sec., its speed is 68 feet per sec.; after 2 secs. its speed is 
36 feet per sec. What will it be after (i) 3 secs., (ii) 4 secs. 2 
Explain the meaning of the last answer. 


. 
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ADDITION AND SUBTRACTION. 


A discussion of the suggested line of argument in 
extending addition and subtraction, to negative numbers, 
which the following examples are intended to illustrate, 
will be found in the Introduction, pp. xxii to xxviil. 

It is suggested that Exercises V.b and V.c should be 
taken orally. 


Scale of centimetres. 


be 
€4) ¢3) ¢2) (-1) (a) { 2 3 4 
Fia. 12. 
ADDITION. 


EXERCISE V. b. 


Start from the number (-2) and count 3 as follows; 
( ida 1), 0,1; 


\ 


*, (-2)+3=1. 
In a similar way work out Examples 1-3. 
1. Prove that (-3)+4=1. 2. Prove that (-3)+3=0. 
3. Prove that (-3)+2=(-1). 


4. Start at the point marked 1 in Fig. 12 above and move 
to the right over 4 centimetres. What point do you arrive 
at 2 What addition does this illustrate ? 


5. Start at the point marked (-2) in Fig. 12 and move 
to the right over 5 centimetres. What point do you arrive at ? 
What addition does this illustrate ? 


6. Start from the number 1 and count 3, then go on and 
count another 2. What number do you arrive at ? What 
addition does this illustrate ? 


7. Start from the number (-—5), count 3. then go on and 
count another 4. What number do you arrive at? What 
addition does this illustrate ? 
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8. What general formula includes all the following state- 
ments as special cases ? 
24+3=3+4+2; 7+11=114+7; 14+10=10+1; 3$34+13=13 +3}. 


9. Assuming that the general statement a+b=b+a is 
true, whether a and 0 are positive or negative, write down the 
special form of the statement when (i) a=3, b=7 ; (ii)a=(-3), 
b=7; (iti) a=(-2), b=(-5). Do not work out the value of 
a+borb+a. 


10. Express by means of an equation: a gain of £5 +a loss 
of £3 is equal to a loss of £3 +a gain of £5. 


11. Express by means of an equation : a rise in temperature 
of 3° followed by a fall of 7° gives the same change as a fall 
of 7° followed by a rise of 3°. 


12. Do you agree with the following statements? Give 
your reasons. (i) “So far we have given no meaning to 
+(-3).” (ii) “So far we have given no meaning to 5 +(1 —3).” 

18. (i) What is the value of (—3) +52? Give your reasons. 

(u) What is the value of 5+(-3) 2 Give your reasons. 

(iii) Show that the value you have found for 5 +(-3) 
is the same as you would have found by starting from 5 and 
counting 3 downwards. 


14. What is the meaning (i) of (-4), (ii) of (-—4)+1, 
(iii) of 1+(-—4)? (iv) What is the value of (-4)+12 (v) 
What is the value of 1+(-—4) 2 (vi) Show that the value 
you have found for 1+(-—4) is the same as you would have 
found by starting at 1 and counting 4 downwards. 


15. Start at the point marked (—2) in the diagram on p. 69 
and move to the left 4 cm. What point do you arrive at ? 
What addition does this illustrate 2 


16. Express by an equation: a fall of temperature of 2° C0. 
followed by a fall of 4° C. is equivalent to a fall of 6° C. 


17. Simplify (i) (—2)+(-3); (ii) 0+(-2); (iii) (—4) +0. 


SUMMARY OF RESULTS. 


(1) To add 6b to a (where 6 is positive) start from a on the 
scale of Fig. 12 and move a distance b em. to the right. 


(2) To add ( —b) to a (where 6 is positive) start from a on the 
scale and move a distance b cm. to the left. 
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SUBTRACTION. 


The rules for subtraction can be made to depend on 
those for addition. For, instead of ‘ subtract 6 from a,’ 
we may say, ‘ What number added to 6 will make a 2?’ 


EXERCISE V. c. 


1. (i) What number must be added to 3 to give 8 ? 
(ii) Subtract 3 from 8. 

2. (i) Fill in the blank in 7+ =4. 
(ii) Simplify 4-7. 

3. (i) What number must be added to 3 to give (—4) ? 
(ii) Subtract 3 from (-4). 

4. (i) What number must be added to (—2) to give 3 2 
(ii) Subtract (-2) from 3. 

5. (i) What must be added to ( -4) to give 5 ? 
(ii) Subtract (-—4) from 5. 

6. (i) Fill in the blank in (-—5) + =(-1). 
(ii) Subtract (-5) from (-1). 

7. (i) Subtract 3 from 8. 
(ii) Start from 8 and count 3 down. 


8. (i) Subtract 7 from 4. 
(ii) Start from 4 and count 7 down. 


9. (i) Subtract 3 from (—4). ' 
(ii) Start from (-4) and count 3 down. 


10. (i) Subtract (-2) from 3. 
(ii) Start from 3 on the scale on p. 69 and count 2 to 
the right. 
11. (i) Subtract (-4) from 5. : 
(ii) Start from 5 on the scale and count 4 to the right. 


12. (i) Subtract (—5) from (-1). 
(ii) Start from (—1) and count 5 to the right. 
13. How do you move on the scale if you wish (i) to subtract 
3; (ii) to subtract (—3) ? 
14. How do you move on the scale if you wish (i) to add 4 ; 
(ii) to add (-4) ; (ili) to subtract 4; (iv) to subtract (-4) ? 
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15. Show that the result of subtracting 5 is the same as 
that of adding (—5). 


16. Show that the result of subtracting (-3) is the same 
as that of adding 3. 


17. Prove that 5-3 =2. 

18. Prove that 5-6 =(-1). 

19. Prove that 0 -4=(- 4). 

20. Prove that (-—2)-3=(-5). 
21. Prove that 5 —(-—2)=7. 

22. Prove that 0 —(-—2) =2. 

23. Prove that (-—3) -—(-—2) =(-1). 


SUMMARY OF RESULTS. 


(1) To subtract 6 from a (where 6 is positive) start from a 
on the scale of Fig. 12 and move 6 cm. to the left. 


(2) To subtract (—6) from a (where b is positive) start from a 
on the scale and move b cm. to the right. 
ADDITION AND SUBTRACTION, 
EXERCISE V. d. 


Write down the values of 


Le (ono a (8. 3. 04(—4), 
460 (-3) 8 5. (-2)+(-9). 6. (-3) +0. 
7. (Va LY 8. 5+(=4). 9. (—6) +6. 

10.°S4f 8) 11. (-12)+(-1). 12. (~1)+20. 

1s, (00h 14. (-7)+(-3). 15. 6+(-8). 

16. 10 +(—10). ib Peron S 18.5206) 

19,221). 20. (-4)-3. 21-4) —( 1). 

2% (-7)=(=10).” 230-6, a4 ee 1 

95° (21) 89) 2657'S eR 275.02 (>): 

OS56 = (en 1). 29. (-6)-(-6). 30. (-3)-0. 

Sl, 4912; pk, es peat 33. 1+(-45). 
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S40 (- |7\Gr3, 35. 12 -(-6). 36. 0 +(-10). 
87.162 (11). 38. (—15) -2. S508) (27). 
40. (-12) -12. AY. (= 12) S( 212). 42.6 + (219). 
43. 40 —( —20). 44, 1-27. aber Se (11): 
46. (—10)+10. 47, (=15)4+(-11): 48 (—2) —20. 


49. Add together a gain of £5 and a loss of £8, and express 
the result as a gain. 

50. Add together a fall of 20°C. and a rise of 15° C., and 
express the result as a rise in temperature. 


51. Add together a movement of (—3) inches to the right 
and a movement of (—7) inches to the right, and express the 
result as a movement to the left. 


52. Add together the following increases in weight : 2 lb., 
(—5) lb., 1 lb., and express the result as an increase. Express 
each of these three increases as a decrease, add them and 
express the result as a decrease. 


53. (i) A man weighs a lb.; a year later he weighs 6 Ib. 
How much has he gained in weight # 

(ii) A man weighs 170 lb.; a year later he weighs 174 Ib. 
How much has he gained in weight ? 

(iii) A man weighs 170 Ib. ; a year later he weighs 168 Ib. 
How much has he gained in weight ? 

What subtractions are illustrated in (ii) and (iii) ? 


54. (i) The temperature is «° C. at 9 a.m. and y” C. at 6 p.m. 
What is the rise of temperature # 

(ii) The temperature is 4°C. at 9 a.m. and ( -2)°C. at 
6 p.m. What is the rise of temperature q 

(iii) The temperature is —12°C. at 9 a.m. and 0°C. at 
6 p.m. What is the rise of temperature q 

(iv) The temperature is (-4)° C. at 9 a.m. and (-10)°C. 
at 6p.m. What is the rise of temperature q 

What subtractions are illustrated in (ii), (iii), (iv) ? 

55. Work through the whole of Ex. 54, finding the fall of 
temperature in each case. 

56. Give a meaning, similar to those in Ex. 54, to 

@) 50°C. —45°C. =5°C. (ii) 50° C.=( =45)° C. =95°.C. 

57. A man possesses £50; later he is £20 in debt. How 

much has he lost ? What subtraction does this illustrate 4 
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58. Give a meaning to £(—20) —£(-100) = £80. 

59. A miner starts from a place 140 ft. below sea-level 
and ascends to the top of a hill 80 ft. above sea-level. What 
is the total height that he ascends? What is the value of 
80 —(-140) ? 

60. A miner starts from a place b ft. above sea-level and 
ascends to a height of a ft. above sea-level. What is the 
height that he ascends? What does the question become 
when b= —50,a=100?% What is the answer in this case ? 


The examples of this exercise illustrate the following 


results : ey pres ey 


+(-a)=-a. 
-(+a)=-a. 
-—(-a)= +a. 
The last result means that to subtract (- a) is the same 
astoadda. Similarly for the others, 
These results are expressed by the following rules : 
I. If a bracket has a + sign in front of it, this + sign does 
not alter the sign in the bracket, when the bracket is removed. 
Il. If a bracket has a — sign in front of it, this — sign alters 
the sign in the bracket, when the bracket is removed. 


EXERCISE V. e. 
Write in full the meaning of each of the following: 
1. (+5) +(+4). 2. (+8)-—(+5). 3. (—8) —( +8). 
As (A0)41 <B), @ pDaton( eal 6. 16-8): 
7. a+(—-b). 8. x-(+y)-(-2). 


Give in words the meaning of each of the following 
statements : 


9, +(<8) = <6. 10. {eo 
Lda tt sae tS: 134 78,( oie 3: 
1B smh Deh (ee Oem ool, 14 at) o Cod) 


15. a—(—b)=a+b. 16. a+(-b)=a-6. 


v.] NEGATIVE NUMBERS 75 


Represent the following algebraically. Do not simplify : 


17. Subtract (-1) from (+2). 

18. Add (-1), then subtract ( —9), then add (+2). 
19. To subtract ( —7) is the same as to add ( +7). 
20. If we add (—11) to (+1) we get (-10). 


MULTIPLICATION AND DIVISION. 


A discussion on the line of argument which the following 
examples are intended to illustrate will be found in the 
Introduction, pp. xxvi-xxvii. 

It is suggested that this exercise should be taken 
orally. 

Note.—We may write ( —a)b or ( —a)(b) for ( -a) x6, just 
as ab is sometimes written for a xb. 


EXERCISE V. f. 

1. 3x5 is the same as 3+3+3+3+3. What is xx5 the 
same as? What is (-2) x5 the same as ? 

2. Simplify (i) 4 x3, (ii) (-—4) x3. 

3. What general formula includes all the following facts 4 
2x5=5x2; 4xll=11x4; 12x8=8x12; 3x10=10x3. 

4. From the general statement axb=b xa, write down 
ye ane when (i) a=6, b=9; (ii)a=(-4),b=3; (iii) a=5, 

5. (i) Multiply (—4) by 3; (ii) multiply 3 by (-4). 

6. Simplify 5 x (-7). 

7. What is the value of (i) 4(5-3); (li) 4x5+4x(-3); 
(iii) 4x5-4x3? 

8. Prove that 3(11 —7)=3 x11-3 x7. 


9. From the general statement a(b-—c)=ab-—ac, write 
down special cases when (i) a=3, b=9, c=5; (ii) a=3, b=5, 
c=7; (iii) a=5, b=0, c=4, and find the value of a(b-c) in 
each case. 
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10. (—4)[5+(-2)] is the same as (-4)(5)+(-—4)(—-2). 
What is the value of (-—4)[5+(-—2)]?% What is the value of 
(—4)(5) ? What must be the value of ( —4)( -2) ? 


11. (-3)[7+(-5)] is the same as (-3)(7)+(-3)(—5). 
Use this fact to find the value of (-3) x (-5). 

12. Make up an example, like Nos. 10 or 11, to show that 
(-6) x(-—7) equals 42. 

13. Simplify (-8) x (-38). 14. Simplify (2 —6) x (5 -8). 

15. What general formula includes all the following facts ? 
(3)(-5) = —(3)(5) 5 (2)(—7) = —(2)(7) ;__ (11)(-6) = — (11) (6). 

16. What general formula includes all the following facts ? 

(—4)(7) = —(4)(7) 5 (—8)(5) = —(8)(5) 5 (-9)(2) = — (9)(2). 

17. What general formula includes all the following facts? 

(-5)(-3)= +(5)(3); (-7)(-11) = +(7)(1)) 5 
(—12)(—8) = +(12)(8). 

18. Simplify (2)( —3)( -4). 19. Simplify (-—3)( —2)(5). 

20. Simplify ( -—1)(-—2)( -3). \ 

21. By what number must (-—2) be multiplied to give (-—6) 2 
Simplify (—6)~(-2). 

22. By what number must 3 be multiplied to give (—15) ? 
Simplify (-—15)—(3). 


23. By what number must (-4) be multiplied to give 12 2 
Simplify 12 ~( —4). 


24. Prove that (24) ~(-8) =(-38). 

25. Prove that (—8)—(-8) =1. 

26. Prove that (i) 0 x3 =0, (ii) 3x0=0. 

27. What is the value of (i) 0 x64, (ii) ax0?2 


28. Can you think of any number such that, when multi- 


plied by 0, the product is 3% Can you think of any number 
equal to 3—0 ? 


The examples of this exercise illustrate the following 
results : 


(—a) x (b) = -(a)(b) or -ab, 
(a) x(-6) = -(a)(b) or -ab, 
( -a) x(-b) = +(a)(b) or ad, 
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and ( -a) (6) = -(a)+(®) or -5, 
(a) +( -6) = - (a) +(6) or at 


( -a) +( =) = +(a)=(6) or 5. 


These results are expressed by the following rule: 

In multiplication and division of one single-term expression 
by another, like signs give a positive sign, unlike signs give 
a negative sign. 

Noie.—(1) If any number is multiplied. by 0, the pro- 
duct is 0. 

(2) We shall never try to divide by 0. 

(3) Since axa=0" 
and also ( -a) x ( -a) =a’, 
we see that either a or ( —a) is a square root of a. 

We shall take Va? to mean the positive square root 
of a’. 
EXERCISE V. g. 
Write down the values of : 


1. 3x(-10). 2. (-7) x5. 3. (-—5) x(-6). 
4. 8x(-1). 5. (-3)(3). 6. (-2)(-8). 
7. (-1)(-3). 8. 10—(-5). 9. (-—4)+(-1). 
10. 48—(-12). 11. (-36)+(-9). 12. (-18)+6. 
13. (—10)+(-10). 14. (-3)?. 15. (-1)*. 

16. ( -—2)%. : 17. (-3)(-6)+(-9). 

18. (—8)(3)+(-6). 19. (-6)?—(-4). 

20. 36—(-3)?. 


21. Simplify (i) 0 x(-3); (i) (-2) x9. 

22. Simplify 0 +( — 4). 

93. The increase in the population of a town is (-—20) per 
week. What will be the increase in 5 weeks at this rate 4 

94. A man finds that he is losing £100 regularly each year. 
At the present moment he has £5000. Prove that in x years’ 
time he will have £5000 +(-100)(x). What is the result of 
putting - 10 instead of x. and what does this mean ? 
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25. A man has saved £200 in 5 years. How much is this 
per year? If he had saved £(-200) in 5 years, how much 
would it have been per year ? 

26. (i) If a stone is dropped, its speed is increased by 32 feet 
per second during each second ; how much is it increased in 
5 seconds ? 

(ii) If it is thrown upwards it is increased by ( — 32) feet per 
second during each second; how much is it increased in 
5 seconds 2 


(iii) If it were thrown up with a speed of 80 feet per second, 
what will its speed be at the end of 5 seconds ? 


27. What is the square of 3? What is the square of (-—3) ? 
What are the square roots of 9? What is the value of V9? 

28. Write down the square roots of 25a. Write down the 
value of /25a?. 


GRAPHICAL ILLUSTRATIONS. 


Example I. To draw the graph of 4-2 and extend it 
by including negative numbers. 


CII Sega: To 
HEH re eit 


Values of #-x 


Values of x 


ban. 13, 
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_ Take 1 large division to represent 1 on each scale. 


Take the origin near the middle of the paper, and mark 
the horizontal scale in the usual way as far as 6. Reading the 
scale from right to left, the graduations are 6, 5, 4, 3, 2, 1, 0. 
It seems reasonable to extend it to (-1), (-2), (-3). Simi- 
larly we extend the vertical scale. 


If we plot points for values of x between 0 and 4, we find 
that they lie on the straight line AB. ) 


In all the work we have done with negative numbers, we 
have tried to give such meanings to symbols and to make such 
rules that when we work with letters we do not generally have 
to. consider whether. the: letters represent positive or negative 
numbers... So here it seems reasonable to suppose that other 
values of x, not between 0 and 4, ought to give us points on 
the same straight line. | 


If «=5, 4-x=4-5=(- 1), this gives us the point P,. 

If «=(-2), 4-2=4 —(-2) =6, this gives us the point P,. 

These points will be found to be on the straight line AB 
produced. 


Try other values of 2. 


EXERCISE V. h. 


(Norz.—Before starting this Exercise it may be advisable 
to work through a few simple examples of Exercise V. 1.) 


1. The following table gives the temperature at 9 a.m. each 
day for a week and also the average temperature on that day. 
Draw a diagram, with the horizontal scale giving the dates 
and the vertical scale giving the amount that the temperature 
is above the average. Join the points by straight lines. 


Jan. 9th 10th 11th 12th 13th 14th 15th 
Actual Temp. 50° 42° 32° 29° 33° 39°, 20° F. 
Aver. Temp. 38° 38° 38° 38° 38° «88° 38°F. 
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2. The following table gives clock time when the sundial 
shows 12 o’clock on the first day of each month. Plot points 
giving the amount that the clock is ahead of sundial time 
for each month. 


Jan. Feb. Mar. Apr. May June 
12.3 12.14 12.13 12.4 11.57 11.57 
July Aug. Sept. Oct. Nov. Dec. 
12.3 12.6 12.0 11.50 11.44 11.59 


3. The following table gives the price of pig iron per ton at 
the beginning of the years 1901-1908. Represent graphically 
the increase in the price during each year. 

1901 1902 1903 1904 1905 1906 1907 1908 
63s. 65s. 63s. 58s. 63s. 70s. 74s. 64s. 


4. Taking 0 near the middle of the paper and one large 
division to represent 1, draw a graph of 2 +2 for values of z 
between 0 and 5. The graph will be a straight line; call it 
AB. Find the values of (i) 2+(-1), (ii) 2+(-3). Plot 
the points corresponding to z =(—1) and x=(-—3). Show that 
these points are on AB produced. 

5. Taking 0 rather below the middle of the paper and ( 
one large division to represent 1, draw a graph of 3—2 for 
values of x between 0 and 3. Call this AB. Produce AB both 
ways. Assuming that for all values of x you get paints -on 
this straight line, read off from your graph the values of 
(i) 3-6, (ii) 3-(-2). Show that these are the values you 
would get for these expressions by simplifying them, 


6. Take 0 near the middle of the paper and plot values of 
3 —2ax for values of x between (—2) and 4, using the rules for 
negative numbers. Show that all these points lie on a straight 
line. 

7. Draw a graph of 2x —1 for values of x between 1 and 4, 
taking 0 near the middle of the page and one large division to 
represent 1, Produce your straight line both ways. Assuming 
that for all values of x you get points on this straight line, show 
that when x=(-—3) you get the same value for 2x —1 whether 


you read it off the graph or work it out by the rules of this 
chapter. Do the same for x=}, 


8. Draw a graph for changing height above sea-level from 
feet to metres, for heights between 1000 ft. and (-—200) ft. 
Take one large division to represent 100 ft. and two large 
divisions to represent 100 m. Take 10 ft. =3 m. 
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9. If a temperature is C° in the Centigrade and R° in the 
Réaumur scale, 2=!C. Draw a graph giving values of R 
for values of C between 100 and (-20). Take one large 
division to represent 10° C. or 10° R. 


10. Draw a graph of x? for values of x between (—3) and 3. 
Take two large divisions to represent 1 on the scale of x and 
one large division to represent 1 on the scale of 2*. 


11. Draw a graph of x? for values of x between ( —3) and 3. 
Take two large divisions to represent 1 on the scale of x and 
10 on the scale of 2°. 


12. If a temperature is F° in the Fahrenheit and C° in the 
Centigrade scale, C=3(F -32). Plot values of C for values 
of F between 40° and (—10)°, and draw the graph. Let one 
small division represent 1° on each scale. 


13. Draw a graph giving values of 24-2? for values of x 
between (—2) and 4. 


14. Find by means of a graph the values of x for which 
3 —5x is positive. 


15. Find by means of a graph the values of x for which 
3x —22? is negative. 


So far we have represented negative numbers as follows : 
(-1), (-2), (-3), etc. From this point we shall omit 
the brackets and represent them as a rule as follows: 
-i, -2, -3, ete. Similarly we shall not write (+1), 
(+2), etc., but 1, 2, ete. 

It will be necessary in some cases to keep the brackets. 
Eg. we shall do so in such an expression as 3 +( - 5), to 
avoid having two + or — signs next to one another. 

We shall consequently use ‘+a’ to represent two 
different things, (i) the number+a; (1) the operation 
‘add a.’ So ‘-a’ will represent either (i) the number 
(a), or (ii) the operation ‘ subtract a. 

E.g., instead of (-3)-4, we shall now write —3 —4, 
which will mean ‘from the number —3 subtract 4.’ But 
-3-—4 may also mean ‘ subtract 3 and then subtract 4.’ 

D.P.A. F 
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In Chapter II. (p. 30) we gave the following results : 
(i) a+(b+ce)=at+b+te. (v) (a+b)e or c(a+b)=ac+be. 
(ii) a+(b-—c)=a+b-ce. (vi) (a—b)e or c(a —b) =ac — be. 
(il) a—(b+e)=a—b-e, (vii) (ac +be)+c=a+b. 
(iv) a-(b-—c)=a—b+e. (viii) (ae—be)+c=a-b. 

These may be summed up in the following rules :— 

Rule I. Ifa bracket has a + sign in front of it and the bracket 
is removed, the sign of each term remains the same as it was in 
the bracket. 

Rule II. Ifa bracket has a — sign in front of it and the bracket 
is removed, the sign of each term is different from what it was in 
the bracket. 

Rule Ill. If an expression in a bracket is multiplied or divided 
by a number and the bracket is removed, each term of the expression 
must be multiplied or divided by that number. 


We could not use these rules in Chapter II. for all 
values of a, b, c. For example, if a =2, b =4, c=6, the 
left side of (ii) becomes 2 +(4-6). This means add 4-6 
to 2, which we were not able to do, as 4-6 had no 
meaning at that stage. But, now that we have intro- 
duced negative numbers, these results have a meaning for 
all values of a, b, c, whether positive or negative. Also, 
if we use the rules of this chapter to find their meanings, 
these results will be found to be true for all values of a, b,c. 


Consequently we can now state these results for all 
values of a, b,c. 


ALGEBRAICAL EXAMPLES. 


EXERCISE V. k.* 
Add 


l. 6u ana -2. 2. —2a anda. 3. —3b and —4b. 
4. -—x and 2. 5. 3y and —10y. 6. —3a and -—8a. 
7. —3a? and 4a?. 8. x, 2% and —42. 9. 7ab and —2ab. 
10. -2% and -52*%. 11. 3a, —5a, -2a. 12. a*, —2a*, -—a2, 


* For additional examples, see E.P. 11, page 251/18, 
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Subtract 
13. 2a from —3a. 14. —4a from 2%. 15. 3c from e. 
16. —8x from —6x. 17. —5bfrom 5b. 18. 6x from 0. 
19. —2yfrom l0y. 20. 2? from —2*. 21. 3ab from 2ab. 
22. —a?from —b?, 23. -—2yfromaz. 24. 1 from —2a. 
Multiply 
25. 2a by —3a. 26. —3a by 2a. 27. —xby y. 
28. 3x by —5. 29. —32? by 2. 30. ab by —1. 
31. —2a by —3b. 32. 6a? by —4a. 33. 1 by —3zxyz. 
34. -2a by -2be. 35. —ay by —ay?. 36. O by —2a. 
Divide 
37. —6a? by 2a. 38. l0ay by —2y. 39. 14x? by —7z. 
40. -20xzy by -5. 41. 42% by -1. 42. —9a? by —9a. 
43. 3ayz by -axyz. 44. —12a*by -a, 45. 4ab* by —2ab. 
46. 15x°y3 by —5a’y. 47. abe by —abe. 48. 0 by --. 
Simplify 
49. a+(-2a). 50. —x%+(-72). 51. x-—32. 
52. —x%4+7a. 53. 2y —(-3y). 54. 2a? + ( —427), 
55. —5a?+a?. 56. xy —7xy. 57. —32* —x?. 
58. —2ab+(-6ab). 59. —-y—(-8y). 60. a?-(-2a). 
61. (—62x) x 5x. 62. (-12a)~3x. 63. 8x> x (-2z). 
64. 20a? —10a. 65. a®—( -a?). 66. (—2ab) x (-ab). 
67. (—2a?)—~a. 68. x?y2+(-—ay). 69. (—2)?. 
70. (—3ab)?. 71. —(2xy)*. 72. (-2a)*. 
Simplify 
Ba ake Tees 
73. — 74 my = 
— 2ab ae 78. a 
76. 5 TI. — il a 
a oa 81 sea 
79. —,. 80. — a A 
-l_ a 
82. ( -§) xb. 83 (-7) x(-w) 84. —— x5. 
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Simplify 

85. 2x -3x -2, 86. 322 —5a -2a? +2. 
87. 2x -1 —(5x¢-1). 88. a—2b+c+a+b—-2e. 
89. (a —b —c) x(-83). 90. (2? —xy) — (xy -y?). 


91. (-a2?y +ay?)—(-ay). 92. (-—x+y-—z)+(-x%-y+z). 
93. (—a?+2a-1)x(-2a). 94 a(a—b) —b(a+b). 
95. x? +24 —] —(2a? +x -3). 
96. (—2a3 —6x2+10x)—(-22x). 97. From y —z take z-y. 
98. Add together a —b, b-c, c-a. 
99. Add together 2-1, 2? -x and x -3. 
100. Multiply x-—y by y and subtract the product from y*, 
101. Subtract —a-y-—-z from 0. 
102. Divide x?-x+1 by -1. 
103. Multiply x7-2+1 by -1. 
104. Multiply 2? —- 2x? by 2x —32. 


105. Multiply 1+3a by 2 and subtract the product from 
a —2. 


106. Simplify (2a? -a +3)a —(-—a?+2a -2). 
107. Divide x? —xy by x and y? —2y by y and add the results. 


108. Multiply a?-ab+b? by -b6 and subtract the result 
from a3 — 63, 


EXERCISE V. 1. 


If a=3, b= -3, c=0, m=2, n= -2, v=l,.4y=—-1, 
z= —2, find the value of 


l. a+a. 2. O+2, 3. b-2. 

4. a-y. 5. a+b. 6. c+a. 

7. a—2c¢. 8. 2a -b. 9. 2(a” —6). 
10. 6 —2z. ll. n-3m. 12. b-2y. 
13. 3n —2y. 14. ab. 15. nx. 


16. 2an. demos 18. ac. 
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19. 2ay. 20. by. 21. 3n?. 

22. abe. 23. a? —ab. 24. b?-—b. 

25. 2(y +2). 26. x —2(y —2z). 27. (a —b)y. 

28. a? +y2, 29. 4(y? —z?). 30. - 

aL 32. 2 ee 33. (x —y)(y —2). 
84. (a —y)?. 35. m?—2mn+n®, 86. +. — (y+ ) 


37. If a=1, b=2, c= —3, prove that a? +b? +c? =3abce. 


So far we have added, subtracted, multiplied, etc., by 
means of brackets, but we can, if we wish, set out the 
work in the same way as in Arithmetic. In addition and 
subtraction arrange the expressions so that only those 
terms which can be added or subtracted come in the same 
vertical line. | 


ExrampleII. Add 2c -a +b to 3a -b -c. 


3a —b—c 
—a+6b+2c¢ 
2a +. Answer 2a +e. 


Example III. Subtract 2c -a +b from 3a -b -c. 

3a- b-c 

-a+ b+2c 

4a-2b-3c Answer 41 -2b-—8e 
The terms can be subtracted as before or you can change 


in your head the signs of the terms inthe lower line and 
add. Thus add 3a and +a, add -band -8, etc. 


Example IV. Divide 3x3 -6ax? + 12a°x by -3x. 
— 3x | 8x? — 6a2® + 12a?x 
—2?+2ax -4a? 
Answer —x* + 2ax — 423, 
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EXERCISE V. m. 
Add 
1. a-2b and 2a -b. 2. a-b+canda+b-e. 
3. 32-2y and -x+y, 4. —x and 2x-y. 
5. 2x -3 and x+1. 6. x-5and -2r+1. 
7. 3a —26 and 6 - 2a. 8. 22-4 and 3-2. 
9. 2? +2+1l and a-x2+1. 10. 222-2 and 2x -1. 


11. 
12. 
14. 
16. 


2e°2+52-land -—224744., 


“x+y—zand y+z-2. 


13. 3a-—b+c and 38c—a+b. 


v*—x%+2 and 1-2x-a?. 15. 1-2 and 242 -32?. 


a—b, b-¢,c-a. 


18. «-y-z, y—z-x, Z-@-y. 
19. -—(x-2)and1-32. 20. 
Subtract 

21. a+b from 2a —b. 


23. 
25. 
27. 
29. 


2 


33. 
35. 
37. 


2x —y from x+y. 
*—y—z from x+y +z, 

1 -—«x from 2x -1, 
x*—x+2 from 222+ -1, 
2x? +5x2+1 from x2-—2 +3. 
a—2b+c from 2a —b +2¢. 
3 —4a from 3x -4. 
2(%-—1) from — (2% -11), 


22. 
24. 
26. 
28. 


36. 
38. 


17. 2-2, 1 —2?, 3-22 422, 


2(2*-a2-1) and —3(22+2z). 


x —y from 2x - 3+. 
a—2b+c from 2a —b +6, 
x—5 from 2x -6. 

x —2 from 3x. 

30. 22? from x? —1, 

82. 1-2 +22 from a2 + 8x. 
34. 222-2 +1 from 22. 
—(%+2) from 2x -5, 


1 —3x +22? from x2 — x 44, 


39. 3ab — 2b? from a2 —ab, 40. b+c-a froma+c-pb, 
Multiply 

41. a+b by 2. 42. a+bby —2. 

43. a-b by -2, 44. a-—bby -a. 

45. x«-1 by x, 46. x-1 by —-z. 

4&7. 1~x by 2y. 48. 1-2a by -6. 
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49. a-3x by -2e. 50. a+b by —ab. 
51. x? -2x by —-2. 52. 2x-3 by —5x. 
53. 2x2-xw%+3 by —-2. 54. 1-x+32z? by —2. 
55. 4a+a* by -2a. 56. x-—23 by — 227. 
57. «-y-—z by —xyz. 58. 2a -—b-—3c by —3a. 
59. 322 -2x+5 by —62%. 60. 3a2+ab+2b? by —2ab. 
Divide 
61. ab +ac by a. 62. ab+ac by -a. 
63. ab—ac by -a. 64. 22-22 by 2. 
65. 2? +22 by —«a. 66. 6a? —3ab by —3a. 
67. 2x3 — 6x? + 8x by 2x. 68. 323 — 622 +18x by —32. 
69. 24+6a-18x3 by -6. 70. 4-4x by -4. 
71. —a®b +4ab? by —ab. 72. 5x®y2 -l0xy by 5xy. 
73. —12a%b —48ab? by ~12ab. 74. x? -xy —xz by x. 
75. 28-xby —2. 16. —Tx +142? -723 by —7z. 
77. a®bc — abc? by abc. 78. 5ax® —-5ax-—5a by —&a. 
19. —ax®yz -xy’z—axyz2 by -xyz. 80. a*-b* by —1. 
MISCELLANEOUS EXAMPLES, 
EXERCISE V. n. 
1. How much must be added to -2 to give5? 
How much must be added to 2 to give —5 ? 
2. Add x, —4a, 5x, —3x. 
3. A is 250 ft. above sea-level ; Bis — 50 ft. above sea-level. 


How much is A above B ? 


4. 
5. 


6. What are the values of (i) be ; (ii) = (iii) ree 


From 2? subtract the sum of 22? and — 52”. 
How much must be subtracted from 0 to give -8? 
( {3 2)8 a 
5! 
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7. Fill in the blank spaces in the following table : 


RAINFALL (IN INCHES). 


January - ~ 2-8 | LZ 
February - 2-4 2-1 
Mareh - - 1-9 3°6 
April - : 2-3 1-8 


8. Multiply —62° by 2x, and divide the result by -— 42%, 
9. What must be added to —a to give -6? 

10. From x subtract 2x -y. 

11. At 8 a.m. a man was 3000 ft. above sea-level ; at 10, 
4500 ft.; at 12, 6500 ft. ; at 2, 6000 ft.; at 4, 7000 ft.; at 6, 
260 ft. How much did he go up during each period ? What 
is the sum of these five answers? * 


12. By how much does x exceed —y ? 
By how much does —y exceed x ? 


13. To find the common difference of an Arithmetiz Pro- 
gression you subtract any term from the following term. What 
is the common difference of 7, 54, 4, 24, 1, —}? 


14. Multiply 3 by 3; multiply -3 by -3. Give two 
square roots of 9. 


15. Add together -F and -=. Add the result to ==*. 


16. The mean temperature for London for each month of 
the year is given below in degrees Fahrenheit. The average 
for the year is 496° F. Write down, for each month how 
much its mean temperature is above the average. 


Jan. Feb. Mar. April May June 
38:6 39-5 41-9 47-3 53-1 59-4 
July Aug. Sept. Oct. Nov. Dec. 
62:7 61-6 57-2 50-0 43-5 39:9 
17. On a slip (i.e. a roadway sloping down to the water) are 


three rings for mooring boats ; they are 2 ft., 5 ft. and 9 ft. 


above the water. If the water rises 9 ft., what will be their 
heights above the water ? 
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18. Add together the following changes of temperature : 
a fall of 11° C., a fall of 3° C., a rise of 12°C., a fall of 1° C. 
If the temperature was 2° C. before these changes took place, 
what was it afterwards ? 


19. One place is x mi. E. of a point A and another y mi. E. 
of A; xis greater than y. How far are they apart? What 
does your answer become if you substitute 2 for x and -3 
for y ? Show by drawing a figure that your answer is right. 


20. In the Centigrade scale freezing point is 0°, boiling point 
100°. If a temperature is x° below boiling point, how much 
is it above freezing point ? What does your answer become 
if you substitute 110 for x? Show that this is correct. 


21. Show that a—(b-—c) and a—b+c are the same when 
a=2,b=—-1,c=5. 


22. Draw a graph of (-—2)? for values of x between 3 
and —3. Draw a graph of —2? on the same sheet with the 
same scales. 


23. (i) By what must I multiply a—b+c to get b-a-c? 
(ii) By what must I divide a—b +c to get b-a-—c? 

24, The sum of two numbers is 0. (i) If one of them is 
8, what isthe other ? (ii) If one of them is a, what is the other ¢ 
(iii) If one of them is m —n, what is the other ? 


25. Multiply Lede by wzyz. Divide yz+zx+ay by 


vee 
xyz, giving the answer as the sum of three fractions. 
96: Fill ifthe blank mn 242s! 
aa vy 


27. There is a ladder on the wall of a quay. The top is 
25 ft., the bottom —5 ft. above the water. The water rises 
till the top is 15 ft. above it; how much is the bottom above 
it? Ifthe top isa ft. above the water, how much is the bottom 
above the water? How much is the bottom below the water ? 


28. Two numbers have the same square. Prove that 
either (i) they are equal, or (ii) their sum is equal to 0. 
29. Simplify (i) (1 —x) x(-a) -(« -2?), 
(ii) (w — 2x2) +(-—x) - (4-2). 
Arrange each answer in descending powers of 2. 
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30. Find the number which is halfway between (i) 5 and 

3, (ii) 10 and —2, (iii) a and —b. 

31. What does the statement 

a’ + b8=(a + b)(a? —ab +b?) 
become when you put —6 for b 2 
32. Given that the square of a+b+c is 
a? +6? +c? +2bc +2ca +2ab, 
find the square of a—b—c. 

33. What is the value of (-1)™ when m is (i) an even integer, 
(ii) an odd integer ? 

34, The distance between the points (h, k) and (a, 6) is 
V(h—a)?+(k—b)®. Find the distance between (-—1, 2) and 
(-—4, -2). Check your answer by a figure. 

35. If (h, k) and (a, 6) are two points, ex see is the 
middle point of the line joining them. Find the middle point 
of the line joining the points (3, -2), (—5, 1). Check your 
answer by a figure. 

86. In algebra 2 is greater than y if x-y is positive. Find 
which is the greater, (i) 1 or —7, (ii) —5 or 0. 


37. If the product xyz is negative, how many of the factors 
x, y and z are negative ? 


38. Find whether (# +y)?=(x —y)?+42y when z= -1, ¥y=5. 
39. (i) Show that 3-22 is positive for all negative values 
of x. (ii) Give a positive value of x for which it is positive. 


40. Simplify =; “2 = +, 


41. What is the value of i if (i) a is 0, but b is not 0; (ii) a 
is not 0, but b is 02 


CHAPTER VI. 


PROBLEMS AND SIMPLE EQUATIONS. 


STATEMENTS IN THE FORM OF EQUATIONS. 


Example I. Obtain an equation from the following 
statement : 


A number is such that, when it is added to 13, the 
result is 21. 

The number is found from the information that 

13 +the required number =21. 

The form in which this information is given here 
consists in a statement that an expression or number 
is equal to another expression or number. 

A statement of this kind is called an equation. 
~ We shall find later that we have to write our statement 
several times, in different forms. It therefore saves 
time, if, instead of repeating some phrase such as ‘the 
required number,’ we represent the number by a letter. 
This ‘ required number’ in an equation is sometimes called 
‘the unknown.’ Consequently, we find it convenient to say : 

Let x represent the required number. 

Our statement then becomes 

13 +x =21. 


You will notice that in this example x represents a 
number. Read again p. 38. It is there explained that 
letters may be used to represent numbers, but are not 
used to represent numbers of things. It is important to 
remember this in problems dealing with quantities, as in 
the next example, 

91 
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Example II. A box and its contents are together 
worth thirty shillings ; the contents are worth four times 
as much as the box. What is the equation that can be 
obtained from these facts ? 


The value of the box+four times the value of the 

box =thirty shillings. 

We can rewrite this more shortly if we suppose that 
the value of the box is x shillings. The statement now 
becomes 

x shillings + 4x shillings =30 shillings. 

From this it follows that 

x+4x=30, 
which is the required equation. 


EXERCISE VI. a. 
(NotrE.—The examples in this exercise should be taken 
orally.) 
In Examples 1-14, write the given statement in the 
form of an equation, but do not solve the equation. 
1. If a certain number is subtracted from 15, the result is 8. 
2. If a certain number is doubled, the result is 48. 


3. If a certain number is divided by 3, and 5 is then added, 
the result is 20. 


4. If 12 is added to a certain number, the result is the 
same as if we doubled the number. 


5. The sum of two consecutive numbers is 25. 
6. The excess of a certain number over 17 is ie 


7. The sum of one-half a certain number and one-third of 
that number is 50. 


8. The average of 25, 40 and another number is 38. 


9. If a certain number is increased by one-half of itself, 
the result is 81. 


10. If a certain number is increased by 25 per cent., the 
result is 200. 
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11. The denominator of a fraction is 3 greater than the 
numerator, and the fraction is equal to }. 


12. A number is multiplied by twice itself and the result is 72. 


13. The sum of a number and its cube is greater than its 
square by 21. 


14. If a certain number is added to the numerator of the 
fraction 4, the result is greater by 14 than if the same number 
had been added to the denominator. 


From each of the statements in Examples 15-30 
obtain two equations, (i)an equation connecting quantities, 
(ii) an equation connecting numbers. In each case state 
clearly what the unknown letter represents. See the two 
forms at the end of Example II. on p. 92. Do not solve 
the equations. 


15. A box and its contents weigh 48 lb.; the contents 
weigh three times as much as the box. ; 

16. The lengths of two rods are 55 and 42 inches ; equal 
lengths are cut from each, after which one rod is twice as long 
as the other. 

17. The area of a framed picture is 5 sq. ft., and the area 
of the frame is one-fifth that of the picture. 


18. The perimeter of a rectangle is 5} ft. and the length 
exceeds the breadth by 3 inches. 

19. A certain number of half-crowns and two more than 
that number of florins are worth altogether two pounds. 


90. A certain number of pounds of tea worth 2s. 3d. per lb. 
are mixed with 20 lb. of tea worth 1s. 9d. per lb. ; the mixture 
is then worth ls. 11d. per lb. 

91. A room is twice as broad and three times as long as it 
is high ; it contains 4000 cu. ft. of air. 

22. A is 36 years old and B is 60; a certain number of 
years ago B was twice as old as A. 


23. One angle of a triangle contains three times as many 
degrees as either of the other two. 
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24, A man buys a certain number of oranges at a penny 
each and one-third of that number for twopence each; his 
bill is half-a-crown. 


25. The price of tea is raised 10 per cent. The new price 
is 2s. 9d. per lb. 
26. The perimeter of a circle of a certain radius is 13} m. 


27. A man walks to a railway station at 4 miles an hour 
and back again at 3 miles an hour ; both journeys together 
take 3} hours. 


28. One tap pours water into a bath twice as fast as another ; 
together they take six minutes to fill the bath, which holds 
90 gallons. 


29. A certain sum of money, lent for 6 months at 4 per cent., 
amounts to £85. 


30. Each angle of a regular polygon of a certain number of 
sides is equal to 162°. 


In Examples 31-44, write down statements which can 


-be expressed by the given equations. Examples 31-37 


refer to numbers. 


SL.i¢= T=19, $2. 20 +1 =27. 
& 3+a2 5 
Sas t—g=30. 34. ey 
35. o> = 23. 36. (e-1)+2+(e+1)=42. 


37. 7—40=90—2. 


Examples 38-44 refer to quantities. The kind of 
quantity is shown by the words in brackets. 
38, x(a+2)=48. [Area] 39, n+ ae 78. [Percentage. ] 
22 6 
40. 7 v= 300. [Area. ] 41. c+r+ax=180. [Angle.] 
42. c+40=50. [Weight] 43. 2+%=33, [Distance and 


Sh VL Fh" Sthaeeonitred) 
44, 10x8x2=360. [Volume.| 
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SOLVING EQUATIONS. 


When we have obtained statements and equations of 
the kind just considered, which involve an unknown 
number, we can generally use them in such a way that 
we are able to discover what this unknown number is. 
This process of discovering the unknown number is called 
solving the equation. 

We shall assume that 


(1) If two numbers are equal and we add equal numbers to 
them, the results will be equal. [Axiom I.] 


(2) If two numbers are equal and we subtract equal numbers 
from them, the results will be equal. [Axiom I]J.] 


(3) If two numbers are equal and we multiply them by equal 
numbers, the results will be equal. [Axiom ITT.] 


(4) If two numbers are equal and we divide them by equal 
numbers (other than zero), the results will be equal. [Axiom IV.] 

We shall now use these four axioms to solve equations. 

Example III. Find a value of x for which 67+11 
and 27 +23 are equal to each other. 

We are given that 52+11=27+23. 

Subtract 11 from each of the equal numbers ; 


*, 5% =224+ 23-11, [Axiom IT.] 
or 54 =27 +12. 
Subtract 2% from each of the equal numbers ; 
., 5% —-24=12, [Axiom IT.] 
or 3x =12. 
Divide each of the equal numbers by 3 ; 
Li, -= [Axiom IV.] 


.. the value of x is 4, 
To make sure that this answer is correct, put 4 instead 
of x in the first expression, and then find its value. 
6a+11=5 x4+11=20+11=31. 
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Now put 4 instead of x in the second expression. 
2x +23 =2 x4+23 =8 +23 =31. 
.. when x=4, the two expressions are equal. 


_ This method of showing that the answer obtained is 
correct, is called checking or verifying the answer. 


Example IV. Solve the equation 


ae gee 

a. ie ode 
and check your answer. 

x 3x ot 

gw Ae gasy 


Multiply each side by the L.c.m. of the denominators, 
t.e., in this case, by 12 ; 


9 9 
. sd Be 94 ae ae ~ rae [Axiom IIT.) 


or 47-24=92 -62, 
or 4x7-24=32. 
Add 24 to each side ; 


. 4e=32 424, [Axiom I.} 
Subtract.3x from each side ; 
* 40—327=24, (Axiom IT.) 
or = 24 


To check the answer : 
Left side -2 -2 ==" 2-8-2=6. 
3 3 
‘ ; 3a @ 3x24 24 
Right side = ACO ae aa 
.“. when «=24, Left side = Right side. 

When checking an equation : 

(1) Substitute for x in each side separately. First find 
the value of the left side by itself ; and, when you have 
finished that, start again and find the value of the right 
side. Never simplify the two sides together. 
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(2) Always substitute the value of x in the equation as 
it is given; do not substitute in the simplified form of the 
equation. The object of checking is to make certain that 
there is no mistake in your work. You.cannot be certain 
of this unless you substitute in the first line of all. 

When solving an equation : 

(i) Always start by copying down the equation you 
have to solve exactly as it stands in the book; do not 
make any simplification in your head. 

(ii) Do not write your work in the following way: 

22 =8 

=x=4 
An equation is a statement, and though you may equate 
numbers or quantities, the sign ‘‘=”’ is not used between 
two statements to show that one follows from the other. 

20 = 8% 

"v=4 

is, however, quite correct. 


EXERCISE VI. b. 


In Examples 1-20, solve the equations, explaining each 
step of the argument, as has been done in Examples III. 
and IV. pp. 95, £6. 


1. 7x =28. 2. be =2+8. Sot Oe 

4, —3r=12. 5. 35=52 6. x-6=0 

7. 2-Te=18. . 3-10 9, 4n=12 
By 12 3 a 6 

13. 1072 —1=37+138. 14. 87420 =5a —4. 

15. 10—2—2 7. 16. 0=32 -12. 

7. +5 =18. 18. 5a =3e. 

19. 424+5-llxz=12. 20. 5 +320. 


D.P. Ae G 
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Solve the equations : 


21. 3r=2+16. 22. 25 —x=42. 

23. 22-—7=0. 24, 37-5=2 412. 

25. 15% +10 =5x +90. 26. 2(x —1)=14. 

27, 12 ie. 28. 9(x —2) =7. 

29, 3x+1=0. 30. 4a+7x=0. 

31, 4a -25+3x-10=0. 32. 3(2x —3)=24+1. 

33. 4—4(1 =x) =36. 34. 10(¢ +4) —7(x-3) =100. 


35. 2(5a—1) -3(2 +2) =6. 
36. 3(a —1)-2(« +5) =10(2 +”) +12. 


37. 5a — (2x —9)=15. 38. 6(2¢ —7) =5(5¢-11). 
39. 2(x —2) +3(x —3) +4 (x —4) =0. 
40. 78 =8x —3(7-2). 41. 5x=7H. 
3x a | 5 3 
42, 4 72: 43. 56" 44, 97 4! 
ea oO 
45. 2% =3:°8. 46. 4x =0°7, 47. 8°39 F 
48, 1:2%=6. 49. O:la =2-7. 50) 3:57 =5°6; 
ee Onn ae ees 
SLs 2 qt. 52. 2a + 3 =40. 53. 5 5 78 
4x “5 rae 
1 i _ => = —_ =>—_—_ — = 
54. 14 +3=0. 55. 7 2=18. 56. ati 3 5 
22 SOE 22 
57. +52 =5h 58. oo SO ae 
59, 5 +5=0. 60. 1-7a+1:5 =0-6" +7. 
Solve the equations : 
61, 4(~—-1) $6. 62. 3(« +5) = 16. 
63, 1(2e +1) =2. 64. 2(x-3) =1(w-2), 
65. 3-1 (2 —2)=0. G6. 1 -3(2% +1) =0 
67. x —2(2x —3) =3. 65.3 a1 (sn— Iya 
69, c=4-2(%+1). 70. 3(e+1)—3(%-5)=0, 
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71. wot =6 ‘ae 3 16 73. 5 =e 
hi € x-2 22 +5 
4, Cee! Paid AES Hoe iy 
t ROTA TOs00 a 76. 7- 3 =. 
6 -2 52+1 
TO po ena), Se AEA ee a 
ee 78. 2+ 3 5 — 
3-42 3(x-1)_ x+5 x+1 
79. fpr eet =(, 80. 3- 3 =2-—- 6." 
Solve the equations : 
81. 80 —32¢= -—80. 82. n—(2n —1) =5 -2(n-1). 
83. 5W =3 (100 —- W). 84, x =2(90 -2). 
227 5a 
85. r +57 =10- 86. & +799 = = 63. 
0 30x _ 
87. Boa 88. % — Top = 39- 
89. 1{2+(17 -1) d} =221. 90. 42=20.3-4.f.3?. 
91, 2(b+5) =3(6+4) 
92. x(x +3)-5(a@-7)=27+1. 93. n(n —1) —(n?-1)=3 
i ee | Py ae ee Oa 
O47 eae. see ae 
2°77 14 Pont Ry tb 


96. If, in the equation A =/b, A =14 and 6 =4, find J. 

97. If, in the equation A =}bh, A=15 and 6 =10, find A. 

98. If, in the equation A=4(a+b)h, A =30, a=8 and b=6, 
find h 

99. If, in the equation s =} ft?, s=24 and t=4, find f. 

100. If, in the equation A =}(a +b)h, A=194, a=5, h=3, 
find b. 


101. If, in the égjnation pau pe mg, f=4, 9 =32 and M =9, 
find m. M+m 


102. If, in the equation 8 = Sh +n), r=3, and S=100, 
h. 
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If we are given that a+b=c and we subtract 6 from 
each of these equal numbers, we get a =c —b. 

If we take other examples like this we shall find that 
the changes we make may all be summed up in the follow- 
ing rule: 

We may move any term from either side of an equation 
to the other if we change the sign in front of it. This process 
is called transposing the term. 


Tf we are given that ; 5 and we multiply each of the 


equal fractions by bd, we get ad=bc. This process is 
called cross-multiplying. 
It often enables us to get rid of fractions from an equation. 


E.g. if we are solving the equation aes by cross- 


multiplying we get 7(x —3) =6 (x —5). 


PROBLEMS (NUMBERS). 
EXERCISE VI. c. 
(Nore.—Check your answer in each question.) 


1. For what value of x is 3x the same as 27 2 


2. For what value of x are the expressions 2x +1 and 37 
equal ? 


3. For what value of x are }x.+1 and }x+4 equal ? 

4, For what value of x is 3x +7 twice as much as 7 +5 ? 
5. If 8x -3 exceeds 5a +1 by 11, find the value of zx. 

6. Find a number which is less than 20 by one-third of itself. 


7. The result of adding 42 to a certain number is the same 
as multiplying the number by 4. What is the number 2? 


8. The sum of one-half and one-third of a number is 30. 
What is the number ? 


9. The sum of two consecutive numbers is 39. What are 
the numbers 2 


10. What number is half way between 55 and 17 ? 
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PROBLEMS (QUANTITIES). 


It has already been stated (see pp. 38-39) that in 
Algebra a letter is used to represent a number, and should 
never be used to represent a number of things. 

Whenever a letter is introduced in solving a problem, 
it is important to take care that it is used properly ; it 
is also important to state what it represents as carefully 
as possible. 

E.g. Never say—Let the man’s age be 2. 

But you may say—Let the man be « years old now. 

Or, again, Never say—Let the price of the tea be x. 

But you may say—Let 1 lb. of the tea cost x shillings. 

[Here x does not represent a sum of money, but only 
the number of shillings in the cost of 1 lb. of tea.] 

You may find the following instructions helpful in 
solving problems : 

(1) Read the question very carefully, till you are quite 
familiar with it. 

(2) Take a letter to represent the unknown number 
(sometimes there is more than one, and more than one 
letter may be necessary, but such cases will not arise at 
present). State what the letter represents as carefully as 
possible. 

(3) Rewrite the question, using this letter to make 
the statement of the problem more complete (see Example 
VI. p. 103). You may have to do this more than once. 

(4) Try, by reading this statement, to write down an 
equation. 

(5) Solve the equation ; check your answer, not the 
equation, but in the problem itself. ' 

(6) Whenever possible, draw a diagram and represent 
the data on it (see p. 102). 
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Example V. A man buys fifteen copies of a book for 
£3. 3s., some of them bound in leather at 5s. each and the 
rest in cloth at 3s. each. How many did he get in the 
more expensive binding ? 

Let x represent the number of leather-bound copies that 
he bought. 


[Now rewrite the question and use x to make the statement 
as complete as possible. ] 


A man buys fifteen copies of a book for £3. 3s.; he buys 
x copies at 5s. each and 15 —2 at 3s. each. 


[Or, writing it out again.] 

A man buys fifteen copies of a book for 63 shillings; he 
buys x copies for 5x shillings and 15-2 copies for 3(15 -2) 
shillings. 

[Now try to get an equation from this statement.] 

.. 5x shillings + 3(15 — x) shillings =68 shillings ; 
~. Ote- oh 2) 65 - 
-. 5x + (45 —- 32x) =63 ; 
.. 62445 —32=63; 
* 2e0=183 
*, c=9; 
.. he buys 9 copies in the more expensive binding. 


To check your answer, do not substitute in the equation, 
because your equation may be wrong. Substitute in the 
original question. 


9 copies at 5s. each cost 45s. 
.. he buys 15 —9 or 6 copies at 3s. each ; these cost 18s. ; 
.. the total cost is 45s.+18s., i.e. 63s. 


Kxample VI. A man leaves his house at 9 a.m. and 
walks to a town at 4 miles an hour. He spends two hours 
there and then walks back at 3 miles an hour, arriving 
home at 6 p.m. How far is the town from his house 2 


9 a.m. >4m.p.h. 
| 


6 p.m. 3 m.p.h<— 


| (2 hours). 
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Let the town be x miles from his house. 

[Now rewrite the question, giving more information.]} 

A man leaves his house at 9 a.m. and walks x miles to 
a town at 4 miles an hour. He spends two hours there 
and then walks back x miles at 3 miles an hour, arriving 
home at 6 p.m. 


[Or, writing it once more. ] 

A man leaves his house at 9 a.m. and takes i hours to 
walk 2 miles to a town. He spends two hours there and 
then takes 5 hours to walk x miles home. He arrives 


home at 6 p.m., which is 9 hours after he started. 


[Now read this over and discover a relation between 
the various times mentioned. ] 


4 hours +2 hours +5 hours =9 hours 3 
Ss ed vie g'. 
-gt2te 9; 

oe 04 +24+4+47=108 3 
ce Od: 
v=12; 


. .*, the house is 12 miles from the town. 


Check the answer from the original question, not from 
the equation. 


To walk 12 miles at 4 miles an hour takes 3 hours. 
He spends 2 hours in the town. 
To walk 12 miles at 3 miles an hour takes 4 hours. 
., total time =3 +2 +4 hours 
= 9 hours. 


Time between 9 a.m. and 6 p.m. is 9 hcurs. 
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EXERCISE VI. d. 
(NotE.—All these Examples should be worked by Algebra.) 


Tet AOB =2BOC (see figure), find the size of each in 
degrees. 


B 


A Oo Cc 
Fic. 14. 


2. If AOB is greater than BOC by a right angle, find the 


size of each in degrees. 


3. A field is twice as long as it is wide, and I walk 240 yd. 
in going round it. Find its length. 


4. The length of a flagstaff is one-quarter of the height of 
the tower on which it is erected. The top of the flagstaff is 
150 ft. above the ground. How high is the tower ? 


5. The price of wheat is increased by one-third, and is 
now 63s. per quarter. What was the price before the increase 2 


6. Find the angles of a triangle, if each angle at the base 
is twice the third angle. 


7. A weathercock turns from x degrees East of North to 


x +10 degrees East of South : if the wind has shifted through 
120 degrees, find its first direction, 


8. Where must a pole, 40 ft. long, be cut so that one part 
may be two-thirds the length of the other 2 


9. Divide 10s. between two people so that one has a 
shilling more than the other. 


10. The sum of the angles of a figure of n sides is 2n—4 
right angles. If the sum of the angles of a figure is 10 right 
angles, how many sides has it 2 


11, The total number of children in a school is 266. If 
there are 38 more girls than boys, find the number of each. 


12. A man, whose age is 40, has a son who is 9 years old. 
When will the father be just twice as old as his son 3 
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13. There are 24 gallons of water in one tank and 5 gallons 
in another. Equal quantities of water are pumped into each. 
How much has been added when one contains twice as much 
as the other ? 


14. It costs eight times as much to buy a house as to furnish 
it. The total cost of both is £3600. How much did it cost to 
furnish it ? 

15. One angle of a triangle is 90°; one of the remaining 
angles is twice the other. Find the other angles. 


16. The sun rises at x o’clock and sets at x o’clock. Find 2, 
if the middle of the day is at 12 o'clock. 

17. (i) Find the number which, when increased by one-fifth, 
is 42. (ii) Find the number which, when increased by 20 
per cent., is 42. 

18. The price of flour has increased 50 per cent., and is now 
74d. per gallon. How much has it increased ? 

19. Of the 2000 people in a town 200 are soldiers. How 
many extra soldiers must be quartered there so that one-fifth 
of all the people in the town may be soldiers ? 

20. The sum of the angles of a figure of n sides is 2n-4 
right angles. If they are all equal, what is the size of each 
angle? If each angle of a figure is 1} right angles, how many 
sides has it ¢ 

21. If the day is three hours longer than the night, what is 
the length of each ? 

22. If a direction may be described either as x degrees 
E. of N. or as (x —5) degrees N. of E., what is the direction ¢ 


23. From A to Bis 15 miles. If two men start at the same 
time, one cycling from A to B at 12 miles an hour and the other 
walking from B to A at 4 miles an hour, where do they meet ¢ 


24. On a railway journey 60 lb. of luggage is free, and the 
charge for every pound above that is 3d. How much luggage 
do I carry if I pay at the rate of 1d. for 5 lb. on the whole of it? 


25. A man is allowed a discount of 3d. in the shilling on 
the published price of a book. If he pays 12s. for the book, 
what was the published price ? 

26. A first-class ticket from London to Earlswood costs 
twice as much as a third-class. If 8 first-class and 20 third- 
class tickets cost £3, what is the cost of each kind ? 
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27. A first-class return ticket costs 13 times as much as a 
third-class for the same distance. If the former costs Is. 104d. 
more than the latter, what is the cost of each 2? 


28. A man finds that he would pay the same income-tax, 
whether he paid 6d. in the pound on all his income or 2s. in 
the pound on all his income above £120. What was his 
income ? 

29. The price of coal diminishes 30 per cent., and is then 
21s. per ton. What was the first price @ 


30. ABCD is a rectangular field, and Z is the middle point 
of CD. It is 100 yards longer from A to E one way round 
than the other. Find the length of each side of the field if 
AB=1BC. 

31. A man cycles to a town at 8 miles an hour and returns 
at 12 miles an hour. If the whole journey takes 5 hours, how 
far away was the town ? 

32. The number of people at a concert is 220. Some pay 
one shilling and some two shillings for a ticket, and the amount 
of money taken was £13. How many people took two- 
shilling tickets ? 

33. A man buys 800 bulbs for a guinea, some of them at 
a shilling for 50 and the rest at 3s. per 100. How many were 
there of each kind 2? 

34. The same number is added to the numerator and de- 


nominator of the fraction ;5,, and it is then equal to}. Find 
the number. 


35. A room is 24 ft. long and 10 ft. high. If the area of 
the walls is 800 sq. ft., find its width. 


36. A man rows upstream at 4 miles an hour and back to 
the same place at 6 miles an hour, and takes 2} hours altogether. 
How far did he go upstream ? 


37. At a concert 100 people paid half-a-crown each and the 
rest paid sixpence each; if the average paid per head was a 
shilling, how many people were there altogether 2 


38. A man pays an income tax of one shilling in the pound 


on all his income above £160. I£ the tax is 3 per cent. of all 
his income, what was his income 2 


39. Show that any two numbers in the ratio of 2 to 3 may 
be represented by 2x and 32, 


Divide 300 into two parts in the ratio of 2 to 3. 
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es Find two numbers in the ratio of 5 to 3 whose difference 
is 17. 

41. In a mill the men get 5 shillings and the women 
4 shillings a day. There are 200 hands, and the wages are 
£46 a day. How many men were employed ? 

42. AC is 20 ft., BC is 12 ft. Steps from A to B are each 


B 


Cc A 
Fic. 15. 


8 in. high; some are 12 in. and some 15 in. wide. How 
many are there of each ? 

43. The sides of a triangle are proportional to 3, 4 and 5. 
If the sum of the sides is 18 in., what is the length of the 
shortest side ? 


44, A gardener reckons that on his ground for every gallon 
of potatoes he plants he will get a crop of seven gallons. How 
many gallons must he plant so as to have 150 gallons to eat 
and enough left over to plant the same quantity next year ? 

45. A man wants to find two consecutive whole numbers, 
the squares of which differ by 37; is this possible? If so, 
find the numbers. 

46. A slow train, travelling at 25 miles an hour, leaves a 
station 30 min. before a fast train travelling at 40 miles an 
hour. When and where will they meet ¢ 

47, A man has £100 and invests it at 3 per cent. simple 
interest ; another invests £80 at 5 per cent. If neither 
spends his interest, when will they have the same amount ? 

48. What must be a man’s income if he has £450 a year 
after paying an income-tax of 2s. in the pound ? 

49. How much tea at Is. 6d. per lb. must be mixed with 
12 lb. of tea at 10d. per Ib., so that the mixture may be 
worth ls. 3d. per Ib. # 

50. A man reckons that the cost of growing potatoes is 
2s. per bushel. He keeps 12 bushels for his own use and just 
gets back his expenses by selling the rest at 2s. 4d. per bushel. 
How many bushels did he grow ! 
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51. One man starts with an income of £150, which is 
increased by £20 at the end of each year; another starts 
with an income of £225, which is increased by £7. 10s. each 
year. When will their incomes be the same ? 


52. A mass of ore weighing 15 lb. contains 10 per cent. of 
silver and the rest is lead. How much lead must be removed 
so that it may contain 80 per cent. of silver ? 


53. From Croydon to Brighton is 40 miles. A starts 
from Croydon to walk to Brighton at 34 miles an hour; B 
starts half an hour later from Brighton to cycle to Croydon 
at 10 miles an hour. Where do they meet ? 


54, What is the number of two digits, with 2 for the ten 
digit and 5 for the unit digit ? If the number is five times 
the sum of the digits. what is the ten digit ? 


55. A man pays 2s. in the pound income-tax on the whole 
of his income above £160. Next year he pays 2s. 6d. on all 
above £120. If he pays £8 more the second year than the 
first, find his income. 


56, A publisher offers to pay an author either 7d. on every 
copy of his book that is sold, after the first 500 copies, or 5d. 
on every copy sold. If the author chooses the former and 


gains by it, what can you tell about the number of copies 
sold 2 


GRAPHICAL WORK. 


All the equations that we have considered in this 
chapter have been equations of the first degree, i.e. they 
can be reduced to the form ax +b=0, where a and b 
may be numbers or may be expressions containing letters, 
so long as they do not contain x. Thus, either 2a — 15 =0 
or (p? — p)a +q? —q =0 is an equation of the first degree in 2. 

If we represent az +b graphically we shall find that 
the graph is always a straight line, and is never parallel 
to the axis of x. It therefore always cuts the axis of 
x at one point, and the value of x which corresponds to 


this point is the value of x which satisfies the equation 
ax +b =0. 
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For example, we will plot 27 -3. 

When z =0, 2x —-3 = —3, when 2 =5, 2x -3=7. If we 
join these two points by a straight line and take any 
other values of x, the points we shall get will lie on this 
straight line. Also, by considering the point P, we see 
that 2x —3 =0, when x =1°5. 
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EXERCISE VI. e. 


1. Plot 5-32 for any six values of x, and show that the 
points you obtain all lie on a straight line. (i) What value 
of x corresponds to the point at which the straight line cuts 
the axis of x? (ii) What value of « makes 5 —3x equal to 0 ? 
(iii) What value of x satisfies the equation 5 —32=0 ? 


2. Plot two points on the graph of 72 For values 
of x take 1 small division to represent 1 ; for values of a -2, 


take 1 large division to represent 1. Join the two points 
by a straight line. Use this straight line to solve the equation 


H 0 
lo 777? 
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3. By plotting two points and drawing the straight line 
through them, obtain the graph of 2—5x. Take any three 
other values of x and show that the points you obtain lie on 
this straight line. (i) For what values of x is 2-52 
negative ? (ii) For what values is it positive ? (iii) Use the 
graph to solve the equation 2 —5a=0. 


4, By plotting two points and drawing a straight line 
through them obtain a solution of 2;7x —3-7 =0. 


5. By plotting two points obtain a graph of 10 -—3-42z. 
For what values of x is it greater than 5 ? 


6. A cyclist is carried up a hill by his own momentum, 
without working, and his velocity after ¢ seconds is 15 — 1-8¢ 
feet per second. (i) Draw a graph giving his velocity at any 
time, and read off his velocity after 2} seconds. (ii) How long 
will it be before he stops ? 


7. A man pays income-tax of Is. 3d. in the pound on all 
his income above £160. Draw a graph giving the tax in 
pounds for any income between £300 and £400. What is the 
tax on £365 2 

What formula gives the tax on an income of £2 2 


8. Coffee is worth 1s. 8d. per lb. and chicory 4d. per Ib. 
Draw a graph to show the value of the mixture when to 1 lb. 
of cofiee x lb. of chicory are added, for values of x from 0 to 3. 
Is your graph a straight line 2 What are the proportions if the 
mixture is worth 1s. 1d. per Ib.? 


9. One man has £450 and invests it at 8 per cent. simple 
interest. Another has £500 and invests it at 3 per cent. 
Plot the amount after ft years in each case. When will they 
have the same amount, if neither spends his interest 2 


10. A slow train, travelling at 30 miles an hour, leaves a 
station an hour before another train travelling at 52 miles 
an hour, Plot the distance travelled by each a hours after 
the first started. Where will they meet ? 


CHAPTER VII. 
PROBLEMS AND SIMULTANEOUS EQUATIONS. 


SOLVING SIMULTANEOUS EQUATIONS. 


Example I. Solve the equations : 
BeOS LOT ASS Fees ee oa ed) 
SO AN he DO Phat crass ckerconpieeevsncv esr ©) 
Multiply each side of equation (1) by 2 and each side of 
equation (2) by 3; 
: .. 10x +12y =32, 


and 9x — 12y =6. 
Adding, we have 1907 = 33.5 
Do SY 


Substitute for x in equation (1) ; 
.. 10+6y=16; 
~. 6y=6; 
“ y=l 
~. the solution is x=2, y=1. 
Check the answer by substituting in equation (2), 
The first side = 32% -4y =6 -4=2 
=the second side. 

Notes —1. The process of obtaining from two equations in 
x, y a single equation which does not contain y is called 
“ eliminating y.” 

2. When you have found one unknown, it does not matter 
in which equation you substitute to find the other. Take the 
easiest equation you have. But to check the answer you 
should not substitute in the same equation. 

lll 
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Example II, Solve the equations : 
pe eat eee ee 


Bry 2S eee 


Ae 2 


Multiply each side of equation (1) by 5 and each side of 
equation (2) by 4; 


is Ala SE A ee (3) 

and B25 Dep Dance (4) 
To eliminate y, multiply each side of equation (3) by 2 ; 

ns DQ as ae Day a Fs 5 cincotachnces ranean (5) 


Add equations (4) and (5); 
.. 23% =53§ 5 
x=25. 
Substitute for x in equation (3) ; 
©. 235 —y =203 5 
*, y=233- 
2 


.. the solution is x=2}1, y=}. 
Check these values by substituting in (2). 


Notes—1. If x or y have fractional coefficients, the first step. 
is to clear these terms of fractions; you need not remove 
fractions from the terms which do not include x or y. 

2. In substituting, choose the easiest equation; this is 
usually one from which fractions have been removed. But 
to check the answer you should not choose the same equation, 
and you should take it in the form in which it was originally 
given. You may have made a mistake in clearing the x and y 
terms of fractions. 


EXERCISE VII. a.* 
Rewrite the equations in Examples 1-3, so that the 
x terms are the same. 
LL. -a+5y=T3. 2. 4e+y=13. 3. l0x+y=3. 
32+ 7y =23. 6x —5y =13. 15x -y =2, 
* For additional examples, see E.P. 12, Nos. 1-42, page 251/20. 
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Rewrite the equations in Examples 4-6, so that. the 
y terms are the same, except that the signs may be 


different. 


4. 6x+y=20. 
5a +2y =19. 


5. 2x-Ty=—-5. 
7x +2y=9. 


7. Eliminate x from the equations: 


Sat+y=7; 


x+2y=6. 


8. Eliminate y from the equations : 


Ta —3y =2; 


9. Eliminate y from the equations: 


y = 
Eliminate x from the equations : 
x=3(y—2); #2=2(y +1). 


10. 


22; 13a—4y=17. 


Solve the equations : 


dl. ¢+y=17. 

x-y=3. 

2x -3y=5. 
x+2y =6. 

y=2r¢+1, 

y =3x- 2. 

_x+3y=2. 

4a + 5y =6. 

3x + Ty =43. 

2x + 3y =23. 

32+ 7y—7=0. 

5a + 3y +36 =0. 

50x — 20y = 10. 

91x — 26y =39. 

0:32 +0-2y =4. 
2-52 —y=12. 
1-54 —2y =4°5. 


14. 
17. 
20. 
23. 
25. 
27. 
29. 


31. 


0-62 — 2:5y = — 8-4. 


33. 7 +5-ly =3-85. 
x+9-3y =4:95. 


D.P.A. 


12. 2x+y=11. 
x+y=T. 
x-3y=-1. 

2x — 4y =2. 
T= 2 —(); 

4x +28y=11. 

21, 6x -2y=5. 

4x+7y= —-5. 


15. 


18. 


ba —2y =3. 


6. x+8y=5. 
5x - by =2. 


13. 2x +y=9. 
x-—3y=1. 
16. 57 -2y=1. 
22 +y=13. 
PAN. 
4x -y =22. 
22. 5a -Ty=20. 
9x - lly =44. 


19. 


24. 3x7 -—4y =2. 
22 = 3y. 

26. 127 =4+8y. 
10y =3-2. 


28. 


30. 


5(a —1) +2(y +1) =42, 
x =2y- 
8x +y =4:3. 


3. 


3x — 4y =0°3. 


32. 


0-lx +1-3y =8-2. 


0:72 + 5y = 32:8. 


. O-3a + 1-2y =20. 


2a —0-4y =3°6. 
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35. «-3$=y-5=10. 36. 2x+y=3x-y=15. 

87. 3a +5=8y+4=7x4—-Ty-1. 38. 0=32-Ty-5=y -2+4+3. 
39. 2+5y -—l1=324+2y+l=x%+y+7. 

40. 2(a+y +2) =3(2% —-3y +3) =6(z -y). 


Rewrite the equations in Examples 41-46, so that the 
coefficients of z and y are whole numbers. 


i dee Le Ae x sy. 
41, 5 +y¥=3. 42. groom 48. gt =. 
a a1 3x 
3u oY rytiy ee Pe 
44. a en 45, Pen Map Aes 46. gt gases 
Ole es ~_—2y=0 xy 
Solve the. equations : 
47. 5 —2y=5. 48, 2-"F=-2. 49, le 4y=3. 
; ; —5y=14 
x x —2y=-1 tx —Sy = 1} 
Rains 2 
3 325 
50. + 2y =4, Bl. +231. 52, w= Hy -4). 
5x 2x y=) 
“7 +3y =7. 5 -gat | 
53. +y=32 re Pat Fee te 
eociah  eag ~B gal. 99. 2(@~2)=4y —3). 
%—y=235. cect x+y=10. 
56. 3et+y=2.. 57. w+y=17. Bae  ae. 
Sa —2y = 1,5 a y 4 
y 3 hg 
1.2 2845 2 le in 
12 a, | OB +06 ~ RE 
y 28 - Po Sy 3y 
a—l_4 a—y=2. 
y+2 7 
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CONSTANTS IN FORMULAE. 

Example III. Vf a weight W grams is fastened to the 
lower end of an elastic string, its length is a+bW cm. 
Find a and 0 if the length is 55-6 cm. when the weight 
is 200 grams and 58 cm. when it is 500 grams. Also 
find the length when there is no weight. 

Substituting these values of W, we get 

a+b x 200 =55-6, 


a+bx500 =58. 
Subtracting, 3005 =2-4 ; 
“. 6=0°008. 


Substituting in the first equation, 
a +0-008 x 200 =55°6 ; 
*, a=55-6 —1-6=54, 
.. the length with weight W is 54+0-008W cm. 
Put W=0; 
.. the length when there is no weight is 54cm. 


EXERCISE VII. b. 


1. On a railway journey the charge for n lb. of luggage is 
an —b pence, where a and 6 are constants, so long as the charge 
is not negative. If the charge for 70 Ib. is 4d. and for 112 lb. 
1s. 4d., find a and 6. How much luggage is allowed free ? 

Draw a graph giving the charge for any quantity of luggage 
up to 200 lb. 

2. A temperature of ¢ degrees Fahrenheit is the same as 
at +b degrees Centigrade, where a and 6 are constants. Find 
a and 6, given that 32°F. is the same as 0°C. and 212° F. 
the same as 100° C. 

3. If a man’s income is £2, « being between 160 and 400, he 
pays (az +b) pounds income tax. Find a and 6, given that for 
an income of £300 he pays £22. 10s. and for £360 he pays £30. 

Draw a graph giving the tax on any income between £160 
and £400. 

4. By means of an arrangement of pulleys I can raise a 
weight of W lb. by a pull of P Ib. Find whether P and W 
can be connected by the equation P=aW +b, when a and 6 
are constants, if (i) P=6, when W=20, (ii) P=10, W =30, 
(iii) P=16, W =45. 
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5. Cheap market tickets (return) are issued from Horsham 
as follows: Dorking (134 mi.) ls. 6d.; East Grimstead 
(15 mi.) 1s. 8d.; Hassocks (223 mi.) 2s. 6d.; Pulborough 
(12 mi.) 1s. 4d. Show that the cost of the ticket is ax pence, 
where a is a constant and x mi. is the distance of the 
place. Find a, and find the cost of a ticket to Chichester 
(314 mi.). 

6. The cost of producing a book is (i) a sum of money 
necessary to set up the type, etc., before a single copy is 
printed, (ii) a certain sum in addition to this for each copy 
printed. Give a formula for the total cost (in pounds) of 
producing an edition of n copies of a book. If, in a particular 
case, 1000 copies cost £98. 15s. and 2000 would have cost 
£117. 10s., find the initial expense before any copies were 
printed. 


7. If a spiral spring has a weight W lb. hung from its 
lower end, its length is a+bW inches. Find a and b, given 
that when no weight is hung the length is 15 in. and when 
2°5 lb. is hung the length is 16°5 in. 

Draw a graph giving the length for any weight up to 6 lb. 

8. An author gets nothing for the first a copies of a book 
that are sold, but 6 shillings for every copy after that. How 
much (in shillings) will he get if x copies are sold 2 

In a special case he gets £6. 5s. for 600 copies and would 
have had £31. 5s. for 1000 copies. What would he have had 
for n copies ? 

Draw a graph showing the amount he would have received 
for any number of copies up to 800. 


9. A series of numbers is written down such that the nth 
number is a+nb, where a and 6 are constants. If the 5th 
number is 4 and the 17th 10, find the first four. 


PROBLEMS. 
EXERCISE VII. c. * 


Solve the following by means of simultaneous equations. 


1, The sum of two numbers is 25 and their difference is ave 
find them. ‘ 


2. The perimeter of a sheet of paper is 30 in. and its length 
is 3 in. more than its breadth. Find its area. 


* For additional examples, see E.P. 12, Nos. 43-58, page 251/22. 
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3. The number of boys in a school is 450 and there are 30 
more on the Classical than on the Modern side. Find the 
number on each side. 


4, Three pennies weigh as much as five halfpennies. If 
12 pennies and 4 halfpennies together weigh 4-8 oz., find the 
weight of a penny and of a halfpenny. 


5. Find two numbers in the ratio of 7 to 11, whose differ- 
ence is 36. 


6. A gramophone with 20 records costs £8. 10s. ; the same 
gramophone with 50 records costs £12. 5s. Find the price of 
the gramophone alone. : 


7. Divide 315 into two parts in the ratio of 7 to 8. 


8. A man cycles at 10 miles an hour and walks at 4 miles 
an hour. He cycles from A, has a breakdown and walks on 
to B. If it is 30 miles from 4 to B and he takes 3? hours, how 
far did he walk ? 


9. The number of people at a concert is 360. Some 
take shilling and the rest half-crown tickets. If tickets 
were sold to the value of £24, how many of each kind were 
taken ? 


10. A man’s income is £1200. On some of it he pays a tax 
of 9d. in the pound and on the rest a tax of 1s. 3d. in the 
pound. Altogether he pays £65. On how much did he pay 
the larger tax ? 


11. P Ib. and Q lb. are two weights, such that their sum is 
90 lb. and P is three-fifths of Q. Find them. 


12. One number is greater than another by 20. If the 
first is divided by the second, the quotient is 2 and the remain- 
der 8. Find the numbers. 


13. A number of two digits is equal to 21 times the disfer- 
ence between the digits. If the ten digit is greater than the 
unit digit, show that it must be twice the unit digit. 


14. What is the number of two digits which has 2 for its 
ten digit and y for its unit digit ? The number is 18 greater 
than it would be if the digits were reversed, and the sum of 
the digits is 8. Find the number. 
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15. If a quadrilateral is inscribed in a circle the sum of each 
pair of opposite angles is 180°. The number of degrees in 


ae 


Fic. 17. 
the angles of such a quadrilateral are as in the figure. Find 
x and 7. 
16. In the given figure, in which C7’ touches the circle, it 
can be proved that po pp TA 


CA TC TA 


Fria. 18. 


(i) If BC =3", TB =6", TC =8", calculate AC and AB. 

(ii) If BC =5", CA =6", AB =8", calculate 7B and TC. 

17. In a row of houses, the rents of the two end houses are 
£5 higher than those of the others : and the total rent amounts 
to £190. If the rents of the end houses are increased to double 
that of the other houses, the total rent would amount to £220. 
Find the number of houses in the row. ; 


18. On a certain journey, one passenger pays 1 fr. 50 for 
50 Kg. of luggage and another pays 2 fr. for 60 Kg. of luggage. 
If a certain amount is allowed free and the rest is charged at 
so much per Kg., find the amount allowed free 
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19. A pamphlet contains 10 full pages of print: if small 
type is used, a page takes 550 words; but if large type is 
used, a page takes only 350 words. There are 4600 words 
in all; how many pages are printed in large type and how 
many in small type ? 


20. A shilling weighs } oz. and a penny } oz. If a man 
receives in change 11 coins (shillings or pence) and they weigh 
2-6 oz., what sum did he receive ? 


21. The perimeter of a rectangle is 3 feet; if the length is 
decreased by 3 inches and the breadth increased by 2 inches, 
the area is unaltered. Find the area. 


22. ABC is a triangle and D a point on BC such that 
CA=AB=BD. If BAD=2°, DAC =y°, find an equation 


between x, y. If, further, BAD is three-quarters of BAC, 
calculate the angles BAD, ABC. 


23. ABC is a triangle and BC is produced to D; the lines 
bisecting the angles ABC, ACD meet at EH. If ABC =2°, 
ACB =”, and if CRB =3CBE, find an equation between @ 
and y, and prove that BAC =3ABC. Further, if 


ACD + ABO =120°, 
find x and y. 


24, A contractor promises to complete a piece of work in 
a certain time and is to forfeit a certain sum from the stipulated 
price for every day that he is late in finishing the work. If 
he is ten days late he will receive £1400 ; if he is thirty days 
late he will receive £1200. How much will he receive if he 
finishes it at the right time ? 


25. A coal merchant has contracted to deliver 200 tons of 
coal at 28s. a ton; but when the time comes he finds that his 
stock, which has cost him 21s. a ton, is not large enough, and he 
has to buy more at 32s. a ton, and consequently loses £18 on 
the transaction. How much coal did he have to buy ? 


26. A man, cycling 2 miles an hour for y hours, travels 
24 miles; if he cycled (~+2) miles an hour for (y +2) hours 
he would travel 56 miles; how far will he go at (7 +3) miles 
an hour for (y +8) hours % 
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27. ABCD is a rectangle ; a quadrant of a circle is drawn 
with B as centre and BA as radius, meeting BC at P; another 


Cc = B 
Fie. 19. 


quadrant with C as centre and CP as radius meets CD at Q, 
P being between B and C, and Q being between C and D. If 
the curved path APQ from A to Q is 20 feet less than the 
path ABCQ and 10 feet less than the path ADQ, find the 
sides of the rectangle. Prove also that AB> 44D, 


CHAPTER VIII. 


FACTORS. AND MULTIPLIERS OF MORE THAN 
ONE TERM. 


SINGLE TERM FACTORS. 


In this chapter, when we speak of factors we mean rational 
factors only, unless it is stated that other factors are 
included. Thus we say that «?+4 has no factors, although 
it is equal to (a+2,/x+2)(x— 2./x+2), because these 
factors contain the irrational terms 2,/, — 2,/z. 


EXERCISE VIII. a.* 


1. (i) What is the meaning of 10(x4+3y) ? 


(ii) What is the value of 10(#+3y), expressed without 
brackets ? 
(iii) What are the factors of 10xr+30y ? 


2. If 7x+7y is divided by 7, what is the quotient ?. If 7x+7y 
is divided by x+y, what is the quotient ? 


8. If ax+ay is divided by a, what is the quotient ? 
4. What are the factors of ax —3ay ? 


5. If cx+c is divided by c, what is the quotient 2 If cx+c 
is divided by x+1, what is the quotient ? 


6. What are the factors of ay—a? 

7%. Put into factors x?—«a. 

8. Divide 2x3 — 6x?y by 2z2?. 

9. Put into factors 3a* — 15a?b?. 
10. (i) Put into factors xy+2z. (ii) Divide xy+a2z by y+z. 
11. (i) Put into factors 3b%c — 6bc?. (ii) Divide 3b%c — 6bc* by 3c. 

(iii) Divide 3b%c — 6bc? by b — 2c. 

12. Is x? a factor of a+ 2ry? ? 


* For additional examples, see E.P. 13, page 251/23. 
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Factorise the following expressions : 
18. 2a? — 6a. 14, 10-1523. 
15. xy? — 277. 16. v*+27+2. 
17. c?+c*d+cd?, 18. 3a°b? — Babe + 15ab. 
19. x(x+y)+c4. ‘20. a%(a—b) + 3a*bd. 
21. 5a?-a®. 22. Txty® — 35a5y> — l4ardyt, 
23. What is the H.c.F. of 2ay and 327? 


24. 
25. 


What is the H.o.F. of 2(a+6) and 3(a+b) ? 
What is the t.o.m. of 2(a+6) and 3(a+6) ? 


28. (i) What is the u.c.F. of a(w+y) and a(x—y) ? 
(iu) What are the quotients when each is divided by the 
H.C.F.? 
27. (i) What i is the L.c.M. of a(w+y) and a(x—y) ? 


(ii) What are the quotients when the L.o.m. is divided by 


each expression separately ? 


28. 


29. 
80. 
31. 
32. 


33. 


84, 


385. 


36. 


denominator. 7” 


{i) What is the L.c.m. of z?+a and ry+y? 
(i) Divide the L.c.m. by each in turn. 


What is the L.c.M. of 62° — 2x*y and 18x%y — 6ay? ? 
What is the H.c.F. of a3+ 2b, a2b+ab2, a2c+abe 2? 
What is the L.co.m. of 3a2— 38ab, 2ab— 262, 5ab ? 


What is the H.0.F. of 23+ and #2+1? 
; x +) 30, gy BU, pansy BO@+Y), 3) 5a— 5b 
‘ lif = Yiis e 
Simplify (i) i0° (ii) cam (ili) 4(a+y)* (iv) 6a 65° 
; ‘ . Qa aS x 
Simphifyy< (i) == pb (4) eee 2d 
: Phy: sea) Sean eee 


Fill in the blank spaces in 


10 aes ee TC rere? oe 
Giger Bl NaS send epee 


Express as an equivalent fraction with a(a+y) as 


37. Express . og an equivalent fraction with a(x+y) as 
denominator. \ 


388. Express —"_ and “ as fractions which have equal denomi- 
nators. te = b 
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1 1 
39. Simplify — a 40. Simplif 
p y 0. Simpli a =e aa 


41. Find the u.c.F. and L.o.m. of aon y) vend s x—y)?. 
42. (i) Fill in the blank spaces in & SoH) and a= 


(ii) Simplify heraar: gat 
Simplify the following expressions : 
ere are Be: of 36- 8938 
a5. a-—. 4eyd tite 
a7. 5" ay 48, +e sae 
a Feb web Ss a+b-s" 
Solve the following equations : 
e ce Bt ere-eete 
55 tes 56 1-2-5 -2 
57 ees 58. oa he 
id. ates s"Hee 5). aD: zatiol 


MULTIPLICATION AND DIVISION. 


Example I. Multiply 22-5 by 3x -4. 


2a— 5 
3az— 4 


6x? — 15x 
— 82+20 


6x? — 23x +4 20 . 
The product is 6x? — 28x + 20. 
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Example II. Divide 4a? -6xy +7y® by 2x-y. 


Qa —y | 4a? — Gry + Ty? | 2x — 2y. 
4x? — Qary 


—4dary+ Ty? 

— 4ry + 2y? 

5y?. 
Quotient 2x—2y; remainder 5y*. 


Note.—It is advisable that, of the two given expressions which 
have to be multiplied or divided, either both should be arranged 
in ascending powers, or both in descending powers of some common 
letter (see p. 12). 

In Examples I and II. each expression is arranged in descending 
powers of 2. 


EXERCISE VIII. b. 
. Multiply 2+ 3 by z+ 4. 2. Multiply 3x+2 by 27+5. 
. Multiply +2 by x-7. 4. Multiply 27+3 by x-2. 
. Multiply 3x-—1 by 2x-1. 6. Multiply 2x —3y by r+ 5y. 
. Multiply a+2b bya-2b. 8 
. Find the square of 2a — 5b. 
10. Multiply 27-3245 by x+2. 
11. Multiply 32?+2-—7 by x-3. 
12. Multiply a?—ab+b? by a+b. 
13. Multiply 2? -2x%+1 by x+2. 
14, Multiply 2?+ 27+4 by 5x-3. 
15. Multiply «+a by «+b. 
16. Multiply x+a@ by x—6, grouping the x terms together. 
17. Multiply «—-a by «—6, grouping the x terms together. 
18. Multiply y—z by y—1, grouping the y terms together, 
19. Divide a?+5a+4 by w+ 4. 
20. Divide 622+ 5%+1 by 2e+ 1. 
21. Divide x?+a-20 by +5. 
22. Divide 2%?+ 5a—18 by x—2. 


_ 23. Divide x*+7x+10 by +2. What would be the quotient 
if ~°+7x+10 were divided by 2+5 ? 


_ 24, Divide 2x*+9x+7 by 2e+7. What would be the product 
if the answer were multiplied by 2x+7 ? 


. Find the square of 52-4. 


ona oo 
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25. Divide 2*-3x-4 by wx-—4. What are the factors of 
wv? — 327-47? 
26. Divide 27+4 by x+2. Is a+2 a factor of 27+4? 


27. One of the factors of a?+ 10ab+ 24b? is a+ 4b; what is the 
other ? 


28. One of the factors of a?—6? is a—b; what is the other ? 


29. Divide 4x?-447+121 by 2e-—11. What are the factors of 
4x? 44241212? Write down a square root of 4a?-44%+121. 
What is the square of 2x—11 ? 


80. Divide «3+ 9x?+ 227+16 by 7+2. 
$1. Divide x — 4x7 -5 by «— 3. 
82. Divide 1823 — 5a —2 by 32-2. 


33. Divide «?+ar+ba+ab by x+a. What are the factors of 
x?+ax+bx+ab? 


34. Divide x?+(a+b)x+ab by «+a. 
35. Divide z?+axy —xz—yz by x+y. 


36. Divide 2?-xy—az+yz by x-y. What are the factors of 
u*—xy—axz+yz? 


RELATION BETWEEN a-b AND b-a. 


It is evident that 7+5=5+7, 
114+4=4+11, 


10 +15=15 +10, 
etc. 


All such statements are included in the general statement 
A+B=B+A. 
Also 7-5= —-(5-7), 
ede ae Tl), 
10-15 = + (15-10), 
etc. 
All such statements are included in the general statement : 
A-B=-(B-A). 


Thus, A+B and B+A are the same quantities, but A-B 
and B—A are related in the same way as 3 and —3, or 5 and 
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+5, i.e. they have the same arithmetical value but are of 
different sign. 


Consequently, Tah ea 


+ 


And, just as =3-=- 
sO 


_ Example III. Find the t.c.m. of y+2, 2x-y), 3(y-—2), 
y? — 2. 


First arrange all the expressions in descending powers of & 
(or all in ascending powers of 2). 
' They then become 


a+y, 2(x-y), -—38(e-y), —(«*-y?*), 
or “ty, %x-y), —3%(e-y), —(e+y)(x—-y); 
*. the L.C.M. is 6(x?-—y?). 
Note.—We could, if we wished, say that tho L.o.M. is — C(@? — y?). 


Example IV. Simplify 


Clea a Sa 
x are a : or ore 
3? 8° poe gtoy since y*—@* and x —y 
are related in the same way as z and —2, 7.e. have the same 
arithmetical value but are of different sign. 


Ho 
Just as a 


et eee 
w-y y2-x* x-y 2 


ee xy? 

mii ip 
ay (x+y)(e-y) 
__(ety)-2 
“(ety)(@—y 


~— 


ee OE 
(x+y)(x-y) 


EXERCISE VIII. c. 
1, If e+y=10 and «—-y=1, write down the values of 


d Me ont 1 
i)jy+a, (ii) y-2@, 
(i) y (il) y-—# UY) ae 


‘ 1 
semlbaia) 9 te 
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2. If x-y=3, write down, where possible, the numerical 
values of 


~ ie io eee 
: (i)y=-a, (ii)e+y, (iii) 2 —y%, (iv) -—_ Tee Sz 


oe Tf x—-y= -Q, orite down, where possible, in ‘terms of a, the 
values of 


, a 1 ; 1 
(Gi)yt+a, (ii) y—2, ey yaa (iv) es 


4, If x—y=5, find the values of 
2 lag 


5. If p—q=a and x—y=b, write down, here possible, in 
terms of a and b, the values of 


(i) — ‘: (1) fer (111) ai (iv). ae 
(v) (p-gy+2), (vi) (p—g(x-y), (vii) (-P)(y-) 
(viii) (e@-y)(q+p), (ix) (¢-p)% (x) (+9) - (p+): 
6. Divide a—b by b—a. %. Divide (a—b)? by ba, 
8. Simplify (2% — 2y)+(3y — 32). 
9. Find the H.c.F. of 2(~—y) and 3(y—2). 
10. Find the 1.0.m. of a?—ab and b?—ab. 
11. Find the t.c.m. of a+b, a—b, b+a, b-a. 


; : ORL cg : (a+b)(a—b). 
12. Simplify (~-y)(y—2). 13. Simplify — a Baca ay 
14. Simplify (a —6)'+(b-a)?. 
Simplify the following expressions : 
2 1 y 
aes eel alee: L-Y'y-x 
1 al b 
Lie galt 1—a® ah Sir 6b b=a 
Ona b 1 1 
Le abs bined at me a ab+att ab+or 
Biiig wit et Lins 1 "Bo MRK Hoy BAT, fe 
: 93 2Y gun PY ois ot  % 94, xt may rs = ory \ 


: Caney —a)(y+x) Y Wey 
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FACTORS BY GROUPING TERMS. 


If you are putting ax+bz into factors, you say “az is a 
common factor, it goes into ax x times, it goes into bx 6 times.” 
x\ax+br, 

a+b’ 
. ax+bxr=2(a+5), 

Exactly in the same way, if you are putting 

a(x+y)+b(x+y) 
into factors, you say x+y is a common factor, 
(x+y) |a(ety) +O(z+y). 
a+b : 
. a(uty) +b(x+y) =(x+y) (a +B). 

In all factorisation, if there is a common factor, always 
take it out jirst of all, and write it down first : because, if you 
are using the division method, this is the order in which you 
ought to be thinking of the work. 


Example V. Simplify (a —x)(b-y). 
(a—x)(b-y)=(a—x)b—(a—x)y 
= (ab — xb) — (ay — zy) 
=ab—xb—ay+xy. 
Example VI. Factorise a* —ab —ac + be. 
a? — ab —ac + bc =(a* — ab) — (ac — bc) 
=a(a—b)-—c(a—b). 
But (a — 6) js a common factor; .. we can divide throughout 
by (a—5), the quotient is a—c. 
*. the expression =(a—b)(a—c). 
Example VII, Factorise ab — ax —xy + by. 
ab — ax — xy + by = (ab — ax) — (ay — by) 
=a(b—x)—y(x—b) 
=a(b-—x)+y(—x+b) 
=(b-—2x)(a+y). 
Note.—1. When you have factorised an expression, multiply the 
factors together, either in your head or on paper, and so make sure 
that they give the expression with which you started. 


2. If there 1s a common factor of the whole expression, al 
put that factor down first. f P nm, always 
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EXERCISE VIII. d. 


Work out the expressions in Examples 1-10, in the same 


way as in Example V. p. 128. 


1. (a+b)(c+d). 2. (a+b)(c—d). 8. (a—6b)(a+b). 

4. (w+y)(x+2z). 5. (v+y)(z—y). 6. (x + 2y)(a — 3b). 
7. (3”+ 2y)(2a—b). 8. (x-—y)(x-1). 

9. 2(%—a)(y—b). 10. (l+a)(1+2?). 

11. Isx+1a factor of 2x+2? 12. Isa+1 a factor of 2(1+2)? 
13. Is 1—w a factor of x-1 ? 14, Is a—3 a factor of a+3? 
15. Is x—-y a factor of 3(y—a) ? 


. Is ~+y a factor of (i) 4(~—y), (ii) aw+ay, (ili) -x+y? 
. Isv+y a factor of a(fx+y)+b(y+x) ? 

. Isv+ya factor of a(~+y)+b(~—y) ? 

. What are the factors of a(p+q)+y(p+q) ? 

. What are the factors of z(p—q)+y(p—q) ? 


Have the following expressions factors ? If so, state what 


they are, and verify by multiplication. 


21. a(x+y) +(x —y). 22. c(a+y)+d(yt+2). 

23. a(aty)+y(at+zZ). 24. a(b+c)+b(a+c). 

25. a(a—b)+y(b—-a). 26. x(yt+1)+y(x+1). 

27. a(2a+2)+y(a+l). 28. a(2a+y)+2b(7+y). 

29. z(a+b)+a+b. 80. a(b-—c)-—b+c. 
Factorise the following expressions, when possible. 

81. v?4+ ry +xz+ Y2. 32. x? -—ay+ 12 — yz. 

83. 2? -wy—@z4+ Ye. 34, 2?-—xy —xz — YZ. 

35. a?+ab+4+2a+ 2b. 86. a(a+y+z)+b(a@+y+4+2). 

37. «1+ a%x? + b%x? + a*d*, 88. 2? +at+a7+1. 

39. a2-ab+a-b. 40. w?-ay-a-y. 

41. a?+ab-—a-b. 42. «?(x+a)—be(w+ay. 

43. a(a+y)tc(y—2). 44, 2a+ 66+ 3by+ ay. 

45. v?+(c+d)x+cd. 46. l+a(x+a?)+2a. 

47. (a+ 2b)(x+y)+(a+2c)(e+y). 48. a(butcx)+bd+cd. 

49. ax —bx + bg —aq 50. 24+25+2?%+2. 


D.P.A. I 
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The expression az?+bx+c, where a, 6, ¢ represent any 
numbers whatever, is called a quadratic function of x. 
' As has been stated in Chapter II. p. 12. 
a is called the coefficient of the term in 22, or the coefficient 
Ofex. 
b is called the coefficient of the term in x, or the coefficient of x. 
c is called the constant term. 


FACTORS OF 2x?+px+q. 


a24+px+q is a quadratic function of z in which the 
coefficient of x* is 1. 

If you multiply +3 by «+11 you get 27+3x+11x+33 
or v7? +142 +33. 

The coefficient of x is the result of adding 3 and 11. 

The constant term is the result of multiplying 3 by 11. 

Therefore, in order to put 2? + 14x +33 into factors, you will 
look for two numbers whose sum is 14 and whose product is 33. 

These are 3 and 11. 

*, 224142433 =(% +3) (vx +11). 

So, to find the factors of #?+px+q, you look for two 

numbers whose sum is p and whose product is q. 


Example VIII, Factorise x* + 9x + 20. 
What are the two numbers whose sum is 9 and whose product 
is 20? 
First take the numbers whose product is 20, for (if we keep to 
whole numbers) there are only a few possibilities. 
20=20x1=10x2=5x4; 
. the numbers are 4 and 5; 
* 24+ 9x4+ 20=(x+ 4)(x+5). 
Always verify your answer by multiplication, either in your head 
or on paper. 
Example IX. Factorise x2? —3x —70. 
What are the two numbers whose sum is —3 and whose product 
is —70? 
70=1xX70=2x35=5x 14=7 x10 
.. the numbers are +7 and.—10; 
. 2% — 3a —70=(x+7)(x—10). 
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Example X. Factorise 70 +3x —2?, 


Do not turn the expression round. 
Do not forget to verify your answer by multiplication. 
70 + 3a — x2? =(7+x)(10 —x). 


EXERCISE VIII. e. 


(NotE.—Examples 1-12 should be worked mentally.) 
Work out the following expressions : 


1. (w+ 2)(x+ 3). 2. («+ 5)(a+7). 8. (x —6)(x+9). 
4. (x—3)(x—8). 5. (@+1)(a-11). 6. (14+ %)(24+2). 
9. (2—a)(7+2). 8. (2—20)(z+2). 9. (34+a)(8—2). 


10. (14+ 3”)(1+ 2x). 11. (9-a)(4—a). 12. (w+2y)(x—3y). 


Write down the coefficient of x in each of the following 
expressions : 


18. (w+9)(z+30). 14. (w+50)(~—80). 15. (w+8)(x—8). 


16. (c—12)(2—4). 17. (w©+7)(x+7). 18. (5+x)(«—8). 
Write down the constant term in Examples 19-24. 

19. (x—15)(z+10). 20. (a—6)(a—8). 21. (5-y)(y+3). 
22. (¢+7)(q—4). 23. (1—3a)(1+ 5x”). 24. (2—z)(z-2). 


25. Find the factors of w7+(34+5)r+3x 5. 
26. Find the factors of «*—(c+d)x+cd. 


Find the factors of the following : 


27. v2? + 6x+ 8. 28. x?+ 9x + 20. 29. x? —8x+15. 
80. x?—9x+ 20. 81. x*+ 3742. $2. 2?+7x+6. 
83. v?-—1lx#+10. 34. x? — 2x —- 35. 85. «2? -— 32-70. 
36. v?+7x+ 12. 37. 2? + 12x + 36. 88. v?-—8x+7. 
89. w?-—4av+4. 40. «*+ 105x + 500. 41. x?+2x+1. 
42, 12+ 227+ 40. 43. y?—Ty — 44. 44. a*+5a-14. 
45. a?—25. 46. 2? — 92-36. 47. 1? — 501+ 600. 
48. 1+ 3x —-—10z*. 49. 10+7y+y". 50. 24 -—5a -—2. 
51. 12-xv-2?. 52. 35+ 2y-—y’. 53. l—w—42x%, 
54. 3x2+ 9x+ 6. 55. 10z?+110x+280. 56. x*y?+ 8ry—9. 


57. 28—3ab-—a’b?. 58. 2x?—- 6x —36. 59. 5x?—10x+5. 
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60. What is the L.c.m. of 27+ 24+1 and z*+2? 
. -- x?+7Tx+10 
61. Simplify Se 
62. What is the quotient if z?+ 7z+12 is divided by x+3? 
63. If x +2 is a factor of x?+ax+14, what is the value of a? 
64. If x—3 is a factor of x? —bx—15, what is the value of b? 
65. If +4 is a factor of x?+ 8x+c, what is the value of c ? 
66. Find the u.c.¥F. of «?+ 3x and 2?+ 54+ 6. 
67. Find the t.co.m. of 22+2 and 3x*+ 97+ 6. 
x—3 
ci=4¢+3 
We Scand a 
w—-3 x*?-52+6 


68. Simplify 


69. If » what is a? 


70. If a?—35x+150 is divided by z—5, what is the quotient ? 


wo «©*® +2741 . : 1 1 
71. Simplify aera 72. Simplify rman eee 


78. One of the factorsof 2*+ 6v?+ 1l~+6isx2+1; find the others. 


az ae ee 5. tina — 2 
—2¢—15° at*axr—12 
2a . 1 

2?+7¢+12 22+6 


74. Simplify — 


75. Simplify 


3 
76. If SEs +, what is a? 


= 1 
e—-16 2*—5a 


78. What is the coefficient of x in av?+ba+a+c? 


7%. 


79. What is the coefficient of 2 in (ax+ b) (cx ++) ? 
80. What is the coefficient of x in (w+a)*—(x+1)*? 


Simplify the following : 


x+1 w+1 “+2 
el Bie (w+ 2)(%+ 3) — e+e 243) 
2 
83 Neccrertiokes of -=*\(5%- ) 
es! nih Gaara 9] \ er aD 
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1 1 1 


Prete’ OE i ot et AE ee 1 2 
cs a(@+1)' (@+1yet+2)* a@rd) 86. 


et 6nt8 at 4e 
4 a+b 
87 z+1 83 88 iach 
*z!-a@-12 a2+2-6 pee 
: a+b 
2 3 
bo ea a ee gpd a as Ee Ls ey eee 
(cv+1)(v+2) (~@+1)(x+2)(x2 +3) a x—3y xw—-y. 


Solve the following equations : 


22-1 2 1 4x -—3 
Ol eee Peet ee See 
+2 A%w+l1 as 5a +3 lo@— 1) 
3a+4 3 6(a+2) 2x 
93. = i fee f 0 aoe s 
3a a 92. Heh esis 
1 1 2 3 8 11 
955 Sey — +——_ >= —.. 
z+1'e2—2 x AE coms e--5& 2 
oy eich She BAe OE 
*Qa—-1 2+1° (22-1)(24+1) 
98 3z an BLE 1 
"d(8a+5) 4a4+1 2(32+5) 
99 38a+2 2 3 100. e2+7 x—5 


*o?+5a+6 x2+2 2+3 xt—a—-6 2?-4¢+3° 


FACTORS OF az’?+bxr+c. 


Example XI. Factorise 6x? + llay —10y?. 


The product of the first terms of the two brackets is 6%. 

The product of the last terms of the two brackets is — 10y?. 

.. the first. terms are either 6x and x or 3x and 2a, and the 
last terms are either 10y and —y, —10y and y, 5y and — 2y, or 
— 5y and 2y. 

This gives various possible arrangements from which we must 
select that one which gives the correct middle term. 


bod 
For example, Sy + 5y) (a — 2y) = 6x? — Try — 10y?, 
; peel e 28 


foo4 
(3a — 2y)(2a + 5y) = 6x? + llay — 10y?*. 
gt a 4 


e*. the factors are (8x — 2y)(2x + 5y). 
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EXERCISE VIII. f. 


(NotrE.—Ezxamples 1-12 should be worked mentally.) 
Work out the following expressions : 


1. (22+1)(x+4). 2. (30+ 2)(4r4 5). 

3. (3x — 2)(4x — 5). 4. (30+ 2)(4x —5). 

5. (22 —7)(3a—1). 6. (x+2y)(Qr+y). 

7. (4u+y)(a — 3y). 8. (4+ 5x)(34 22). 

9. (1 —2x)(7 — 82). 10. (3a + 2b)(4b —a). 
11. (5x +11)(2x—7). 12. (3 —52x)(7 — 32). 
Write down the coefficient of x in each of the following : 
13. (2x —9)(x — 3). 14. (22+ 4)(3x—1). 
15. (27+ 25)(~+ 10). 16. (7x —9)(2%—11). 
17. (3-+a)(2a—1). 18. (4—3a)(2x — 5). 
Write down the constant term in each of the following : 
19. (22 +11)(x+ 12). 20. (3a—1)(x—17). 
21. (17x+ 2)(~— 20). 22. (3a—11)(a2—1). 

23. (3 —5a)(12 — 11a). 24. (4x —5)(10- 132). 

Find the factors of the following expressions : 
25. 3u2+ Tx+ 2, 26. 327-7x+4+2. 27. 2x? + 5a + 2. 
28. 227 - 5x4 2. 29. 5x74 8x43. 80. 227+ llx+14. 
81. 327+2—-2. 82. 3x? -a@-2, 33. 524-22 —7, 
34. 627+ Tx — 5, 85. l5a*-lla+2. 36. 6224+ 52-6. 
37. 327+ 14x —5. 88. 8a*-l4a+3. 89. 6a?-4a-2, 
40. 207+ llay —21ly3, 41. 3—5x4 223, 
42. 2—a@-—1523. 43. l4a*4+ 29a — 15, 
44. 24 Tx — 152°, 45. 2x?- xy —21y?. 
46. 15+ 14a —-8a*, 47. 20a?+ 44a — 15, 
48. 4a*— 13x%y? + Oy, 49. 6at+ 1l0x*yz — 4y2z3, 


50. Find the L.c.M. of 2a? +4 3ay —2y? and 10x? — Tay +y%, 
51. Write down the product of 2a+21b and 3a—100. 


x+2 
52, 22-3 WaT" 
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53. Find the u.c.¥. of 52+10 and 5(2x*-— 52-18). 
22-3 y ? 
54. If ea gh oe IT” what is y? 
55. If 62? — 29x — 65 is divided by 32+ 5, what is the quotient ? 
56. Find the factors of (27** 5x” + 2)(7 + 5a — 222). 
57. 2—1 is one factor of 275+ 7z?+a”—10; find the others. 


2 1 


. Sol i =. 
58. Solve the equation app 373 


+ 


x 
24-1 
1 


; é 2 
59, Simplily garpa—2 datpge—1 


ee a b 
60. Simplify Ries = (2 _ as at 


FACTORS OF THE DIFFERENCE OF TWO SQUARES. 


By multiplication, we find that 
(4 +B)(A -B) =A?-B?; 
.. the factors of A? —-B* are A+B and A -B. 


In this, A and B can stand for any numbers or any 
expressions. 


Thus x? —-9 =7? — 32 =(4% +3)(x -3), 
16a? — 49 = (4x)? —72 = (4x +7) (42-7), 
and (a +a)? —b? ={(a +a) +b} {(a +a) -b} 


={x+a+b}{x+a-)}. 
Note.—(i) There are no (rational) factors of A?+ B*. 
(ii) Although z?— 2 has no rational factors, it may be written 
v?—(./2)?and =(%+,/2)(x—,/2). 
(iii) Although (x — 3)?— 5 has no rational factors,it may be written 
(a —3)?-(/5)? and ={(x —3)+/5}{(x — 3) — /5} 
={x-—3+.,/5}{~7—-3—-./5}. 


EXERCISE VIII. g. 


1. What is the product of x+y and x-y? 
2. What is the quotient if x*—y? is divided by x+y ? 
8. What is the quotient if x?— 16 is divided by x-4? 


4. What are the factors of ~?-—a?? Use your result to find 
the factors of 23? — 20%. 
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Find the factors of the following : 


5. v?-4. 6, a?— 49. 7.0a*—1. 
8. 100 — 6%. 9. 4a?-1. 10. 4a?-9. 
11. 92*-y?. 12. 4a*— 9b. 18. 16y?— 25. 
14. xy?- 16. 15. a?—25b7. 16. x*y* —z?. 
17. at-9. 18. 252° -y*. 19. 3a?-12. 
20. 5— 2023. 21. (x +7)? — 63. 22. (x—1)?- 
23. xt-1. 24. (x+y)?-1. 25. (2a+3)?- 
26. (a+b)? —c?. 27. 16—(a+b)?. 28. b?-(a—- 32). 


29. 4(a+36)?-9. 80. 25(2a—b)?-49. 31. 16-9(v+y)?. 
82. Write down the product of 3a‘+7 and 3at—7. 
88. Find the H.c.F. of 7?-—a@ and 2?—1. 
oe 3)? 
2-9° 
85. Find the L.c.m. of zy—y and #?-1, 
86. Show that 41 is a factor of 122?- 813, 
87. Find the L.c.M. of 4v? and 4x7?- 4. 


2 a 
88.0 Fran aoe 
39. Show that 83? - 27? is divisible by 11. 
40. What is the coefficient of x in (8a + 7)(3% —7) ? 
41. Is 74+25 divisible by 2? +5? 


a 
42. Simplify =; pe 


84. Simplify 


, what is the value of a? 


43. Show that the difference between the square of 2m and the 
square of 2n +2 is divisible by 2x +1. 


44, Solve the equation 
x+1 2-1 6 


exo sana Te 
45. Solve the equation 
(x +5)(x — 5) +(@ + 6)(x — 6) =a(2x +1). 


ae 


az 
Xda. 
1 
a-— 
a 


46. Simplify 


47. Find irrational factors of 2-11. Show that either z= V/11 
or «= — V1I1 makes x? - 11 equal to 0, 
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48, Write down the product of 4a?+1 and 4a?—1. 

49. Write down the product of 22 and 24 as the difference ot 
two squares. 

50. What is the L.o.m. of 27+ 27-3 and 27-97? 


. ° 2 2 
51. Simplify eS: = — 


of te __ ty tyr 
52. Simplify ( Ge each 
22 eens 
Pow s! > 


58. Simplify an ee 


54. Solve the equation 
x ve 24-3 
Paget Fa] at 
55. Find irrational factors of x? — 3. 
56. Find irrational factors of (x —1)?— 2. 


57. Factorise («—29)?—9%, Show that «=38 makes (xz — 29)*— 9? 
equal to 0. 


SQUARES AND SQUARE ROOTS. 


(4+B)?=(4+B)(A+B) 
=A?+AB+AB+B 
= A?+2AB + B?. 
This gives a rule for writing down the square of any expres- 
sion which consists of two terms. 


Thus (3a + 5y)? = (3x)? + 2(3x)(5y) + (5y)? 
= 9x2 + 30xy + 25y?, 
and (3a — 5y)? = (3x)? + 2(8a)( — Sy) + (—5y)? 


= 9x? — 30ry +25y?. 
It is important to be able to recognise a perfect square when 
you have to deal with it. 
25a? — 40ay + 16y? = (5a)* — 2(5x)(4y) + (4y)? 
=(52—4y)? or =(4y—52)*. 
Notice that an expression has always two square roots. 
The square root of 49 is +7 or —7. 
The square root of 25a?-40zxy + l6y? is +(5"-4y) or 
— (5x —4y). 
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Example XII. Add a number to 4927 — 1262 to make it a 
perfect square. 


The first term is (7z)*. 
The second term is 2.72x.9. 
. the last term must be 9%. 


EXERCISE VIII. h. 


Write down the squares of 


1. 2+3. 2. x-1. 8. v+4y. 4. 3x-y. 
5. 2a— 30. 6. 5a? + Ty. 7. 2xy+z. 8. z?#+y%. 

1 3 2 4 
9. a+ 7. 10. 2b+<- 11. 5be — 5: 12. 3x = 


Write down a square root of each of the following: 


18. 2?-2xr+1. 14, x?+ 6ry + 9y?. 15. 4x*+ 20ry + 25y*% 
16. a?b?+ 10abc + 25c?. 17. 9a? — 42ab+49b%, 

18. 25a? + 4b? — 20ab. 19. at + 2a7b? + bS. 

20. 100+ 602+ 9x3. 21. z?¥+a+H. 


Add a number to the following so as to make the result a 
perfect square : 


"22. 22+ 62. 23. x*—102. 24. a®+ 5a. 
25. 422+ 282. 26. x? — 7x. 27. x*-—az. 


Fill in the missing terms in the following : 


28. (7+ 5)? =a27+....4 25. 29. (2a+7)?=....+28x+4 49, 
30. (x — 3a)? =27....4+ 9a?, 81. (2a —a)*=422.... +q?, 
S2. (v....)?=a2 — 122-36: 338. (2a....)? = 423 — 28x74 49, 
34, (a....)?=a7+8ab+..... 85. (....— 8a)? =4....4+ 9a2, 


In the following, state whether the expression is a perfect 
square ; if it is, give a square root of it. 


36. x34 day + 4y?. 87. x? + bry + 36y%. 
88. 407 — 40xy + 25y?. 89. v?+a+}. 


40. a74+2+4 a 41. a‘+ 6a*b? + 968, 
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42. 23 -— Qay —y3. 43. 1-—2x4 23, 

44, x?4+5x+6}. 45. 25x%y? + 9y? — 30ry?. 
46. What is the coefficient of x in (3a —7)? 2? 

47. What is the constant term in 5(2x+ 3)? ? 


48. Give two terms, either of which, when added to a? + 49, 
makes a perfect square. 


49. What single terms, added to a‘+a*y?+y‘, will make the 
result a perfect square ? 


Ores 


50. Is 16 tRTyt 5 y? a perfect square ? 
51. Simplify (#-—1)?-(1—2#)?. 

52. Simplify (5a — 15)? — 25(a” — 3)3, 

53. Find the L.o.m. of (2% —2)? and (3a—3)%, 


54. Simplify 


(7x +14)? 


(a +2)? ~ 


55. One square root of 477+ 4%+1is 2x+1; what is the other ? 


MISCELLANEOUS FACTORS. 
EXERCISE VIII. k.* 


Factorise the following expressions : 


. du? — 3a. 2. 274+ 9x+ 8. 3. p74 — pq. 

. a— 4a’, 5. at —6?. 6. a*—15a+ 26. 

- 5n? — 25. 8. v?+2-90. 9. a(b+c)+y(b+c). 
~lintni+n 11. y? — 64z?. 12. t?+ 13¢+ 40. 

. a®b —ab3, 14. 3274+ 52-2. 15. 2(m—n)+2(n—m). 
. w8—2*?-xe+1. 17. at—4a*d?. 18. a(x+1)+0(4+1)+c(x+1). 
A = 2825. 20. «3+ 3x? + 2a. 21. 4xu?-— ay — 5y*. 

. a—ab+bd—ad. 23. a*-—4x7+3. 24. x8—a? +a, 

. w—ax(yt2)+yz. 26. a*b?-2ab—35. 27. u?+ 4uv + 407, 

. ce — 3607. 29. ab +a*b?+ab*. 30. 10a*+ 50ax + 6027. 
. ab+ay—ay—be. 32. 1-—54+42%, 838. ax-a-—a+l1. 

. 422+ ay + 25y%. 35. 1- Z 38. 2? —pq—(p—q)a. 

. 307+ 9x —120. 88. cvu-—dx+dq—cq. 39. 72-—17x+2%. 


40. 17x —72 —x*. 41. a®—a*b+ab?—b*. 42. (a—b)?—100. 


* For additianal examples, see E.P. 14, page 251/24. 
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43. 2(2y — 3z) + 3z—2y. 44. (x+z)*+5(@+2). 

45. ah+bh+ch+ak+bk +ck. 46. x?-(a+3)x+3a. 

47. 4a?-(b+c)?. 48. a -at—a+l. 

49. mp? —mq*?+l1q?—Ip*. 50. 52?- l0cy + By. 

51. z?-16(a—-y)?. 52. 6(a? — bc) + 4ac — 9ab. 

53. 3la—10x?- 15. 54. 49a? — (3a — 4b)?. 

55. x(y—-1l)-y+l. 56. ab? + c*d? — ac? — b*d3, 

57. 4-(l-2)*. 58. m(n—1)+(n—-1)% 
2k 

59.1 + +. 60. n>—n. 


MISCELLANEOUS EXAMPLES. 
EXERCISE VIII 1.* 


1. What is the quotient if zy(x—1) is divided by (i) 2, 
(ii) a(~—1)? 


2. 
. What is the product of x+8 and 2-8 ? 

. Write down the product of x-1 and x—-13. 

. Find the u.c.¥. and L.o.m of 22-2 — 20 and 23-25, 


Qa oO & & 


. Simplify be et 


What are the factors of 22-2 —42 ? 


i 
e+5 


. Express = g 8 & fraction with x* — 97 + 18 as denominator. 


- Multiply #*+72+6 by «-3. What are the factors of the 


product ? 


9. What is the meaning of 4(z—1)?? What is the quotient 
if it is divided by x-1? 
10. Express z i and se as fractions with the same 
denominators. 
11. What are the factors of 232-36 ? 
12, Simplify __2*- 4? _, 
2(a? — 2a — 8) 
13. Divide a —ab?* by (i) a(a—), (ii) a—b. 


14. 
15. 


x — 3 is one factor of 23 — 7z2— 9x +63. What are the others ? 
Solve the equation (2a +1)(62—7)= (3% + 4)(4a — 6). 
* For further practice in Fractions, see B.P. 15, page 251/25, 


vurt.} 
16. 
17. 
18. 


19. 
20. 
21. 
22. 
23. 
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What is the quotient if x? — is divided by z*-2? 
1 1 


e—-2e ea 
(i) Factorise 27?- 15”+18; 


Simplify 


(ii) If =6, show that 2~?- 15x +18 is equal to 0, 


Write down the product of 2x-—7 and x-2. 


eee Len 32 + ) 
Solve the equation 5 =6 +2( eet 
What is the quotient if 100% — 93? is divided by 7 ? 
c c x?—3 
Simplify x—- 258 


What number must be added to x2?+14xz to make the 


result a perfect square, and of what is it then the square ? 


24. 


25. 


26. 


27 


28. 
29. 


31. 


32. 
33. 


ates x x 
Simplify Ya+3) He-3)" 


? 6 1 2 
Solve the equation ea a ae ET 
: : 1 1 
Simplify @ - 1) (a + 7) 
wi 2 
Prove that (1 ~*) FE Peg all 
Bs Ay 
Prove that (a? + 5a + 6)(x? — 5u + 6) =(x* — 4)(x* — 9). 


Simplify (a+2)+ ( iF s). 80. Simplify (1 = 1) (a i =): 
24-3 44-5 

3a—4 6e—-7 

What is the square root of (#?— 2x+1)(a*+ 4a7+4)? 

Prove that (a?+2-—2)(%?—4x%+3)(x?-a-6) is a perfect 


Solve the equation 


square, and find its square root. 


34. 
85. 
36. 
37. 
38. 
39. 


41. 


Divide «3 — 4a by a? + 2a. 

Prove that (~—1)(#+1)(~?+1)(a#+1)=a°--1 

Factorise (32+ 1)(~+2)?—(x+2)(~%—1)* 

Factorise (a +1)(%+ 2)(x+ 3) — 2x —-2. 

Factorise a(b + 6c) — 3a? — 2be. 

Factorise (x —y)?+(zy+1)?. 40. Factorise abc — 9ac®. 


. g2-4 £43 
Solve the equation sor ZLES 2. 
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42. What is the least expression by which (x? — 44 + 3)(x? +a” — 2) 
must be multiplied in order to make it a perfect square ? 


43. Find the factors of (a—2b)?—7(a—2b)+12. 


4}. Simplify +L, 
Lt 
1-- =-1l 
Ape Gs 
. (e—1)(e—2)(e—6) _ 
45. Solve the equation (2—3)3 =1. 


46. Multiply 3x+ 7y—800 by 3x+ 7y+ 800. 

47. Factorise (# — 3) —a*b?(x — 3). 

48. Divide (2a?—7x+4)?—(x?—2x+5)* by 22—5a-1. 

49. Prove that (x*+y*)(p? +g?) =(px — qy)? + (qu + py) 

50. Factorise (2% +3y)? — 2a —3y—12. 

51. Factorise ab —7a+5b— 35. 

4(x +5) 3(x +6) _ 4 
x+6 x+5 7 


53. If +4 is a factor of x2+axz—28, what is the value of a and 
what is the other factor ? 


52. Solve the equation 


54. Write down the square of 36 — 2c. 
55. What is the coefficient of #* in the product 
(1+ 3% — a? — 248)(2 +a —a2?-— 23)? 


-. 6@+13 3245 Ww 
. Sol = = ——e 
56. Solve the equation 1g ae 


57. Factorise (x +y)*(x—1)+(y+z2)*(1—2). 
‘ : w*¥-a2-2 2+427-—5 

58. Simplify RY Coe parce hes 

59. Evaluate teks sah Let 18? 

60. Simplify (x —y)(* +2y +y*) — (x +y)(a*— zy +4"), 


61. What single term must be added to x?—1laa in order to 
make the result a perfect square ? 


62. Solve the equation <— pecs 


tera 6 
Gna 
63. Factorise a2+4 +5. 


64. Factorise (3a + 2b)* — 2(3a + 2b)(2a +b) +(2a +b)*. 
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65. Divide 2+1-2 by 2 
- Divide #+>-2 by 5-5. 
66. Solve the equation aay 
67. Prove that (a+b)? +(b—c)?—2(a+b)(b—c)=(a+ce)% 
68. Factorise a(a—1)—b(b+1) 
a?+2ab+6? a?—2ab+6? 
a+b a-b ~ 
20. Factorise (p—q)*+(p +«)?-(w—-y)*-(q+y)* 


69. Simplify 


CHAPTER IX. 


LITERAL EQUATIONS. FORMULAE (CHANGE oF 
SussEcT). IDENTITIES. 


LITERAL EQUATIONS. 


In all the equations we have solved, the unknown number 
has been represented by a letter, but the known numbers 
have not been represented in this way. By comparing the 
two examples given below it will be seen that it is possible 
to represent the known numbers by letters. Such equations 
are called literal equations. 


Example I. 


(i) Find the number which is as much above 5 as it is 
below 17. 


Let x be the unknown number ; 
* ©-5=17=¢; 


ey CS WAe 
ee Sp ate 


(ii) Find the number which is as much above a as it is 
below b. 


Here a and b are known numbers, 
Let x be the unknown number. 


It is generally understood, unless it is otherwise stated or 
otherwise evident, that letters at the end of the alphabet— 
144 
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©, Y, Z, u, v, w—stand for unknown numbers; other letters 


for known numbers. 


Example II. Solve the equation 
ax —ab =ab — bz. 
Here a and b are known numbers, x an unknown number. 
Since ax —ab=ab — ba, 
.. ax+bx=2ab, transposing the terms —ab and — bx; 
“ (a+6)x =2ab. 
Divide each of the equal quantities by a +b; 
‘cece 
a+b 


EXERCISE IX. a. 


Solve the following equations : 
1. 4x -3a=5a+ 2a. 2. 2(~@+a)=5(x —a). 


3. c+a=b. 4. 3(v@—p)=x+3¢. 
5. a-—x=2-b. 6. ax=b. 7, abw=at+b. 
8. a(x +b) =2ab. 9. (m—n)x=mn. 10. ax+b=br+a 
11. ~+axv=b. 12. ax+bx=c. 18. ax —a?=5b3, 
14. h(x —h)=k(x—k). 15. a(a —b)=6(x —a). 
16, 5+5=20-5 17. }(x +a) +}(x—a)=a, 
b 1 1 
18. 5 (2 — 6) =3 (2a). 19, 2 
x lay feo 
20. oo. 21. a 22 Bs 2a 
x _p eee 2 Sipacatacteaty 
238. oad 24, me Pa 2 Fedora 
11_1 ee are. 
26. i Ged. 27. aten7! 28. 3 ~ 
1 1 x-a x—b 
29. an + = bute 30. iT} igo Ws 
sea fe aoa Py at al OF a 
31. baad ob qeu+r px—r 
ny Med Crncay Fel 84. (w—a)?—(«—b)?=0. 
a—-b x- 


D.P. K 
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85. a(x —b)+ B(x —c) +e(x —a) = 0. 
36. (x —a)(x—b)=(x+a)(x +b). 


87. (x +a)? +(x+b)? = 227. 38. (x -—a)(x—c)=(x—b)*. 
ps ae oer xz—a x—b x-c 
BRA SE pCR ' x we =t 

39. rer ae Le 40 


a Fa gem 


EXERCISE IX. b. 


1. (i) A stick is 18 inches long. It is cut into two parts, one 

of which is three times the other. Find the length of each part. 

(ii) A stick is 1 inches long. It is cut into two parts, one of 
which is three times the other. Find the length of each part. 


2. (i) Find the angles of a triangle, if each angle at the base is 
double the angle at the vertex. 


(ii) Find the angles of a triangle, if each angle at the base is 
nm times the angle at the vertex. 


8. (i) The sum of two consecutive numbers is 37; find them. 
(ii) The sum of two consecutive numbers is 2n +3; find them. 


4. (i) On one side of a pair of scales is a weight of 7 lb. ; on the 
other side 4 1b. How much must be taken from one side and put 
on the other so that they may balance ? 


(ii) On one side of a pair of scales is a weight of m Ib.; on the 
other side a smaller weight of nm lb. How much must be taken 
from one side and put on the other so that they may balance ? 


5. One angle of a triangle is d degrees and the other two are 
equal to one another ; find their size. 


6. Six ordinary chairs and two arm-chairs cost fa. If each 


ordinary chair costs p shillings less than an arm-chair, find the 
cost of each arm-chair. 


?. The same number is added to the numerator and denomi- 


nator of the fraction 5 and its value is then 4; find the number. 


8. A room is a ft. long and 6 ft. wide; the area of the walls is 
2ab sq. ft. Find its height. 


9. The average age of a form of 20 boys is n years; the average 


age of the boys and the master is n +1 years ; find the age of the 
master. 


10. A chain hangs over a peg ; a ft. of it are on the longer side 
and 6 ft. on the shorter. What is the distance of the middle point 
of the chain from the peg ? 
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11. A man pays a tax of a shillings in the pound on the amount 
of his income above £160. If he pays an,average of 6 shillings on 
all his income, find his income. 


12. The price of coal diminishes 30 per cent., and is then 
c shillings per ton. What was the first price ? 


18. Divide 10s. among two people so that one may have 
a shillings more than the other. 


14. Divide 300 into two parts in the ratio of a to b. 
15. If r per cent. of a man’s income is £p, find his income. 


16. (i) Pewter consists of 4 parts tin and | part lead ; how much 
tin is there in p= lb. of pewter ? 

(ii) An alloy consists of a parts tin and 6 parts lead; how 
much tin is there in p Ib. of the alloy ? 


17. (i) ABC is a triangle, BC=7"’, CA=4", AB=6". If AD 


bisects the angle BAC, 2? 84. Find the lengths of BD and DC. 


DOeACs 
A 


B D Cc 
Fia, 20. 


(ii) Work out the same question if BO=a, CA=b, AB=ce. 


CHANGE OF SUBJECT IN A FORMULA. 


It is often convenient to write a formula in more than one 
form. 

If the area of a rectangle x inches long and y inches wide is 
A square inches, we know that 

A=xy. 

This is the most suitable form if x and y are known numbers 
and A is unknown, i.e. if we are given the length and breadth 
and wish to find the area. 

Writing the formula in the form zy=A and dividing each 


side by y, we get oe A 
y 
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This is the most suitable form if x is the unknown number, 
i.e. if we are given the area and breadth and wish to find 
the length. 

This process is called Changing the Subject of a formula. 
In the first case A was the subject ; in the second case x has 
become the subject. 


Example III. Aroom is x ft. long, y ft. wide and h ft. high. 
If the area of the four walls is A sq. ft., we know that 
A=2h(x+y). 
A is at present the subject of this formula; change the formula 
so that x becomes the subject. 
A=2h(x+y); 
“ 2et+y)=A. 
Divide each side by 2h ; yi 
. e£+y= oh’ 
Subtract y from each side ; 


e Bit a 
4 Son oe: 


EXERCISE IX. c. 


1. If x degrees is the vertical angle and y degrees a base angle 
of an isosceles triangle, ¢+2y=180. Make (i) x the subject, (ii) y 
the subject. 


2. If the area of a triangle whose base is b in. and height A in. 
is A sq. in., A=$bh. Make (i) 6 the subject, (ii) h the subject. 


8. If C in. is the length of the circumference of a circle of 
radius r in., C=2rr, where 7 is approximately 3}. Make r the 
subject. Do not substitute 3} for z. 


4. If the simple interest on £P for T years at R per cent. is 
£1, 1=" "2 Make (i) P, (ii) 7’ the subject. 

5. If y is the result of increasing x by r per cent., y= “(1 +755): 
Make r the subject. Find r, if e=12 and ite 100 


6. If A square inches is the area of a circle of radius r inches, 
A=rr*, Make r the subject. 


7. If V cubic feet is the volume of a pyramid, the height of — 
which is / ft. and the area of the base A sq. ft., V=}Ah. Make 
h the subject. 
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8. If F degrees Fahrenheit is the same temperature as C 


degrees Centigrade, Basle Make C the subject. Find O 
when F=8, 6 


9. The pressure p, volume v and temperature ¢ of a quantity 


of gas are connected by the formula _?” —j0, Make ¢ the 
subject. Find ¢ if p=5, v=650. 273 +t 


10. Given that v=u+/t, find (i) ¢ in terms of u, v, f; (ii) f in 
terms of wu, v, t. 


11. If the area of the surface of a cube, each edge of which is 
x inches long, is A square inches, then A = 6x?. Make x the subject. 
Find the edge of a cube, if the area of its surface is 150 sq. in. 


12. If the volume of a circular cone of height h inches, and whose 
base is of radius r inches, is V cubic inches, then V = dmrth. (i) Make 
h the subject ; (ii) make r the subject. 


13. If the area of the total surface of a circular cylinder of height 
h inches, and whose base is of radius r inches, is A square inches, 
then A =2rr(r+h). Make h the subject. 


14. If the area of a trapezium, whose parallel sides are of length 
x inches and y inches and are hf inches distant apart, is A square 
inches, then A=sh(~+y). (i) Make A the subject; (ii) make a 
the subject. 


15. If ay =z, find x in terms of y and z. 
16. If a?+b?=c?, find b in terms of a and c. 


17. If e ttipate) find wu in terms of v and f. 
u wif 


18. If t=27r Ne find 1 in terms of the other numbers. 


Toes — 3 2a +(n—1)d}, find d in terms of the other numbers, 


20. If s=ut+34/fl*, find f in terms of the other numbers. 


IDENTITIES. 
Compare the statements 
x+x=3, 
and L+u=22, 


A statement such as the first is true for certain special values 
of x, in this case for one value, viz. 14; such a statement is 


called an equation. 
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The second statement is true for all values of 2x; such a 
statement is called an identity. 

In an identity, the two expressions which are said to be 
equal are in reality the same expression in two different 
forms. To show that such a statement is an identity, we 
must show that one expression can be changed into the other ; 
or that both can be reduced to the same expression. 

An identity is often distinguished from an equation by 


using the symbol = instead of =. Thus, we write 
+203, 
but e+u= 2x. 


Example IV. Prove the identity 
(x +a)(x —a) —b?= (x +b)(x —b)—a*. 
The first expression =(x* — a*) — b? 
— pi =at— 2 
re fi as 
=(x+6)(x—b)-a? 
=second expression. 
Or, Left side=2?—a?— b?. 
Right side=2?—b?—a?; 
.. Left side= Right side. 


EXERCISE IX. d. 
1. Prove that x-—1=-—(1-—2) isan identity. 


2. Prove that x+1=-—(1+z2) is not an identity. For how 
many values of x is it true ? 


8. Find whether 2? —a?= (x —a)* is an equation or an identity. 
4. Find whether (x — 2)?= (2-2)? is an equation or an identity. 
Prove the following identities : 
5. a—b=-(b—-a). 6. (a+d)+a+(a—d)=38a. 
7. (y—z)+(z-2)+(%-y)=0. 8. (x -—a)?=(a -2)?. 
9. (a+b)(a? —ab +b?) =a3 +b, 10. 23+ y?=(x+y)? — 2xy. 
1l. (a—b)(c—d)=(b—a)(d—c). 
12. (a —b){(a +b)? —ab}=a3 —b3 18. (a —y)?=(e%+y)?— 4ay. 
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14. a(b—c)+b(c—a)+c(a—b)=0. 
15. w+ vty? + yt = (x? + y?)? — wty?, 
16. (x —a)(b—c)+(x—b)(c—a)+(x—c)(a—b) =0. 
17. (yt+z)(y—z)+(z+2)(z-2x)+(x+y)(x—-y)=0. 


iN3 1 
18. (2-+) +2=a%+ 5 
If the angles of a triangle are A, B, C degrees, prove the 
following statements : 


4 BC A 


19. 5 +5 +5 = 90. 20. 4(B+0)=90-%- 
21. 45 +4, 45+ hs 45 ee degrees are possible angles of a 
triangle. 


If a, 6, c are the sides of a triangle and a+b+c=2s, prove 
the following statements : 

22. s—a=4(b+c-a). 23. (s-—a)+(s—b)+(s—c)=s8. 

24. 4(b+c)+4(c+a)+3(a+b)=2s. 

25. a(2s—a) —b(2s —b) =(a—b)ec. 


26. If zt+i=atb and x —+ =a—b, show that ab = i. 


2". Find numerical values of a and bso that ax+b=24+2 


98. Find numerical values of a and b so that 
a(a —1)+b(4+ 2) = 3x 
may be an identity. 


CHAPTER X. 


PROBLEMS AND QUADRATIC EQUATIONS, 
INCLUDING EASY SIMULTANEOUS 
QUADRATIC EQUATIONS. 


Ir A and B are two quantities and all that we are told about 
them is that AB=2, we cannot have any idea of the value 
of A; nor can we of the value of B. 

This is still true if, instead of 2, we put any other number 
except 0. But if AB=0 


we must have either A=0 or B=0. In other words, if you 
multiply two numbers the result cannot be zero, unless one 
or other of the numbers is zero. 


SOLUTION BY FACTORS. 
Example I. Solve a(*-2)=0. 
If «=0, the equation is satisfied. For the first side=0 x some 


number, and so is equal to 0. 
If x—2=0, the equation is satisfied. For the first side=some 
number x 0, and so is equal to 0. 
This gives «= 2. 
*, the equation is satisfied if x=0 or if x=2. 


Example II, Solve x?=9. 
Since x*=9; 
. #8—9=0; 
“ (w—3)(~@+3)=0; 
.. either «—3 must be equal to 0 
or x+3 must be equal to 0; 
.. either x=8 or x= —3. 
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Notice that it follows from this that there are two square roots 
of 9, viz.: +3 and —3. 
Similarly, the equation z?=6 is the same as 
x?—b=0, or x?—(,/b)?=0, or (x—,/b)(x+,/b)=03 
.. either x—./b=0 or 7+,/b=0, 
t.e. =/b or —./b. 
This is sometimes written ‘x=+,/b.’ 


Example III. Solve (2 +3)(a +4) =2. 
Since (w+ 3)(~@+4)=2, 
* e*+72+12=2; 
* 24+ 72+10=03 
. (7+5)(7+2)=0; 
.. either 2+5=0 or x+2=0; 
.. x=-—65 or x= -2, 
Check. If x= -5, (2+3)(2+4)=-2x -1 


If x= -2, (2+3)(e2+4)=1x2 


Example IV. Solve the equation x? -(a+b)x+ab=0. 


This is the same as (2—a)(x—6)=0. Therefore the roots are 


a and 6. 
Since a and b may have any values, it follows that in any 


equation, in which the coefficient of x? is 1, 
(i) The coefficient of z=the sum of the roots with the sign 
changed ; 
(ii) The constant term= the product of the roots, 
If we take the equation 
Ag?+ Ba+C=0, 
it may be put in the form 
a+ 204 F=0, 
dividing each term by A. 


Consequently, (i) the sum of the roots = —-7;3 


Bia mle 


(ii) the product of the roots = 


This gives us a method of checking our answers. For 
example, if we find that the roots of 2a?+3x-14=0 are 2 
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and —3}, the sum of these roots is —1}4 and their product 
—7. This is correct, as is seen by writing the equation in the 
form a? -—(-3)r¢-7=0. 


EXERCISE X. a.* 


1. (i) If zy=0 and x=1, what must be the value of y ? 
(ii) If zy=0 and «=0, what do you know about the value 
of y? 


(iii) If xy=2, can you give any information about the value 
of x? 


(iv) If (a-—6)zx=0, what information can you give about the 
value of x ? 

(v) If (cx -1)(y—2)=0 and x=10, what do you know about 
the value of y ? 


(vi) If (x +1)(y+2)=0 and x= —1, what do you know about 
the value of y ? 


Solve the following equations : 


2. 2n*=0, 3. x(x —3)=0. 4. 2a(x+1)=0. 
5. (w-2)(~-3)=0. 6. (w+2)(2e-1)=0. 

7. x?-5a=0. Sag oa 9. 277=18. 

10. 42*=25. Ll. 227+ 32=0. 12. x?-3x+2=0. 
13. 2*+3%4+2=0. 14. e*-x2-20=0. 15. 52?=72. 

16. 3-a2?=2?-6, 17. (x+7)?=0. 18. x?-8xr+12=0. 
19. x?4+ 22=15. 20. 2x?-152+4+25=0. 

21. 222+ 52=7. 22. (3x)?=100. 

23. (w—2)?=4, 24. 4a7+4r7+1=0. 

25. w?-8r+15=0. 26. 2x? - 252+12=0. 

27. «3+ 1ll~a+24=0, 28. 2*+1la+30=0. 

29. 3x7-27—-1=0. 80. z?74+2=72. 

81. 54?4+2=112. 82. 6x2 + 5a —6=0. 

33. 2? — 1374+ 22=0. 34. 10x? — 302 + 20=0. 

85. 307+ 1524+ 12=0. 36. 10x23-llz+3=0., 

37. 327 - 82=3. 88. 47+ 21=23. 


* For additional examples, see E.P. 16, page 251/26, 
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n(n+1) 
2 


41. 64t — 16t?=48. 42. 2? +(6—2)?=20. 


39. 6x=(x+4)(a — 4). 40. = 28. 


43. (c+3)?+(~@—-3)?=2027. 44. 5 (6+ 2(n—1)}=120. 


ae 194, 210 , 210 
meee 6 Te 46. Tyataran 
60 fe eee 
47. (5 +5)(x~6)=60. 48, "47" 3 


Make equations with the following roots, expressing each 
equation in the form Az?+Bxr+C=0. 


49. 0, 3. eo 51. 2, 11. 
52. 2, -2. Se eee 54. —6, —5. 
55. 4, 3. 56. 3, —2. 57.°—1}, — 2). 


58. Show that «=1 satisfies the equation #?+17z=18. Find 
the other root. 


59. If «? —15=0 is a quadratic equation with the x term 
missing and one of its roots is 3, find the other root. Also find 
the missing term. 


60. If 222+” =0 is a quadratic equation with the constant 
term missing, and one of the roots is 13, find the other root. 
What is the constant term ? 


61. One of the roots of the equation x?—7x+4=0 is 6-37, to 
two decimal places. Find the other root, to two decimal places. 


Solve the equations : 


62. «?—a?=0. 63. 472=9c. 64. mx? =n’, 
65. x?-axv=0. 66. ax? +br=0. 
67. x? -—mxe—nx=0. 68. x? -—3ax+2a?=0. 


69. «?+ px — 6p*=0. 90. 3x?—11lbx+10b*=0. 
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SOLUTION BY COMPLETING THE SQUARE. 


The process of adding a term to 2? +az to make it a complete 
square will have been explained in connection with Exercise 
VIII. h, p. 188. A few examples should be worked before 
beginning this section. 


Example V. Solve 227+3x-14=0. 
Since 227+ 3x2-—14=0, 
. v+32—7T=0, 
dividing each side by 2. 
. wt4+8a+(7P-7T-%,=0, 
first adding (3)? to complete the square, and then subtracting it. 
. (w+3/P-TA=0; 
.. (+3 7 I2)(x +3 +A) =0, 
putting the first side into factors, 
. e+3—-ll=0 or. +3+M= 
* X= Or X= — oa 
Check. Since the given equation may be put in the form 
v*+32-7=0 or 2z?-(-3)a-—7=0, 
the sum of the roots should be —# and their product 7. This is 
seen to be the case. 


Example VI. Solve x?-5x+2=0, giving the roots of the 
equation correct to two significant figures. 


Since z*-—5x+2=0, 
5\? 25 
Pe x ues 
x 5x +(3) +2 rh 


first adding (§)? to complete the square, and then subtracting it. 


, SVE 
eis ar jm, 


2 SNE) =o, 


A either w —2 - DUE tin: if 
2 2 2 2 81) 100 
~waie 5 V17 5 17 81 
Ar either #=5 + 5) or v= — Vi; 822 | 1900 
. ©=2-5 +2-06 or 2:5 — 2-06; 
*, x =4-56 or 0-44, 


Check. The sum of the roots should be 5; this i Thei 
product is about 4} times 0-44, which is nearly 2. bach me 
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EXERCISE X. b.* 


Solve the following equations, giving the roots correct to 
two significant figures : 


1. #2=2. 2. 32%=1, 8. 2%?=25. 
2222 
4, —7 = 10. 5. ~?+9=36. 6. 2(a?+1)=15, 


Solve the equations in Exercise X. a. 25-42 by ‘completing 
the square.’ 

Check the results by the method of pp. 153, 154. 

Solve the following equations, working out each root to 
two significant figures, if it is not rational : 

7. x2?+4x”%—-2=0. 8. x*-—4%4-2=0. 9. x*+2c-1=0. 
10. v7+5x%+2=0. ll. v?+5x-3=0. 12. x?-x-4=0. 
Solve the following equations, working out each root to 

two places of decimals, if it is not rational : 
13. 207+ 7x=5. 14, 30*= 82 — 2. 15. 27+ 20=112. 
16. 4x?+32-4=0. 17. w?+2”=120. 18, 10z?=2+1. 
19. 2a7+127-7=0. 20. a(2a+9)=10. 21. 302°-20x-15=0, 
1 1 x o+1 4 2x 3 1 


1 
ota ae 2 hrs ak as ahd 


SOLUTION BY FORMULA. 


Since all quadratic equations may be regarded as special 
cases of the general quadratic equation Ax*+Bx+C=0, if 
we can solve this equation we can solve any other by giving 
A, Band C particular values. 

Solve Ax*?+Bx+C=0. 


Since Az? + Be+C=0, 


B 
oat Ge ne =0, 


dividing by A. 


B Bt aR O 
45 w+ (o4) ~gqit ga 
i to complete the square and then subtracting it 


2 (+2)-(B-9)-0 


® For additional examples, see E.P. 17, page 251/28. 


B. 


paiding & 
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« (ua Eigen. 


4A? 
B_ JB?—4AC B .VB*-4AC 
e uC v te LY ssl) ae a+ gpa agese Se 
; B_ VB?—4AC B_JB?—4AC 
ho ae Ag aA © "SA SA tame 
These two results may be written more shortly 
_ —B+/B?— 4AC 
i Dinh oe 


Example VII. Solve 4x2+1=7z. 


Writing the equation in the form 4%? —-7x+1=0 and comparing 
with 42?+ Bxr+C=0, we see that 
A 4 Ba 4. 
—BsNB*—4AC 
TEST Sige, WE get 
7+\/49 — 16 7433 
¢=—_——— or t= . 
8 8 
These can be worked to as many places of decimals as may be 
required. 


Substituting these values in x:= 


EXERCISE X. c. 


Solve by formula the following equations, working the 
roots to two places of decimals, if they are not rational : 


1. 2a7+52+3=0. 2 322+4e-4=0. 8. v2?-x-2=0. 


4, 52?=297+7. 5. 2a%*-7x+6=0. 6. 2a774+474+1=0. 
7. e+e=1,. 8. 2? — 1274+ 25=0. 9, 247+ 7=82. 
10. 37=32?_-5. 11. 2? +2=40. > 12, 122?-1=62. 

1 x a2—2 x+1 3-2 
13. e+) =l11. 14. Pe far 15. POE | erage 


Solve by formula the equations in Exercise X. b. 7-21, 


working out each root to the same degree of accuracy as in 
Exercise X. b. 


PROBLEMS. 
In the following examples it may be assumed that 


(i) If the hypotenuse of a right-angled triangle is @ units 
long and the other sides 6 and ¢ units, then a? =b? +c? 
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(ii) If the radius of a circle is r inches, the area is rr? square 
inches, where 7 =3-14159...., and so for any other corre- 
sponding units. Unless it is stated to the contrary, 7 may 
be taken as 22. 

(iii) If 6 is a mean proportional between a and e, 


Example VIII. The hypotenuse of a right-angled triangle 
is 10 cm. and one side is 5 cm. ; find the third side, correct to 
one place of decimals. 


Let the third side be x cm. ; 


.. x* sq. cm. + 25 sq. cm.=100 sq. cm. ; 75 | 8°66 
. x?4+25=100; 64 
_ a= 75; 186 [ap 

‘nr dias Seda 1726 | 10400 


The third side is 8°7 em., to one place of decimals. 


Example IX. The distance from London to Carlisle 15 
300 miles. One train goes 10 miles an hour faster than 
another, and takes 1} hours less on the journey. Find the 
speed of each. 


Let 2 miles an hour be the speed of the first train; 
“. (w—10) 55 is 53 a second ,, 


-. the first takes 300 hours and the second “a, hours on the 


journey. oe 
_ 300. 300_8 
"¢-10 @ .2’ 
300.10 3 
v.@. a(a—10) 2’ 

4.€, 3a(a—10)=2. 300.10, 
i.e. x*— 10x — 2000=0, dividing each side by 3, 

or (x—50)(~ +40)=0; 
oe — 00) ore — 40: 


Since a negative value of is evidently unsuitable, we need 
only consider the value «= 50. 
v. x-10=40. 
. the speeds of the trains are 50 and 40 miles an hour. 


simplifying the first side, 
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EXERCISE X. d. 
(Notz.—All these Examples should be worked by Algebra.) 


1. A number is equal to its square. Find the number, 

2. The square of a number is equal to twice the number. 
Find it. 

3. The square of a number added to the number itself is equal 
to 0. Find the number. 


4. Find three consecutive numbers such that the square of 
one is equal to the sum of the squares of the other two. 


5. Find two numbers, one of which is three times the other, 
such that their product is 243. 


6. The diagonal of a square is 1 ft. long; find the length of 
each side in inches, to one place of decimals. 


7. The hypotenuse of a right-angled triangle is 10 cm. and the 
other sides are equal. Find their lengths. 


8. The hypotenuse of a right-angied triangle is twice one of 
the other sides and the third side is 3in. Find the hypotenuse. 


9. The area of a circle is 154 sq. ft.; find the radius. Take 
T= FA, 

10. Find two numbers in the ratio of 2 to 3 whose product 
is 294. 


11. The area of a circle is 20 sq. cm. Find its radius in centi- 
metres, correct to one place of decimals. 


12. The length of a rectangle is 2 ft. more than its width and 
its area is 48 sq. ft. Find its length. 


13. Find a mean proportional between 2 and 18. 


14. If the area of a circle of radius 3 in., together with that of a 


circle of radius 4 in., is equal to that of a third circle, find the radius 
of the third circle. 


15. Find a mean proportional between 2 and }. 


16. AB is a straight line 8 cm. long. It is divided at a point 
C so that AC.CB=12. Find AC. 


17. AB is a straight line 8 cm. long. A point C is taken in 
AB produced so that AC. CB=33. Find AC. 

18. The sum of the first n natural numbers, #.e. L2s Spee 1s 18 
aes. How many numbers must be added to give 91 as the 


sum ? 
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19. A falling body takes ¢ sec. to fall a distance 16¢?, if the 
resistance of the air is neglected. How long will it take to fall to 
the ground from a height of 144 ft. ? 


20. Looking out to sea from the top of a cliff, h ft. high, you can 
see a distance d miles, such that 2d?=3h. If the cliff is 300 ft. 
high, how far can you see? 


21. The sum of the first m numbers 3, 7, 11, 15, ...., is 
n(2n+1). How many numbers must I take so that this sum 
may be 210? What will be the last number ? 


22. Is it possible to find three consecutive whole numbers such 
that the sum of the squares of the greatest and least is equal to 
twice the square of the middle one ? 


23. A square courtyard, each side of which is 20 yd., consists of 
a@ square grass plot in the centre with a path round it. If the 
path cost £9 10s. at 2s. 6d. per sq. yd., what was the width of 
the path ? 


24. The hypotenuse of a right-angled triangle is 4 in. long and 
one of the other sides is 1 in. longer than the other. Find their 
lengths. 


25. A circle just fits into a square. The area of the part of the 
square outside the circle is 300 sq. ft. Find, correct to a tenth of 
a foot, the radius of the circle. Take t=3}. 


26. A flat circular ring, 7.e. the space between two circles with 
the same centre, has an area of 163sq.in. The radius of the inner 
circle is 5 in. ; what is the width of the ring? Take r=32. 


27. A stone is thrown up in such a way that after ¢ sec. it is 
at a height of 80¢—16¢? ft. When will it strike the ground again ? 


28. From London to Crewe is 160 miles. By increasing the 
speed of a certain train by 2 miles an hour the railway company 
shortens the time of the journey by 20 minutes. Find the new 
time. 


29. The hypotenuse of a right-angled triangle is 25 in. and its 
perimeter is 56 in. Jind the other sides. 


80. A man spends £12 a year on coal. The price goes up 6s, 
a ton, and he reckons that he must use 2 tons less every year if 
he is to spend the same amount. How much did he use at 
first ? 

31. From A to B is 60 miles. If a man motors instead of 
cycling he goes 8 miles an hour faster and saves 2 hours. How 
- fast does he cycle ? 

D.P.A. L 
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32. The sum of the ages of a class of boys is 252 years. If 
two boys, who are each 9 years old, join the class the average 1s 
reduced by 6 months. Find the number of boys in the class 
at first. 


88. The distance that a ball rolls down a slope in ¢ sec. is 
10¢ + 2¢? in. How long will it take to go 132 in. ? 


34. On an architect’s plan a room has an area of 400 sq. ft. 
The plan is altered so that the length is made 5 ft. less and the 
width 4 ft. more, without altering the area. Find the new 
length and breadth. 


35. A Zeppelin starts from a base 250 miles from London and 
can travel at 60 miles an hour for 10 hours. What rate of wind 
will prevent it from returning to its base after a raid on London, 
if the wind blows continuously from the base to London ? 


36. ABis10in. long. Itis divided at C sothat AB. BC=AC*. 
Find AC to the nearest hundredth of an inch. 


37. A stone is thrown up in such a way that after ¢ sec. it is at 


a height of 120¢—16t? ft, After how long will it be at a height of 
180 ft. ? 


88. AB is 12 in. long. Find a point P in AB so that 
AP?+PB*=100, AP and PB being measured in inches. 


389. A man rows 5 miles an hour in still water. He rows 7 miles 


up a river and back again in 34 hours. How fast does the stream 
flow ? 


40. The seat of a tramcar is 16} ft. long. If it holds one person 
more than the proper number, each person has 1} in. of space 
less than he ought. How many is it supposed to hold ? 


41. A circle of radius r is inscribed in a quadrant of a circle of 
radius 10cm. Show that r?+r?=(10—r)?. Hence find the radius 
of the inscribed circle to two places of decimals. 


GRAPHICAL TREATMENT OF QUADRATIC FUNCTIONS 


The expression Ax? +Bzx+C is called a quadratic function 
of x, or a function of the second degree in a. 

We will represent one such function graphically (see Fig. 21). 

If several such functions are represented graphically, A 
being always positive, it will be found that we always get a 
curve similar to this. Starting from the left it always slopes 
downwards to a lowest point and then slopes upwards. The 
shape will depend considerably both on the function and on 
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the scales we use. If A is negative we get a curve of similar 
character turned upside down (see p. 61). 


Err nanany Seer eee 
SHEE sala 
stsstostiestect 

PS Sai 


Values of 22x°-72 


aes 
balues of x 


Fig. 21. 


Fig. 21 is a graphical representation of the function 2a? — 7x, 
The unit for values of x is one large division; the unit for 
values of 2x? —7x is one small division. 

We can use the curve given above to solve the equation 
2a2-7x+C=0, where C is any number. Lg. to solve 
Qa? —Tz —4=0, t.e. 2x2 -Tx=4, we find the points at which 
2x?-—7Tx=4. These are P, and P,, and the values of x which 
make 2a2-—7x=4 are —0-5 and 4. These are the roots of the 
equation. Again, to solve 2a? -7x+2=0, t.e. 2x? -Tx= —2, 
we consider the points P; and P,. These give 0-31 and 3-2 
for the roots of the equation. 

It will be noticed that 2%2-—7x is never less than -6-2 
approximately. Consequently, 272-72=C has no roots, if 
C is less than —6-2. If we take such an equation, e.g. 


2x2 -—Tx=-10, we find that the roots are LANE, 


i.e, they involve the square root of a negative number. IfC 
is greater than -—6-2, we shall find that, no matter how large 
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it is, we can always get two roots graphically, if we have a 
sheet of paper large enough. 


EXERCISE X. e.* 


1. Draw a graph of 2?-—52+6 from x=0 to x=5. Find the 
roots of «*—-5x%+6=0. 


2. Draw a graph of 2?—5x¢+7 from x=0 to #=5. (i) Show 
that «?-—5x2+7=0 has no roots, as far as you can tell from the 
graph. (ii) What is the smallest value of a*—5x%+7? (ill) 
What value of x gives x?—5x+7 its smallest value ? 


3. Draw a graph of 4r—a? from x=—1 to x=5. (i) What 
values of x make 4% —2* equal to 2? (ii) What are the roots of 
4¢—x?=2? (iii) What are the roots of z?—4r+2=07? (iv) For 
what values of C has the equation 4a-—a2?=C two roots? (v) For 
what values of C has it no roots? (vi) What is the greatest 
possible value of 4v—2?? (vii) What value of 2 gives 4a —2* its 
greatest value ? (viii) Prove the last two results by putting 
4a —x? in the form 4—(2—2)?. 


4. Draw a graph of 52-32%. (i) What values of « make 
5a — 3x? equal to —4? (ii) What are the roots of 5a —32?+4=0? 
(iii) What are the roots of 5a—3z?=17? (iv) For what values of 
a is 5a — 3x? positive ? 


5. Plot aes for values of 2 between 7 and 10. Use your 


graph to solve the following: At how many miles an hour is a 
man cycling if, by increasing his speed by 5 miles an hour, he 
would take 1} hours less to cycle 30 miles ? 

6. Plot +e for values of z between 0:2 and 4. (i) What is 
the smallest value of w+ for positive values of x? (ii) For 
what positive value of a is e+e smallest ? (iii) What values of 


1 
«* make t+ — equal to 3:5? (iv) What values of z make e+e 
equal to — 3-5? 
7. OA, OB are two straight lines at right angles. P and Q 


are two points, one in OA and one in OR, so that the sum of 
OP and OQ is 10 in. Find graphically the positions of P and Q 


when PQ is smallest. 
Solve the following questions graphically : 


Exercise X. d., 19, 33, 35, 36, 37, 38, 39. 
* For additional examples, see E.P. 18, page 251/28, 
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SIMULTANEOUS QUADRATICS. 


If we are given two simultaneous equations, one of which 
is of the first degree in x and y and the other of the second 
degree, we can solve them as follows : 


Example X. Solve the equations : 


De = 2a OY aa), cease ee. (ii) 


Express x in terms of y by means of (i). 
2x=1+3y, adding 3y to each side. 


a (iii) 
Substituting in (ii), 


1+3y\2 1+3 
2(42)'-2(4) paren 


2 2g (44 Sy + OU") _ (y+ 3y*) - 3y%=13 


. 14+ 6y + 9y? — 2(y + 3y*) — by? =2, 
multiplying each side by 2. 
This reduces to — 3y?+4y-—1=0; 
yee le or: de 
Substituting in (iii), when y=1, 7=2; 
when y=}, w=1. 
x=1, y=}, 
«. the roots are iba teat 
In working out problems we sometimes obtain two equations 
such as the following : 
xy =129, 
(x +3)(y -5) =75. 
By subtraction we obtain an equation of the first degree, 


and can then solve by the method of Example X. above. 


; 120 
Or, from the first equation, we get y = and. substitute wi 


for y in the second. 
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We will work out Example IX., p. 159, by means of two 


equations. 


The distance from London to Carlisle is 300 miles. One train 
goes 10 miles an hour faster than another, and takes 14 hours less 


on the journey. Find the speed of each. 


Let the speed of the first train be x miles an hour and let it 


take y hours on the journey ; 
= Ly—sOvs 


Also, since the second train goes re 16 mailce an hee nae 


takes y+ 3 hours, 
(x — 10)(y+3)=300, 
4.€. xy + $x —10y—15=300. 
Subtracting (i) from this, 
32 —10y—15=03 
.. 32—20y—30=0; 
_ 20y+ 30 
sige vise 


Substituting in (i), (aa y= 3003 
/ 
 20y?+30y=900; 


. 2y?+3y—-90=0; 
. (2y+15)(y—6)=0; 


..-(1) 


“. y=6, neglecting the negative value; 


.. *=650, from (i) ; 


“. the speeds are 50 and 40 miles an hour. 


EXERCISE X. f,* 


Solve the equations : 


Lr de 2. T=y¥. 3. «-2y=1, 
x? + y? = 29, 2%? —yi=—]. sy = 3, 

4. 27+ 2y=3. Ooty i= 11D 6. x+y=0. 
xt—xy=}, (wx-1)(y+2)=15. xy —y?= —8, 

7 e—y=1, 8. 3a+y=4. 9. 3x-—dy=4, 
xy —2e=4. wcy=1. TSaR, 

10. «+y=6. 11. x?-y?=40. 12. (x+2)(y—2)=144, 
x3+y?= 20, xa+y=10. xy = 160. 

13. 2x-y=6, 14; vy =6. 
ry =0 (e—3)(y+1)=6. 


* For additional examples, see K.P. 19, Nos, 1-20, page 251/29. 
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15. «-y=10. 16. 2x?+ 3xy —27=21. 
Ey, =3 
eee x= 3y. 
17. (x+10)(y—1)=180. 18. c+y=1. 
xy = 100. re Ae 
OP Gh Pe 


Solve the following questions by means of two unknown 
quantities : 


19. AB is a straight line 10 in. long. It is divided into two 
~parts at C. Find their lengths, if AC.CB=21. 


20. The hypotenuse of a right-angled triangle is 10 cm. and its 
perimeter is 24cm. Find the other sides. 


21. A man can either motor or cycle from A to B, a distance 
of 80 miles. If he motors he goes 12 miles an hour faster and 
takes 6 hours less. Find his speed by cycle. 

22. The area of a right-angled triangle is 21 sq. in and its hypo- 
tenuse is ./85 sq. in. Find the lengths of the other sides. 

23. Two carpets have each the same area, 120 sq. ft. The first 
is 3 ft. longer and 2 ft. narrower than the other. Find the dimen- 
sions of each. 

24. The perimeter of a rectangle is 13 ft. and its area is 
10 sq. ft. Find its length and breadth. 

25. If AD is perpendicular to the base BC of the triangle ABC, 
BD*?—DC?=BA?-—AC*, Find BD and DC if AB=5’, AC=4"’, 
BC =6". 

A 


B D Cc 


Fic. 22. 


26. The hypotenuse of a right-angled triangle is 29 in. and its 
perimeter is 70 in. Find the other sides. 


27. A man pays income tax on the part of his income above 
£160; he pays £20. Next year his income is the same and he 
pays tax on the part above £120 and the tax is 6d. in the pound 
more; he pays £30. What was his income ? 


CHAPTER XI. 


FURTHER DEVELOPMENTS OF PREVIOUS 
CHAPTERS. 


MULTIPLICATION, DIVISION AND SQUARE ROOT. 
A. MULTIPLICATION AND DIvISION. 
B. SquarzEs, SQuaRE Roots, Ero, 
FACTORS AND FRACTIONS. 
C. Factors, Etc. 
D, SIMPLIFICATION OF FRACTIONS 
EQUATIONS AND IDENTITIES. 
EH. Equations. 


F. LITERAL EQuatTions. 
G. IDENTITIES. 


MULTIPLICATION, DIVISION AND SQUARE ROOT. 


A. MULTIPLICATION AND DIVISION, 
Example I. Multiply x +y +z by r+y—-z. 


at +ay +22 
xy +y* +yz 
— 02 — yz —2% 
x?+2Qry = +y? —23 
.. the product is x? +2xy +y? —g% 

Notice that this could have been worked as follows : 
The product of (x +y)+z and (a +y)—z is (w +y)? -2’, 

4.6. © 4+ 2Qry +y? —z3, 

168 
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Example II. Divide 2x? —y? —2? + 2yz-—2z+2y by 2x —y +2. 


, The exact order of terms in the divisor and dividend is not 
Important so long as they are arranged in descending powers of 
one letter, e.g. x. 


2a -y +2|2a%*+ay -az -y*+2yz-2?|a+y -2 
2x% —xy +22 
2ay —2xz -y? + 2yz 
2xy —y* + YZ 
— 202 + yz -2z? 
— 222 + yz -2 
5 Quotient x+y -z. 
Or it might have been worked as follows, if we had known 
that there was no remainder. 
Arrange dividend and divisor in ascending powers of z. 
{(2a2 +ay -y*) +(-w+2y)2 -27} = {(2e-y) +2}{( )- js 
The first factor on the right side is the divisor, the second 
will be the quotient. 
The product of the two last terms on the right side must 
be —2?. 
The product of the two first terms on the right side must 
be 2a? + xy -y?. 
~, the second factor must be (7 +y) —z. 
Now compare the z terms on the two sides and see that 


they agree. 

It often saves trouble to pick out a particular term in the 
product of two quantities, without performing the whole of the 
multiplication. 


Example III, What is the coefficient of x* in 
(1 +a — 2a? +323)? ? 
Writing the expression in the form 
(1 +@ — 2x? +3x%)(1 +% - 2x? +32), 
we see that the x? term is obtained by adding the following : 
Lx3x3, a2x—2Qu*, -20*xa, 3x'xl. 
.. the coefficient of x is 3-2 -2 +3, te. 2. 
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Example IV. Divide 2x3 —x? +6 by x -2, using the method 
of detached coefficients. 


In this example both divisor and dividend are expressed in 
powers of a common letter, in this case z. If we have to multiply 
or divide such expressions, we can leave out the letter and write 
down only the coefficients. This is called the method of detached 
coefficients. It is important that all missing powers should be 
represented by a zero. 

1-2/2-1+0+6 


3 +0 
3-6 


2+3+6 


18 
Quotient 2x?+8x+6; remainder 18. 


If this is compared with the ordinary form of division, it will 
be easy to follow the method. 


EXERCISE XI. a. 


. Multiply a+b by a? +ab +b? 

. Multiply a - 2b +3c by 2a —b -3c. 

. Divide x +a”? -~@ +2 by x +2. 

. Divide 62° —x* - 14x +8 by 3x -2. 
. Divide 2§ -1 by x -1. 

. Multiply 2? +2y +y? by z* -xy +y%. 
. Divide 6x3 +132? -Tx -5 by 2a” +5. 
. Divide a* -8 by a? + 2a +4.. 


onmrvranroaon 


. Divide 42° by 2a - 2x2 +1, in descending powers of & 
. Multiply «? -ax +2a* by a* -ax + 2%, 

. Divide a* - 8b® by a? - 263. 

. Divide 2 -a - 2a? +a’ by 1 -a. 

. Multiply v7 +1 -2 by 3 -a? +2. 

. Divide a? —-b? +2bce -c? by a+b -c, 

. Find the value of (@ +y +2)%. 

. Find the value of (# -y +2z)%. 

. Divide a? -a*b +2b3 by a +b. 


ee ee ee 
WIAurovonr so 
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18. Divide m4 —n‘ by m -n. 

19. Divide a? +b? +c? + 2bc + 2ca +2ab by a+b +e, 

20. Divide 4a? —-12ab + 9b? —-16c? by 2a -36 +4e. 

21. Multiply 223 -2 +3 by x8 - 2x”? +3. 

22. Divide xt +x%y? +y4 by x? +2y +y?. 

28. Divide 3x3 +7” +2 by 2 -x, in descending powers of 2. 


2 
24. Find the value of (x -*) : 


25. Divide x? +2” +2 by x +1, (i) in descending powers of 2, 
(ii) in ascending powers of a, as far as x? in the quotient. 


26. What is the coefficient of x? in (2x7 -7x +6)(x? -x +2) ? 


z?#+274+3 


as a mixed fraction. 
+1 


27. Express 


28. Express a ee —=5 88 & mixed fraction. 


29. Multiply 2° +5a? by x - 2 
80. What is the coefficient of x? in (2a? -w —7)(x?+3x +1)? 


81. What is the coefficient of x3 in (24° —x +10)(x* +2? —5a -4)? 


82. What is the coefficient of x? in (a* -ax +a*)(x? +ax +a*) ? 
a 


2 
83. What is the constant term in (222 —-2+3 +2 -4) 2 


84. What is the coefficient of x in (~* +bx +cx +bc)(a? +” +1) ? 
35. By dividing 1 by 1+ +2*, show that 


¢ be yh, x 
l+x+a2 Tita +a 
If x =0-1, show that if we take 1 —0-1 for the value of 5 5 
the error will be less than 0-001. l+x+a 
86. By dividing 1 by 1+ x, show that 
ses =l-x%+ me 
l+a l+a 
ihn 
1-02 — 
37. By dividing 1 by (1 -2)?, show that 
1 A 
(I -a)? =] +2x” +a fraction. 


Find the value of the fraction. 
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Use the method of detached coefficients (see p. 170) to work 
out the following : 

88. Multiply x* +2”? -5a +1 by 22? +” -3. 

39. Multiply 23 -32 +4 by 3” +5. 

40. Multiply 2”? +5a -4 by 3x? -2. 

41. Divide 2x3 + 5x? -8x -15 by x +3. 

42. Divide 6x? + 5x? -2 by 2x -1. 

48. Divide 18x° +x -6 by 3x - 2. 


B. SQUARES, SQUARE ROOT, ETC. 


By actual multiplication we can show that 
(A +B+C)? =A? +B? +C?2+2BC 4+2CA +2AB. 
To get the right-hand side we add together the squares of 
A, B, C and twice the product of every two of them. 
Instead of A, B, C we can put any expressions. £.g. 
(2a —b + 3c)? =4a? +b? + 9c? + 2(-b) .38¢+2. 3c. 2a 
+2 .2a(—b) 
= 4a? +b? + 9c? — 6bc + 12ca — 4ab. 
From this we are often able to write down a square root of 
a perfect square at once. Z.g. to find a square root of 
4a? + b? + 9c? + 6be — 12ca — 4ab. 
From the first three terms we see that, if there is a square 
root it will be +2a+6+3e. 
We have to find the signs. By considering the signs of the 
last three terms, viz. +6bc, —12ca, —4ab, we see that 
2a -b —3c is a square root. 
It will be found that —2a +6 +3c is also a square root, 


Example V. Find a square root of 
a? + 9b? + 25c? — 30bce — 10ac + 6ab. 


a* + 9b? + 25c3 - 30be - 10ac + 6ab|a+3b —5c 
a? 
2a +3b | 6ab +9b? 
[6ab 496% 
2a +6b -5c| —10ac - 30be + 25c2 
— 10ac — 30be + 25c? 


A square root is a + 8b — 5c. 
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This process is the same as the corresponding process in 
Arithmetic. The first divisor is 20+3b. The first term of 
this is obtained by taking twice the quotient a. We then 
bring down a term, 6ab, which is divisible by 2a. By dividing 
2a into 6ab we get 3b, the second term of the quotient. This 
we add to the divisor. 

N.B.—This process is hardly ever required, as we can 
nearly always find the square root by inspection, as cn p. 172. 


EXERCISE XI. b. 
Write down the squares of the following expressions : 


1. a+b+e. 2.a+b-c. 

3. a -b -c. 4 a 42042. 

5. 2a +36 -c. 6. x2 +2x —5. 
7. y%+zu +ay. 8. x? - 2xy -y*. 
9. a? —ab + 2ac. 10. 5% +4y -z. 


Find, by the ‘ division ’ method (see p. 172, Ex. V.), square 
roots of the following : 

11. 404 +120? +132? +627 +1. 

12. x4 — Quy + Llxy? - l0xy® + 25y4. 

18. 9a4 - 6a? - 23a? + 8a + 16. 

14. «® — 4x4 +1403 +42? - 28% +49, 

15. 9x? +y? +27 + Qyz + 6xz + Bay. 

16. 4a? + 16b? + 9c? + 24bc — 12ac - 16ab. 

17. at —2a%b +a*b? — 2a2be + 2ab*c +b*c?. 

Find, by inspection, square roots of the following. Show 
that each expression is a perfect square. 

18. a? +4b? + 4c? + 8bc +4ac + 4ab. 

19. a? +4b? +4c* + 8bce —4ac —4ab. 

20. at +y* +24 + Qy2z? + 22%? + Qary?, 

21. b%c? +c2a? +a7b? — 2a*bc + 2ab*c — 2abc?. 

22. «4 +60 +1la?+62+1. 23. xv — 6x2? +1la? -62 +1. 

24, 25a4 -10a* +41a* -8a + 16. 

25. 100a* — 40x - 16a? +4” +1. 

Given that (A +.B)? =A*+3A2B +3AB? +B’, write down the 
cube of each of the following : 


26. x +2y. 27. 2 -Yy. 28. x +1. 
29. «-1. 80. 2a +3. 81. x? -y%. 


174 ALGEBRA [cHAP. 


Write down by inspection the cube roots of the following. 
Show that each expression is a perfect cube. 
» 82. a? +6a° +12ab2 +853. 38. a® —6a%b + 12ab* — 8d. 

84. x8 +3arty? + 3x2yt +8. 35. 8x3 +36x%y +54ary? +27y* 

86. x3 -12a°y +48ry? — 64y%. 


FACTORS AND FRACTIONS. 
C. Factors, Etc. 

It can be shown that 

A’ + B8=(A + B)(A?-AB+ B?). 

A’ — B8=(A — B)(A?+AB+ B?). 
It is easy to remember the first factor 4 +B or A-B; if 

you forget the other, you can find it by division. 

In these results A and B stand for any expressions. 


The following rule may be of use :—To factorise the sum or differ- 
ence of two cubes, write down the first factor as follows—cube root of 
first term, same sign, cube root of second term—build up the second 
factor from the first factor—square of first term, product of the two 
terms with the sign changed, square of second term. 


Eg. 8a° +125 =(2a)* +53 
= (2a +5) {(2a)? -2a .5 +57} 
= (2a +5)(4a? — 10a + 25). 
Also (@+6)§ +c3 = {(a +b) +c} {(a +6)? -(a+b)c+c?}. 
Example VI. Factorise x? — a? + 2ab —6?. 
xz? -a? +2ab -b* =2? —(a* —2ab +b?) * 
=2x*.—(a —b)? 
={x +(a -b)}{x -(a —5)} 
=(x +a —-b)(x -a +b). 
Example VII. Factorise a + ab? +4. 
a‘ +a*b? +b4 =a‘ + 2a7b? +54 — ab? 
=(a? +b*)? — (ab)? 
=(a* +b? +ab)(a? +b? —ab), 
which may be written (a? +ab +b®)(a? —ab +b?). 


* Whenever you build up an expression by means of brackets, check the 


work by simplifying the expression you have obtained. You ought to get 
the expression with which you started. 


In this case, if you get rid of the brackets from x?-(a*-2ab+b%) you 
will get 2? - a*+ 2ab —b% 
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EXERCISE XI. c. 
1. Divide a? -b? by a -b. 2. Divide x +8y° by x + 2y. 
3. Multiply x? + 2y? +5ay by x? +2y? —5xy. 
Find the factors of the following : 


4. x3 +1. 5. 2-1. 6. 8 -y’*. 
7. v> + 8y3, 8. 1000 -a’. 9. a4 +a. 
10. a*b —abs. 11. (a +6)? -c?. 12. 4(a +b)? -9. 
13. a‘ —64. 14. 32a' -4. 15. 8° +5%. 
16. (a +5b)? —(3a + 2b)*. 17. a°b? +1. 
18. x? -(a +b)?. 19. (x3 +y3)3. 20. (x+y)? + (x+y). 
21. a? +2ab +b? - x. 22. x? —2ry +y? -1. 
23. (a —y)? —5(@ -y) +6. 24. x? —y? — 2yz -23. 
25. a? -2a +1 —6?. 26. 227 -y? +2 +y. 
27. a? —b? +2be —c?. 28. a? + 3a2b + 3ab? +b3. 
29. x(x? —y*) +y2z(@ -Y). 80. (x -y)? +(y -—2x)(z - 2). 


81. n(n -—1)(n -2) +(n -1)?. 82. (5a -3y+2z)? -(37+y—4z)*. 

83. 22 +2ry +y? —a? +2ab —-b?. 

34. Find the H.c.¥. and L.c.M. of x? + y3 and (a +y)?. 

85. Factorise xt —-2x° -8xz +16, given that x -2 is one factor. 

86. Express the sum of 2*(x - 3y) and wy(x — 3y) in factors. 

37. Write down the product of m -3n and m’ +3mn + 9n?. 

38. Divide x? +2ry +y? -z? by x+y -z, by factors. 

39. Find the L.c.m. of y? —2° and 2y? + 2yz + 2z%. 

40. Simplify {n(n +2)}? -(n +1). 

41. Given that a? -3a*b + 3ab? —b?=(a —b)%, find the factors 
of «* — 6a4 + 1227 -8. 

42. Show that 13 is a factor of 12° +1. 


Factorise : 
43. a44+a?+1. 44. (a+b)3+c%. 45. a®— 63 +a*b —ab?. 
46. 2° -y*. 47. «>? -(y +z)8. 48. bF +c? +b+e. 


49. at —Totyt ty, 50. a? 3, BL, at -12e8 44. 52, wt +1, 
53. Show that x +y - 2z is a factor of 2° + 3x%y + 38xy* +y* - 82°. 
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54. Show that a +6 is a factor of (2a —b)? —(a — 2b)’. 

55. Show thata +b—canda—b +care factors of a®?—b? + 2bc—c*%. 
56. Find the H.c.F. of zt +a°y? +y4 and a -y. 

57. Write down the product of a? + 3ab + 9b? and a* — 3ab + 9b?. 
58. Find the factors of (x* + 3x*y)(x +z)? +(3ry? +y8)(x +z)8, 
59. Find the L.c.m. of (x +y +z)? and x? +2ay +y? —z*. 

60. Show that m +7 is a factor of (8m —3n) —(3m — 8n)8, 


D. SIMPLIFICATION OF FRACTIONS. 


FRACTIONAL EQUATIONS. 
a°+b3 a®—ab+b* 
aS—b3 a®+ab+b 
The t.c.m. of the denominators is a3 —}3. 
a’ +b —(a? —ab +b*)(a -b) 
a’ = lak 

a® +b’ —(a® — 2a°b + 2ab? — bs) 
== a> —b3 

2a*b — 2ab2 + 2b8 
eR RE Way A Sea 
_ 2b(a? —ab +b?) 
Tha ath 

Notice that a?-ab+b? is a factor of each numerator and 
a*+ab +b? of each denominator, so that it might have been 


simplified by first writing it in the form a opaatens - 1) 


Example VIII. Simplify 


.. the given expression = 


Example IX. Simplify 
a b c 
- - . 
(a—6)(a-c) | (b-c)(b—a) © (¢-a)(c 6) 

In the denominator we apparently have six different factors, 
but @ —c and ¢ -a are different only in the way that v and -x 
are different ; in fact, we may take (b —c)(c -a)(a-b) as the 
L.c.M. For a-c divides into c-a and the quotient is -1; 


g CAG -c) divides into (b -c)(c -a)(a -6b), and the quotient 
is - =i0))< 


q ; -., ___~a(b -c) -b(c —a) —c(a -b) 
.. the given expression = (b—e)(e=a)(a =5) 
_ -ab+ac —bc +ab -ac +be 
= (6 —c)(c —a)(a -b) 
=0, since the numerator =0, 
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This expression is said to be symmetrical in a, b, c, since it will 
be found to be unaltered if we interchange any two of these 
quantities. It follows that if the answer to such an expression 
contains a, b, c, it also must be symmetrical. 


é : 1 1 1 
Example xX. Simplify Qu (e —a) -- dx (a +a) - maak 
In questions of this kind, the amount of work may be reduced 
by simplifying the expression in parts. 


If we add the first two fractions the result is 


2 —~q? 
, rt ts | 1 
.. the given expression = Shear arent 
__ 2a? 
er 
EXERCISE XI. d.* 
Simplify 
at —b4 a-b a b 
: : 2; == + —— 
Seals Zig IEA lg 40} a-o'b-a 
1 x +y3 5 (~ +y)? — 42? 
2 5 a, (uw -+y)? x? —(y —2z)? 
x 
nicely aN Ceara, 
ey Gray 48 Che enti )( b 
eC U2+y We utl vt 
yoy page: “ak sarc 
8. ‘ 9 —: I 
Uy 1 (@ -y) rays 
we’ anty xLy v uU 
“ay \ “ay ate b +c 
i. (2 +f) +(z 2 ai ani (@ —a)(b -a) * (@ —b)(a —b) 
a-b a®-b3 a? -ab+b?  a®+ab +b? 
OER fa ee ldo abe hat <b 
1 vay* 
15: bee Grate 
jane ey) 
y @& 
1 


1 
_—_—______. + —_____ + ________-. 
16. rye tw -ay -2)' @ ve -2) 
DPp.A. * For additional examples, see E.P, 15, page 251/25. M 


1 (SH) e(gs138) 
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2+2 2-2 x 
1? se +1) te -1) taal" 
y +z Z+2 BAD cit, 
19. cyte -2)* y -2)y —2) * @ ~a\le -y) 


20 x? + 2ry +y? —2? 
eee BET, ae RC Te 
(x+y +z) 


ee eee 


99, ete e?+a2 Yar 93 a‘ —b4 ah -6 : 
“g-a «?-a?' 24a? * a? +6? —-2ab “a? +ab 
x+a x+b x+C 
ata bia ce) Sie Sata ee —a)(e —b)" 
3 1 1 ss 
so bah ag ace 
1 1 1 
CLE spar airman ey ome a) * ee —ay(e —b)° 
a a ‘ [ 8s nt 
af: (3 otac)t{s te —b)?J° 
28. a 05 yes 
Hpi 1 = Lé 
1 ~eil 
"a+ b 
xv —4r7+44%42 
Saal eraes err) 
Solve the equations : 
xz+20 x 10 iL 2 3 
Sh +16 e168 bet Leo 


33. 2 2 1 1 


Pa so be aoa 1 


35. 6 9 f 1 


Ga~oS =O Sad te oa 


c= 241 “as 
os e+e 'a%-@ 22-1 


gp, 322-42 +1__ Se 
* Qa%-24+4 On 45° 


af. oR oS leak ee 
36. 
38. 


40. 


2 1 2 1 


Rank ob. a 
(v +3)? 2+3 
+7 2@+3 2411 
+6 £252 “244 - 


a b 
«x -a 


10. 


=2. 
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EQUATIONS AND IDENTITIES. 


E, EQUATIONS. 
Example XI. Solve the equations : 


UE Lt Detesecsccsssssscdtesessssacenscaceosses (i) 
DUE ODI aN Mesto sees sees eceeeeb scent fececacues (ii) 
evita abl enseapseecrerpasctaccacsensestees (iil) 
If we eliminate z from (i) and (iii), we get 
3a + 5y =16. 
If we eliminate z from (i) and (ii), we get 
6a + 5y =22. 
Solving these last two equations in the usual way, we get 
i ee 


Substituting these values in the first equation, z =1. 
SPs ea tren 
We can check our result by substituting in one of the other 


equations. 


Example XII. Solve the equations: 
xc? +4? = 26, 
xt+y=4. 
These may be sclved by the method of Example X. p. 165, or 


as follows: 


Squaring each side of the second equation, 
x? + 2xey +y*?=16. 
Subtracting the first equation from this, 
2cy = - 10. 
Subtracting this from the first equation, 
xu? -2ey +y*= 36. 


(x -y)? =36. 
x-y=6or -6 
*. either x+y =4, or xt+y=4, 
x—-y=6, x-y=-6, 
giving xz=5, y= -l, giving es=-l1, y=5. 


x= 
Answer| vet 


This is called the symmetrical method, because we treat x and y 
alike. By the method of Example X. p. 165, we get rid of x and 
obtain an equation in y only, ¢.e. we do not treat x and y alike. 
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Example XIII. Solve the equations : 


Regard these as equations in and I and solve as simple 


simultaneous equations. Thus we regard the second equation as 


z y 
Atrae uf 1 
This gives .= 2, ae 1, 
nd x =4, y =], 
Example XIV. Solve the equations : 
2a etek Of os Le as naan caasters aaueasvassaaeaaet (i) 
WP EIA ae 1 == Aw cgecaaewancecceetcencssnanncecerse (ii) 


It will be noticed that every term on the left side of either 
equation is of the second degree in x and y 

Multiplying (i) by 4 and (ii) by 11, ant subtracting, so as to 
make the right-hand side 0, 


— 3x? -l5xy -18y? =0. 


Dividing by -3, x* + bey + 6y? =0. 
*, (t+ 2y)(x + 8y) = 
(A) Either w= -2y.. (B) Or «= -3y. 
Substituting in (ii), Substituting in (ii), 
dy? — 2y? + 2y? =4, 9y? — 3y? +2y? =4. 
~ 4y2=4, a Rs ROR 
~ Y= ore — 1. £2) 1 
“. since x= -2y, ‘ AF a a 
when y=l, oo .. since w= -3y, 
y=-1, w=2. 1 3 
when y=-3, c= -—53 
We can write these answers ‘ /2 v2 
as follows: x=+2, y= #1, x ok 2s 
it being understood that the beige. TP oon Be 
two upper signs are taken 
together and the two lower. 
x=1+2, +-%. 
Answer sve 
y = Bo, + * 
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EXERCISE XI. e.* 


Solve the equations : 


5 


10. 


13. 


16. 


19. 


22. 


25. 


28. 


30. 


82. 


181 


x+yt+z2=4. 2.e2+y-z=1. 8. © +2y -3z=0. 
w+2y+32=9. 24 +y +2=7. 38a +3y -2 =5. 
3a +y +42 =12. x -5y +32 =3. w -2y+2z=1. 
x+y =5. 5. 2 -y =2. 6. x on: 
y+z=4. y-z=-1. eZ 4 
w+z2=6. x+y+z=9. ~—-=3. 
cy 
Ie 1 hw Soe 
ney nek 8. as sadn 9. 2a ye 
Cae, ide tif Co eb 
a Y uv ¥ 
htpame 11. 22 +4? =58. 12. x? +y? =122. 
r “. x+y =10. x-y=10 
ny? -l. 
xt +y? =34 14. 7° +y° =65. 15. 2? -y?=7 
ay = —15 x+y =5. xw-y=l1 
x? —y3 =98 17. x? -xy -20y2=10. 18. x -2y =0. 
xe+ay +y?=49 x+4y =10. wv? —3y? =4., 
C= yi). 20. 2a -y =3. 21. 27 +3y =1. 
Qa*% -xy =6 xy =9. Qry + Ty? =3. 
4a -y =6. 28. 2a -y =2. 24. x? +y? =30. 
y? = 12x bil ay pad ay 
a4 

a? +2y2 =3 96. v2 -ay+y?=3. 27. Su? -ay =42. 
xy +y*? =2 day -y? =3. ay — by? = -2, 
a? -3aey ty? =4 29. 7 +4y? =41. 
xe? -y*=4 2x? — 3y? = 38. 

Lacan tht ag: Bie erent) S186 
eotite ts eae w-1 a+ 
100, 100 _ igi. 

ze «2-2 


* For additional examples, see E.P. 19, Nos. 21-30, page 251/29. 
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F. Taterat EQUATIONS. 


Example XV. Solve the equations: 
GD DY =Cu cecererraserercnsscnscesscesococoorens (i) 
px +qy =O. wre ccacuavacteesasdscnvessdeacess (11) 
Eliminating y in the usual way, 
aqx +bqy =cq. 
bpx +bqy =0. 
.. (aq —bp)x =cg. 


a Og 
* aq -bp 


In this particular example y is most easily found by sub- 


tituting in (ii). We get y= -—?-. 
stituting in (ii) get y ee 


cq cp 


Answer x a 


It is often simpler to find y in the same way as 2 was found, 
instead of substituting. 


Notation —If we have to consider, for example, several rect- 
angles of given size, we can take the lengths and breadths of 
them to be a,b; c,d; e, f, etc.; but it is often better to call 
thema,b;a’,b’; a", b" ; etc., inches, so that a, a’, a”, etc., inches, 
all stand for lengths and b, b’, b”, etc., inches for breadths. Or 
again, we may take a,, 6; ; ds, b,; as, bs; etc., inches. 

It should be noticed that a, a’, a’ are quite different numbers, 
and are not connected in any such way as a and a*. So 
1, Ay, dg are quite different numbers. 

For instance, instead of the last example, we might have 
solved the equations : ax +by =c, 

a'x +b'y =0, 
and the result (putting a’ for p and b’ for g) would have been 
cb’ ca’ 
ab’ ba” 9! Sante ta" 


These values of « and y cannot be simplified. 


t= 
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EXERCISE XI. f.* 


Solve the equations : 
1. x? +px+q=0. 2. x? +2px%+q=0. 
3. ax? +bx +¢=0. 4. (x +a)(a% —b) +(x -a)(x +b) =0. 
5. x4 —a*x? —b*x2 +a7b?=0. 6. (@ —a)(x —b) =(u -a -b)3. 
7. Find the ratio of x to y from the equation 
a(x +y) +b(x -y) =ax — by. 
8. Find the ratio of x to y from the equation 
(ax +by)(bx -ay) +(ax —by)(bx +ay) =0. 


Solve the equations : 


9. x+y=l1. LOS — os 11. ax +by =Zab. 
px+qy =r. ax +by =a? -b% ba -ay =b? -a*, 
12. ax =by. 150 oe 
. ; a b 
a’x+b’y=1. 
xy 
teal. 


14. Solve the equations : 
ax +by =c, 
a’x+by =c’, 
and use the results to write down the solution of the equations : 


4x +2y =8. 
3a —-y =4. 
Solve the equations : 
15. x+y =0. 16. y=mz. 17. y=max eds 
ax? +by? =a +b. y? =4ax. y? pet 
18. x+y =e. 19. ty 20; 20. x + ytyts =C(ty +ty). 
2 2 72 —r2 
et +ytart, BK Biri xy =c%. 


21. In the diagram on p. 118 (Fig. 18), in which CZ' touches the 
circle, it can be proved that 
BC ~PB ADO 
OA TOC. TA’ 
If BC=p, CA=q, AB=r, calculate TC and TB in terms 
of p,q, fr. 
22. The area of a washer of diameter 2a inches, the width of 
the washer being «x inches, is w{a?-(a@-«x)*}. If the area is 


= SS find the width. 


* For additional examples, see E.P. 20, page 251/30. 
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G, IDENTITIES, ETO. 
Example XVI. Prove that 
4b?c? — (a? — b? —c?)?=(a+b+c)(-a+b+c)(a—b+c)(a+b—-c). 


The first expression ={2bc +(a* —b? —c?)}{2be - (a? —b? -c?)} 
={a? —(b? - 2be +c?) }{(b? + 2be +c?) -a?} 
={a? -(b —c)?}{(b +c)? -a*} 
=(a +b -c)(a -b +c)(b +c +a)(b +c -a) 
=the second expression, 


Example XVII. Tt x-~=1, prove that 


1 
a — 4-4. 


=1(1+83), since x -3=1, 


Example XVIII. If 


We ee ey ee 
(w+2)(c+3) 2+2°2+3 
is an identity, and a, b stand for numbers, find their value, 
Multiply each side of the identity by (@ +2)(x +3). 
*, © +4=a(x% +3) +b(@ +2), 
*, ©+4=5(a+6)c +8a 42d. 
Since this is an identity, 
a+b=l1, 3a+2b=4, 
If we solve these equations we get a =2, b= -- 1, 


We can check this result by simplifying athe ones 1 
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Example XIX. Prove that 
a® +b8 +3 — 3abe= (a+b +c)(a? +b? +c? — bc —ca —ab). 


This is proved by multiplying out the second expression. 
The following deduction deserves notice. 
Ifa+b+c=0, then a?+b%+c?—3abe=0 or a? +b? +c? =3abe. 


EXERCISE XI. g.* 
Prove the identities in Examples 1-12: 
Tile beat ia achoh Awe = (ate »)(¢ ae +2). 
ba b a 
8. (b —c)(a +x) +(c -a)(b +x) +(a —b)(e +x)=0. 
4. be(b -c) +ca(c -a) +ab(a —b) =a*(b —c) +b%(c —a) +c2(a -b). 
5. (6 +c)? +(c +a)? +(a@ +b)? =a? +b? +02 +(a +b +c). 


bs are Ly fia le ay (faye 
6. a+, +3(a+2)=(a+2)- 7. ( yids ey aia rat 


1 ] 1] a 

See Hig=e) ty <M) LG Me ce)” 
YU+Z 2+Zz x+y = 

o ecyie oa)t yay =e) cele oy)” 


10. (6 +c)(c +a)(a +b)=(a +b +c)(be +ca +ab) —abe. 
11. (y +z)(y’ -2’) + (2 +x)(z’ -x’) +(@ +y)(x’ -y’) 
=(y’z — yz’) + (2a -—zu0’) +(x’y -axy’). 
12. (6 —c)(b +c -a) +(c -a)(c +a —b) +(a —b)(a +b -c)=0. 


13. Prove that (x -y)(x -z) +(y -z)?=(y -z)(y -x) +(z -z)*. 
What similar expression is equal to either of these ? 


14, If a +c =26, prove that sates =0. 
15. If 2s =a +b +c, prove that 
8? +(s -a)*+(s —b)*?+(s =c)* =a* +b? 4-03. 
16. If a+b +c =0, prove that 
a* +b*% +c? = - 2(bc +ca +ad). 


17. If x +2 =a, prove that x?+ “ =a? -2, 


2 2 
18. If « +y =0, prove that gtene 


* For some miscellaneous examples, see E.P. 21, page 251/31. 
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19. If 2s =a +b +c, prove that 
(s —a) +(s —b) +(s —c) -s =0. 
20. If a+b +c =0, prove that 
(-a+b+c)(a-b+c)(a +b -c) = —8abe. 

21. If xe? +y2%+z2%*=yz +2@ +axy, prove that 

(y 2)? +(2 -@)? +(@ —y)? =0. 
Show that this is only possible, if x, y, z are all equal. 
22. If X =z? -yz, Y=y? -2x, Z =z" -axy, show that 

XxX? - YZ =2(x> +y* +25 — 3xyz). 
Write down asimilar expression for Y? -ZX and Z* -XY. 


23. If oe =%, prove that aE 

24. Show that (y -z)? +(z —a)? +(x —y)? + 2(y —2)(z -2) 
+2(z -x)(x -y) +2(@ -y)(y -z) =0. 

25. If 2s =a +b +c, prove that 

(i) (s —6)(s —c) +(s —c)(s —a) +(s -a)(s —b) +s? =be +ca +ab. 


Fa 1 1 1 s 
ey) (s —b)(s ear —c)(8 =a) *(s -a)(s —b) (8 —a)(s —b)(s —c)’ 
(iii) b+c c+a a+b a? +b? +c® 


(s —6)(s —c) ‘(8 —c)(s -a) *( -a)(s —b) (@ -a)(s —6)(6 =)" 


In the following identities, A, B, C are numerical values. Find 


them. Check your results as in Example XVIII. p. 184. 


a6. (x Herd) eri ter 
ate ne a h@s" i +o 
at Gaps Tt a _: Orth este 
SU FERRE ma ss aETINe pH=s tai tea 
 & 
-- @ripeah*sc1tetea 
Be 
33 a WET dete oy tee 


REVISION PAPERS. 


A. 
(CHAPTERS I. II. III.) 


Some of the later papers of this set, eg. A. 20-A. 25, 
are rather difficult for a first course and can be used as 
revision papers when the pupils have reached a later stage. 
Such papers are marked with an asterisk. 

In the papers A.1 to A.25 it is assumed that letters 
stand for positive numbers only. 


Av. 


1. Give a general statement by means of lettcrs to include 
the following statements : 


4x 1? is a perfect squarc. 
4 x 2? ”? 9 
4 x th ”? 9 
2. If » is an odd number, n+2 is the next odd number. 
Show that this is true when n=1 and when n= 87. 
3. If x=5, y=1, find the values of 
(i) 3x. (ii) ay. (iii) 2a” — 6y. 
4, A boy was 10 years old 2 years ago ; how old is he now ? 
how old will he be in y years 4 
5. Write down (i) the square of 4a, (ii) the value of 2752, 
(iii) the value of 42?y—-2ay?. 
6. Simplify the following : 
3 2 " ras 
(i) at 3 . (ii) a®b? 55. 
187 


iF yi) 
iii) 1 -=. 
(iii) 7 
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A. 2. 
1, If «=6, find the value of each of the following : 


(i) a (ii) 42. (iii) 2? —5a. 


2. A and B start to meet one another from two towns 
8 miles apart. A walks uw miles an hour and B v miles an hour. 
How far will they be apart after (i) an hour, (ii) half an hour 2? 

3. Find the u.c.F. and L.o.m. of 32% and 62y. 

at eke Ort | z 

Simplify (i) Gay’ (ii) 32 ur 7, 

4. Express by means of brackets (without simplifyiag) the 
total area of two carpets, each x+y feet long and z feet wide. 

5. Simplify a(a —2b) +b(2a —b). 

Subtract a+b-—c from a—-b +e. 

6. If 3 Russian versts=2 miles, how many miles are equal 
to x versts ?~ Show that the answer might also be given as 


x miles - 5 miles. Use this form of the answer to turn 


42 versts into miles. 
A. 3. 
1, What is the perimeter of an equilateral triangle, each side 
of which is 2a ? 
2. If it costs 5 shillings to telegraph x words to France, 


what will be the cost of a telegram of 10 words? How many 
words can be sent for a shilling 2 


3. Give a general statement by means of letters to include 
the following statements : 


SE) 92 
5x2 5° 
FESRY Sy, 
8x2—8) 
DIX2 5 
Tix? tie 
4, Simplify (i) 243. (i) e+e (ii) 748, 
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5. Find the u.0.F. and L.o.M. of Ga*be and 8ab*c. Show that 
the product of the H.c.F. and L.c.M. is equal to the product of 
6a*be and 8ab?c. 

6. Multiply a—6b by c and a-c by b. Find by how much 
the first is greater than the second. 


A. 4. 
1. In Feb. 1917 the Food Controller allowed each person 
4 lb. of bread a week. How many pounds would a family of 
m people require for 5 weeks ? 


2. If x=3, what is the value of 


(i) 2-1), (i) 1-5 Sy, (ili) V2x?=2? 

3. What is the meaning of x-(y+z)? Which is the 
greater, x —(y+z) or x—y +2, if x, y, z are all positive? Give 
reasons. 

4, Add #3 —224+1, 22 -2+1, 22 -x+1. 

5. Multiply a—b by 3 and subtract the result from 4 times 

‘ato. 

6. If my yearly bill for The Times was x shillings when 
each copy cost 14d., what was it when the price was raised 
to 2d.? How much extra do I now have to pay ! 


A. 5. 


1. If a book is published at x shillings, the cash price is 
x 5 shillings. What is the cash price of a book published 
at 24s. ? 

2. During the summer months ordinary time is 1 hour ahead 
of Greenwich time. What is ordinary time when by Greenwich 
time it is (i) 3 o’clock, (ii) 9 o’clock, (iii) # o’clock ? What is 
Greenwich time when by ordinary time it is (iv) 8 o'clock, 
(v) 10 minutes past 5 o’clock, (vi) 10 minutes past © o'clock, 
(vii) y minutes past x o’clock ? 

3. A side of a square isa +b inches long. Express by means 
of brackets (i) the sum of the sides, (ii) the area, of the square. 
Do not simplify your answers. 

4, Multiply 2ab by 3ac and divide the result by abe. 
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5. Simplify (i) a2+3a?. (ii) a?+3a-a. (il) a-5: 

6. A man plants three potatoes to every square yard, and 
8 potatoes weigh a pound. How many pounds of potatoes 
must he buy to plant x sq. yd. ? 


A. 6. 


1. Criticise the following statement: “If the price of 1 Ib. 
of coffee is x, the price of 2 lb. is 2x.” 


2. Fill in the blanks in the following : 
Die no; 1h. DES ee: 
(i) eos (ii) te gon)! Ka 

8. Simplify (i) (x7 +a)+a+(x-a). 

(ii) 4(a? — 22 +1) +2(2? +27 41). 

4. A class of boys is told to work out examples 2, 5, 8, 11, 
14, 17, 20, ete., in a set of examples. Find a formula which 
gives these numbers. 

5. Add together 2?+1, 2+1, x2+2 and subtract the result 
from «3 +22? + 2x. 

6. A man has on one of his bookcases a books of one 
volume, 6 books of two volumes and c books of three volumes. 
Each shelf holds x volumes, and the books fill four shelves 
and partly fill a fifth. How many volumes are there on the 
fifth shelf ? 

A. i. 

1. If a rectangle is (v+1) ft. long and (# +2) ft. wide, the 
area is x2 +32+2 sq.ft Show that this is true when «=6. 

2 Find a formula giving all numbers that end in a 3. 

3. If ais greater than b, show that x —a is less than x —b. 

4, Subtract x -(y+z) from x +(y—2). 

Subtract (6? -2b)—b from (a? —2a)—a. 

5, If A sq. in. is the area of the base of a cone and h in. its 
height, its volume is 14h cu.in. What is the volume of a 
cone, if its base has an area of 60 sq. in. and its height is 1 ft. ? 

6. There are x passengers in a train, of whom 2y travel 
with half-tickets.. How many whole tickets will be needed 


to provide tickets for them all? Half-tickets are made by 
cutting whole tickets in two. 
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A. 8. 
1. Give a general statement by means of letters to include 
the following statements : 
24+2+42=3 times 2. 
5+5+5=3 times 5. 
113 +113} +11} =3 times 114. 
1-7+1-7.+1:7 =3 times 1-7. 
_2. Show that any number between 10 and 100 which is 
divisible by 5 is either 10x or 10x +5, where z is the ten digit. 


3. Prove that a xa?=a*4. Write down, without proving, 
the value of (i) a??—~a?, (ii) (a22)2. 
wee a eas cae oD re ke 
4, Simplify (i) 575° (ii) pe wah (iii) (5-;) 2. 
5. A man pays a bill of £« ys. with £(v+1). How much 
change does he get ? 


6. A man cycles uphill from A to B at 6 miles an hour 
and back again at 15 miles an hour. How long does he take 
if the distance from A to B is 10x miles ? 


Ald. 


1. Give a general statement by means of letters to include 
the following : 
What must be added to 3 to obtain 20? 20-3. 
What must be added to 5 to obtain 202 20-5. 
What must be added to 11 to obtain 20? 20-11. 


2. Show that £z is the same as 8z half-crowns. 
8. Simplify (i) l0ab--ab. (ii) 22-J. (iii) «*- (@*-1). 


4, Simplify «?(a —2) +x(x? +x” -—1) —2(x3 — 22). 

5. If a=3, what are the values of (i) 2a, (ii) a?, (ili) 3(a —2), 
(iv) a2 —4, (v) (4-2)? 2 

6. A clock loses x seconds an hour ; how many minutes will 


it lose in a week ? Use your answer to find how many minutes 
it loses in a week if it loses 5 seconds an hour. 
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A. 10. 


- 1, Three consecutive odd numbers are written down. The 
least is x; what is the greatest and what is their sum ? 


ie eg 32 eee 
2. Simplify (i) Soma (ii) poe (ii) se x) = +3 


3. State in words how you find the value of (i) x-3(y +2), 
(ii) (2 -3)(y +z). Do not try to find the value of them. 


4, Express by means of brackets the number of chests of tea 
in a cargo of x tons, if each chest weighs a lb. when empty, 
and contains 56 Ib. of tea. 


5. Which of the following are factors of 6b?c :—6b%c, 12b%c?, 3, 
6b3, 6b?, 6b3c3, 2b, 60b3c3, 24bc?, 3b¢ ? Which of them are 
common factors of 6b?c and 6bc? ? 


6. A man’s salary for his first vear is £180, and it is increased 
by £a at the end of each year. What will it be for his twentieth 
year ? 


po ig 8 
1, Show that x? + y? is less than (a +y)* when x =2 and y=5. 


2. The sum of the four angles of a quadrilateral is 360 degrees. 
If three of the angles contain 2, y and z degrees, find a formula 
for the fourth angle, using brackets. 


3. If a=4, b =4, find the value of (i) 2a, (ii) (25), (iii) 3a%8, 
(iv) a -(5 +9). 


4. Add together 26 —c, 2c ~a, 2a —b, and multiply the result 
by abc. ; 


5. 4 walks x ft. per sec., B walks (x —1) ft. per sec. They 
are standing 100 yards apart, and walk towards one another. 
How far will they be apart after half a minute? If instead 
of walking towards A, B had walked in the opposite direction, 
after how long would A have overtaken B ? 


6. The area of the whole of a country is # square miles, and 
of this the capital occupies @ square miles. In the capital 
there are 20,000 people to the square mile and in the rest 
of the country 500 to the square mile; what is the total 
population 2 ai sat é 


REVISION PAPERS 193 


A. 12. 


1. If x is an odd number, 24 is a factor of 23-2. Show that 
this is true when x =5. 

2. Write down (i) the square of 3ab?, (ii) a square root of 
25a*b?, (iii) the product of x? — 2a” and 322. 

3. Write down a formula giving all numbers divisible by 7. 
Also a formula for all numbers which are divisible by 7 after 1 
has been subtracted. 

4. The temperature rises at the same rate from 8 a.m. till 
noon. At 8 a.m. it is 50°, at 10 a.m. it is 56°; what is it at 
noon? If at 8 a.m. it is 2° and at 10 a.m. it is y°, what is 
it at noon ? 

ed , loabe  _.. 3a pare TCE Ck 

5. Simplify (i) TBabe’ (ii) a (iii) 5 +3: 

6. An estate contains a acres. On it are built 30 cottages, 
each with a garden. Each cottage takes b acres of ground 
and the garden c acres; the roads altogether take d acres. 
Express by means of brackets (without simplifying) the 
amount of ground that is left. 


A. 13. 


1. From the formula F = Wier) find F, if W =56, v=44, 
u=0, 9 =32, t=6. gt 

2. Multiply 10a2b* by 3a%b?, and divide the result by 6a‘)*. 
Express as a fraction in its lowest terms the result of dividing 
18xrz by 42 xyz. 


3. Write down (i) the square of 9a%*x?, (ii) the square of 
2 
a , (iii) a square root of 100m®n?. 


_ 4, In a right-angled triangle, one acute angle is x degrees ; 
what is the other ? 

5. A, B, C, D are four points in order on a straight line, 
such that AB=CD. If AD and BC are 22 and 2y inches long, 
what is the length of AC ? 

6. An author gets, for writing a book, £20 as soon as it is 
published and afterwards £,, for every copy after the first 
500. Express by means of brackets the amount he gets (in 
pounds) for x copies, (i) if « is less than 500, (ii) if x is greater 
than 500. 

D.P.A. N 
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A. 14. 


1. A set of numbers is written down. The first is 1 x2, the 
second 2 x3, the third 3 x4, etc. Write down the nth. 

2. The 3rd, 10th, 17th, 24th, 3lst days of October, 1915, 
were Sundays. Write down a formula which gives these days. 


3. Add together }(y+z-2), 4(z+2 -y), 3(v+y-2). 
Simplify x?(z?+%+1)-a(a?+a2—-1)+(2?-2x+1). 


Coed 
cea a sa, 

4, Which is the greater, 90 7! - 
ral, .. a a2 weed 1.26 
Simplify (i) Bs x ab. (ii) ee (iii) Be 

a 


5. Tea costs 2x+y pence a pound and coffee x+2y pence 
a pound. Express by means of brackets the total cost of 
5 lb. of tea and 3 Ib. of coffee. Also, by means of brackets, the 
change (in pence) out of a pound note after buying them. Do 
not simplify your results. 


6. A block of stone, a ft. long, 6 ft. wide, c ft. high, weighs 
wtons. Find the weight (in pounds) of a cubic foot of it. 


A. 15. 


1. Give by means of letters a general statement which 

includes the following : 

yi isthesameas Fy, of 3 or 3x. 
i »  proal Tor ‘TaeRK 
“a a yr of 18 or 18x. 

2. Subtract a —b -2c from a =(b —2c). 

3. A sentry starts from A and walks backwards and forwards 
between 4 and B, a distance of 80 yards. How far is he from 
A when he has walked (80n +15) yards, (i) when » is an even 
number, (ii) when » is an odd number 2 


4, What is the value of the square of 5 when «=3 ? 
Divide the square of 2a%b by the square of ab. 
5. What fraction with 100 as denominator has the same 


value as a $ How much per cent. does this fraction represent ? 
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6. A carriage has wheels of different sizes, the front wheels 
being 40 inches and the others 50 inches in diameter. How 
many times does a front wheel revolve while a hind wheel is 
revolving x times ? 


A. 16. 


1. Rewrite the product 99 x 23, putting 100 —1 instead of 99. 
Now find the value of the product. Express 99x in the 
same way. 


2. Write down the values of (i) 18a5b ~2ab, (ii) a square root 
of 49ab*c?, (iii) the u.c.F, of 6a? and 6abc, (iv) the L.c.M. of 
2x7, 2y? and 2xy. 

3. How many minutes are there between x minutes past 9 
and 12 o’clock ¢ 


4. A, B, C are three points in order in a straight line. AB is 
x —y inches long, AC is 2~+y inches long ; what is the length 
of BC? If x=2y, show that BC =4AB. 


5. Find the interest on £100 at r per cent. for 2 years. 
6. Give, by means of letters, a general statement to include 
the following statements : 


Twice the sum of the first 3 numbers =3? +38. 
Twice the sum of the first 4 numbers = 4? + 4. 
Twice the sum of the first 5 numbers =5? +5. 


Show that your statement is true for the sum of the first 
6 numbers. 


A. 17. 
1. The area of a triangle is 
1/(a+b +c)(b +¢—a)(c +a—b)(a +60), 

where a, b, c are the sides of the triangle. Find the area of a 
triangle, the sides of which are 5 in., 5 in., 6 in. 
2a+b a-—2b fad 2b -a 

Aas ai 12 Sm 

3. If a=2x-y, b=x-2y, prove that a*+6b?=65 when 
2=5,y=2. 

4, Multiply the sum of a and b by their product. Add three 
times the result to a? + 6’, and arrange the answer in descending 
powers of a. 


2. Add together 
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5. If,in a village, per cent. are males, what is the percentage 
of females? If the population of the village is a, how many 
females are there 4 

6. For the journey from London to Horsham a passenger is 
allowed 100 Ib. of luggage free, and has to pay 3d. per lb. on 
the rest. Find the charge (in pence) for x lb. 


A. 18. 


1. Under the Derby Scheme of 1915, men of the same number 
of years of age were placed in the same groups ; single men of 
ages from 18 to 40 were placed in groups numbered from 
1 to 23 respectively ; married men of ages from 18 to 40 were 
placed in groups numbered from 24 to 46 respectively. In 
what group was a man of age x years placed (i) if single, 
(ii) if married ? 

2. If «=3, y=1, find the value of 

: . 2 (it) g2aa® (iy) ZY. 
(i) w+y. (il) (w+y)*. (ili) a?7+y?. (iv) mae 

3. If a figure has x sides, the sum of its angles is 2a —4 right 
angles. Show that this makes the sum of the angles of a 
triangle equal to 180°. 

4. Simplify (i) 2 at (ii) @ +7 (iii) etsy (iv) eee 

5. A man buys a dog for £5 and sells it for £(5+a). What 
is his gain per cent. ? 

6. A box is a inches long, b inches wide, c inches high. Show 
that the area of the outside is 2(bce +ca +.ab) square inches. 


A. 19, 


1. The energy of a body which weighs W Ib. and has a speed 
of v ft. per second is measured by = Find the energy 


of a body weighing 1 cwt. moving at a speed of 20 ft. per 
second. (g=32.) 


2. Draw a rectangle a+b inches long and a inches wide. 
By dividing it into two parts, show that a(a +b) =a? +ab. 


3. Simplify a(a-—b +c) +b(a +b —c) +c(-a +b +0). 


4. ABCiis a straight line; D is the middle point of AC. 
If AB=x, BC =y inches, find AD. 2 
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5. How much per cent. is x ewt. of x tons ? 


_6. If each person eats ? Ib. of sugar each week, find a formula 
giving the amount of sugar (in cwt.) required for ” persons 
for a year of 52 weeks. 


A. 20.* 
1. In this century the first leap year is the year 1900 +4. 
a second 7s 1900 +2 x 4. 
3 third ; 1900 +3 x 4, etc. 


Include all such statements in a general statement. 


2. Show that 
(a —b)(c —d) =ac + bd — (ad + be) 
when a=10, b=8, c=5, d=3. 

3. The value of silver money is proportional to its weight, 
and 1 Ib. of silver is made into 66 shillings. What should be 
the weight of £x of silver? From your formula show that 
£33 of silver weighs 10 Ib. 

4, Which of the following are factors of 2ac? Which are 
common multiples of 2ac and 4c? ? 2, 6abc, 8a*c, 2c, ac, 4ac, 
c, 4ac?, 2a, 12a%c?x?, 8abc, 4a?c. 

2 ¢2 

5. Simplify (i) 2-4-2. Gi) 2 x4 (2 +2). 

ay tea eg a PON TS 

6. A hectare=100 ares. An are is a square, each side of 
which is 10 metres. Express A hectares in square metres. 
Express x francs per hectare in centimes per square metre. 


Ag2L 


1. Write down an algebraic formula which includes the 
following statements : Da 8 
(i) 35 shillings per cwt. is the same price as ( 14 4 +3) 
pence per lb. 64742 
(ii) 67 shillings per cwt. is the same price as ( 14 2 +6) 
pence per lb. ee ew 
(iii) 94 shillings per cwt. is the same price as ( id Ey +9) 
pence per lb. 
Do not prove the truth of these examples, but prove that 
the formula you write down is true. 
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2. In a tennis match between A and B, the scores of the 
three sets are 


4 | 6 | 3-2 | 6 


B | x+y | 6 bh vy 


By how many games does A defeat B ? 


. j gi2 3 q 8 3 
3. Simplify (=r) ~+(5) 
4, A road rises steadily x feet per mile of road; how many 
inches does it rise in 100 yards ? 


5. What is the perimeter of a rectangle of area A sq. in. 
and length / in. ? 


6. In using a screw-driver, I find that x complete turns 
are needed to drive a screw through a 2-inch plank. Through 
what distance will the screw-head advance when the screw- 
Criver is turned through an angle of 120° ? 


A. 22.* 


1. The fines for returning books late to a library are half-a- 
crown for any time during the first week and one shilling a day 
afterwards. Give a formula for a fine on a book returned 
x days late. (x greater than 7.) 


2. Simplify a(y—1)+y(#-1) +2y(> +7). 
2 
3. Multiply the square of 6ab by the square root of on 


and subtract a3b from the result. 


4. Through how many degrees does the hour hand of a 
clock turn between # minutes past six and # minutes to 
seven ? 


5. A tank, x feet long, y feet wide, contains water to a 
depth of h feet. The water is drained oft into an empty 
tank, a feet long, 6 feet wide. Find the depth of water in the 
second tank. 


6. A man pays fx entrance fee and £y a year subscription 
for membership of his golf club ; in the first q years he plays 
k games ; what is the average cost of each game ? 
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A. 23.* 


1. The following table shows the fee required for registering 
a letter and the corresponding limit of compensation allowed : 


Fee in pence -{2]3{4]5|6|7|s8|9]10/i] 12/13] 1 


Compensation in £ | 5 | 10 | 20 | 30 | 40 | 50 | 60 | 70 120 


80 | 90 | 100 | 110 


(i) Write down a formula for the limit of compensation 
allowed when the fee paid is x pence, where z is a whole number 
not less than 3 nor greater than 14. 

(ii) Write down a formula for the fee that must be paid to 
obtain compensation up to £10y, where y is an integer less 
than 13. 


2. Simplify 4a + 3a -a, and divide the result by 4. 
3. Fill in the blanks in 


S fy be bs 
(i) ae (ii) ares (ill) aire 

4. ABCD is a straight line and B is the mid point of AC; 
AB =2x+y inches, BD =3x -y inches ; find the length of CD. 


5. The edges of a skeleton cube are made from a wire 
zx inches long ; what is the volume of the cube ? 


6. A box containing 12 golf balls weighs x lb., and when 
empty weighs y 0z.; what is the weight of a golf ball in oz. ¢ 


A. 24,* 


1. The rates for letter post were: not more than one ounce 
1d., more than one ounce and not more than two ounces 2d., for 
each additional two ounces 4d. Find the cost of a letter 
weighing x ounces, where x is an odd integer, greater than 
unity. 

2, Simplify aoee 

sass 

3. Find the t.c.m. of 12, 2a, 9a%b, ab?. 

What is the least expression this L.c.M. must be multiplied 
by, in order to make the result (i) a perfect square, (ii) a 
perfect cube ? 

© Y 4, 


4, Ifx=a+2b, y=3a —b anda =26 =6, prove that 5 m= 
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5. A line AB is 4x inches long ; a circle centre A, radius 3x 
inches, cuts AB at P; acircle centre B, radius 2x inches, cuts 
AB at Q; what is the length of PQ ? 

6. A train is travelling x miles an hour, when the brakes 
are put on; these reduce its speed by y miles an hour every 
second. After how many seconds will it stop ? 


A. 25.* 


1. Draw two figures composed entirely of straight lines, 
such as the three given figures. Write down for each of the 
five figures, (1) the number of compartments, (2) the total 
number of corners, (3) the total number of edges; arrange 


Ex , x gb 


Fra. 23, 


your results in tabular form. Suppose any such figure to contain 
x compartments, y corners, z edges; by examining your table, 
discover the simple formula that connects 2, Y, 2. Verify it 
from a new figure containing at least four compartments. 


2. Subtract (i) 2a—3(b —c) from 5a + (6 +c). 
(ii) 2a? from (22)? 

Say 2503 a 

1292 Say ° (ii) x 100° 

4, An inland telegram containing 12 words or less costs 9d., 


each additional word costs 4d.; find the cost of a telegram 
containing x words, where x> 12, 


5. A box is x feet long, y feet wide, z feet high ; what length 
(in feet) of cord is needed to bind it once round in each of the 
3 directions, allowing 1 foot extra for knots 2 


6. Two metre rules are divided into a and b equal parts 
respectively ; they are placed side by side so that the tenth 
points of division in each coincide. What is the distance in 
cms. between their extremities 3 


3. Simplify (i) 


REVISION PAPERS 201 


B. 
(CHAPTERS I.-VII.) 
BI. 


1. The temperature at 9 a.m. is a degrees and at 9 p.m. is 
b degrees. How many degrees has it risen ? 

Substitute a=10, b=8 in your answer. Substitute a= —5, 
6 =2 in your answer. 


2. If a third-class railway fare, at a penny per mile, from 
A to B is 2a shillings and sixpence, what is the distance of B 
from A? What would the second-class fare be at 14d. per 
mile ? 

3. Simplify 

Peaks) san ee 74 a 372 
(i) 5 x 10. (ii) 5 xab. (iii) r-- 3° (iv) af 22. 

4. Simplify 2(x+y) —4(x-y). 

Multiply 6-a by —ab, and subtract the result from a? — 63, 
Give your answer in descending powers of a. 

5. Express the following statement in the form of an 


equation, without simplifying: The difference between the 
squares of two consecutive whole numbers is 39. 


6. Solve the equation «=2(12 —2x), explaining each step. 
Check your answer. 


B. 2. 


1. The base of a triangle is 2x inches and the height 1-7z 
inches ; what is its area ? : 

2. What are the values of (i) 3+(-5), (ii) (—5) +3, (iii) 
1-3( 2); (iv) (6) 22 

3. Express the following statement as an equation, in two 
forms, (i) as a relation between quantities, (ii) as a relation 
between numbers. Do not solve the equation. A journey of 
150 miles takes me 5 hours ; I travel a part of the distance in 
a train going at 40 miles an hour, the rest in a train going at 
25 miles an hour. 


4, Solve the equations: 7x-5y=4. 
y=2(x-1). 


202 ALGEBRA 


5. By means of a diagram show the changes in the value 
of 3 —2z, as x changes from —2 to 3. For what values of x 
between —2 and 3 is 3-22 negative ? For what other values 
of x, not shown on the diagram, is it negative ? 


6. ABCD is a rectangular enclosure; AB=50 yards, 
BC =40 yards; P is a point on AB 10 yards from A ; find a 
point Q on BC, such that the distance of P from @ wa B is 
half the distance of P from Q via A, Dand C. 


B. 3. 
1. By how much per cent. is 52 greater than 4x ? 
eee ee 2 
ao pimplife Ghee hy oe Gl) 
2ab 2a 1 1 
3+] oa 


3. If the radius of the base of a cone is r inches and its 
height A inches, the volume may be taken as 32rh cu. in. 
Find the volume of a cone, if the radius of the base is 4} in. 
and the height 10 in. 


4. (a+b)? =a*+2ab+b6?. Show that this is true (i) when 
a=1, b= —2, (ii) when a=0, b= -8. 


5. The following table gives the number of shipbuilders in 
evcry 1000 out of work during the different months of the 
year. Represent this information graphically; state the 
month in which (i) it is least, (ii) it is greatest. Explain roughly 
how it alters. ss 

Jan., 80; Feb., 68; Mar., 61; Apr., 63; May, 60; 
June, 62; July, 61; Aug., 68; Sept., 4 . . 
Nov., 99; Dec., 98. : a esa ecmnaaks 


6. A tank which holds 900 gallons is filled by two pipes, one 
of which can supply 40 more gallons per minute than the other, 
When both pipes are turned on, the tank is filled in ten minutes 
How long would the smaller pipe take to fill the tank by itself 2 


B. 4. 


1, Find (in shillings) the Simple Interest on £2 for a month 
at 5 per cent. 


REVISION PAPERS 203 


2. What is the reciprocal of ' 

(i) a, (ii) = (iii) e (iv) 1+? 
_ 8. Write down the value of (i) 1-5, (ii) -a +4a, (iii) a —4a, 
(iv) -a-—(-—4a). 

4, A workman works a hours every morning and } hours 
every afternoon for 5 days in the week, c hours on Saturday 
morning and takes a holiday on Saturday afternoon. If a 
full week’s work is 54 hours, express by means of brackets the 
number of hours he loses each week. 


5. Solve the equations : 

(i) 3(7 —a) +2(5 -x)=1. 
(li) Te+y= 9. 
x+Ty=15. 

6. A first-class and third-class ticket from Horsham to 
Henfield are 1s. 10d. and 1s. respectively ; to Lavant 5s. 4d. 
and 2s. 8d. ; to Bexhill 7s. 10d. and 4s. Which of these satisfy 
the rule that if third-class fare is vs., first-class is 2vs.? Which 
satisfy the rule that if third-class fare is wxs., first-class is 
2as. —2axd. ? 


B. 5. 


1, A right angle is divided into two parts. One part is 
(45 +x) degrees ; what is the other ? 


2. If the average death rate for the United Kingdom per 
1000 is 14:8, write down (using + and —) how much the 
following are above the average : Hampstead 10-8, Shoreditch 
18-4, Greenwich 13-2, Wandsworth 10-9. 


3. Add together 1-22 +2? and 2x?-wx-1, and subtract the 
result from 3x —2. 

4, If 24 + y =z, what is the value of x when y=1 andz=7 ! 

5. Express the following statement in the form of an 


equation. ‘I cycle for 2 hours, then increase my speed 2 miles 
an hour for half an hour, and altogether I have gone 24 miles,” 


6. A first-class ticket costs ad. per mile and a third-class 
yd. per mile. What will be the cost in shillings of 3 first-class 
tickets and 1 third-class from London to Carlisle (300 miles) ¢ 
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B. 6. 
1. Show that (2a + 2b)? =4(a +6)?. 
Express eal as the sum of two fractions; also ly - as the 


sum of two quantities. 

2. A penny weighs 4 oz., a halfpenny 1} oz. What is the 
weight of (i) x shillings’ worth of pennies, (ii) a shilling’s worth 
of coppers, n of which are halfpennies ? 

3. Multiply a—b—c by —6, b-c-a by -c,c-a-b by -a 
and add the results. 

Divide a*hc +ab*c + abc? by - abe. 


4, Solve the equations : 

(i) x(a -3) +5 =a(7 +1) -2. 
(ii) 5a —-12y=1. 
e+y=7. 

5, The duty on a bottle of wine is trebled, and this increases 
the cost of a bottle from Is. 9d. to 2s. 2d. If the increase in 
the cost of a. bottle is the same as the increase in the duty, find 
how much the duty was at first. 

6. If the sum of two numbers is equal to twice their differ- 


ence, prove that their product is equal to three times the 
square of the smaller number. 


Beas 

1. The temperature of the air is taken every two hours for 
a day, and the results are given below. Plot these values, and 
draw a smooth curve through the plotted points. Describe 
the way in which the temperature changes, and give to the 
nearest hour the time at which it is highest and lowest. 

12 2am. 4 6 8 10:12 2 p.m.n4: 62018 PSIG 

be, 51s BL, bbs 0Gli CR? Lars 73 69 60 56 

2. What are the values of 3 — x when x = 1,2,3,4,52 What 
are the values of (8 -~)? for the same values of ot 

2x -7 1 


3. Solve the equations : (i) 9 tt=5- 
woh oritul th 
() T2710" 
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4. A parcel is just small enough to go by post if 1+¢=6, 
where / is its length and c its girth, in feet. What is the 
greatest girth of a parcel, if its length is 2 ft.? What is the 
greatest length of a box, the end of which is 9 in. square ? 


5. If three-fifths of a number is 36, what is the number ? 


6. The energy of a moving body, weighing W lb., which has 


’ 52 
a speed of v ft. per sec., is measured by lass If a body 


weighing 56 lb. has its speed reduced from 20 ft. per sec. to 
10 ft. per sec., how much energy does it lose ? 


B. 8. 

1. A stone moves 5x +22? ft. in x seconds. How far will 
it go in (i) 3 seconds, (ii) 4 seconds, (iii) the fourth second ? 

2. Plot the values of 2+3a from x= -4 to x=0. How 
does the value of 2 + 3x change as x increases from —4 to 0 ? 

3. Divide x? -2a2 by x Divide —2?+2x by —x. 

rel —72 1.9 

Show that =—-* _—#° +, 

4, What is the value of x? —{a(2x-3)-7}? Express the 
answer in ascending powers of x. 

5. Solve the equations: (i) 0:2a+1-5=2-2. 

(ii) x=2y, 7x —9y =55. 

6. A boy buys 15 dozen papers at 8d. a dozen. He sells 
some of them at a penny each and sends back the rest, getting 
7d. a dozen for them. If he gained 3s. 6}d., how many did 
he sell ? 


Is Y—* the same as aad 
x = 


B. 9. 


1. If a ship has unloaded ; of its cargo, how much remains ? 


Can a and 6 have any values ? 
yee ere, Pray eat ele 
2. Solve (i) 3 +5 =2. (ii) OE: (iii) el ari 
3. A boat is sailing at x miles an hour against a current 
flowing at'y miles an hour. How fast is it advancing ? What 
does this become if x=4 and y=6? Explain your answer. 


ee) 
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4. Subtract d from a+(n—-1)d. 
Add a+dtoa+(n—-—2)d. 


5. The census has been taken every tenth year, viz. in the 
years 1801, 1811, 1821 ...1911. Give a formula for the census 
years. 

6. If the telegraph posts at the side of a railway are 60 yd. 
apart, and a train passes x each minute, show that its speed 
is roughly 22 miles per hour. 


B. 10. 


1. The height of the water at a post above mean sea level 
is +16 ft. at high water and —10 ft. at low water. What is 
its height when half-way between high and low water ? 


2. Rewrite 38x {, putting 1-3 instead of 3. Use this to 
find the value of 38x. By putting x instead of 38, show 
thab any number can be multiplied by 7 in this way. 

217\2 217 
as Bh | 

3. Is ( a4 i) greater or less than 344 

For what values of x is x? less than x 2 

4, Subtract x -(y+z) from (x+y) —z. 

Subtract 3 —5a +2? from 222-2 -2. 


5. For a parcel of any weight up to 1 Ib. the postage is 3d. ; 
from 1 Ib. up to 2 lb., 4d. ; from 2 Ib. up to 3 Ib., 5d. ; from 
3 Ib. up to 5 lb., 6d. Draw a graph giving the postage for any 
weight up to5 1b. Show that if it weighs exactly 2 lb., you 
cannot tell the postage from the graph. 


6. The hour hand of a clock is half the length of the minute 
hand, and its tip moves through 2 in. every hour ; how many 
feet does the minute hand move through in x hours ? 


BU: 


1 A is a inches east of O, B is b inches east of O. Find 
how much B is east of A. Substitute a=7, b=5 in the result, 
and explain your answer. Substitute a=-2, 6 =3, and 
explain your answer. 

eg lt We -l, (b=2, find the value of (i) a, (ii) 2a-8, 
(ili) ee 
Simplify $(2x —3y) —}(a-y). 
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3. Draw a graph of 2° for values of x between -4 and 4. 
From your curve read off the values of 2-6? and /40. 
__ 4. Show that 27 guineas is the same as £28 7s. Show that 
if x guineas is the same as £(x +1), ys., then y=x — 20. 
x 
200-2 5° 
(ii) Explain why you cannot solve the equations : 
6x —-8y=5. 
9x —-12y =73. 
Also explain why you cannot solve 
6x —-8y=5. 
9x —-12y=8. 
6. A bookseller takes off a quarter of the published price for 
eash. At what price must he publish a book so as to get 
6s. cash for it? 


5. (i) Solve the equation : 


B. 12. 

1. If 1 inch =z mm. and 1 mm. =y inches, show that xy =1. 

2. The following table gives the minimum temperature in 
degrees Centigrade for each month of 1914 in London. Plot 
these graphically. Also write down the increase in the 
minimum from each month to the next. 

Jan. —6-7 Apr. —0-2 July 8-9 Oct. 1:5 

Feb. —1-6 May 3-1 Aug. 7-9 Nov. -—0-2 

Mar. —2°3 June 4-6 Sept. 1-0 Dec. —2-2 

3. Find the u.c.F. of 16abc? and 24a*bc. 

1 16abc? 


q ; : 
Add l6abc? and 24.a?bc" Simplify 24a7bc' 


4, When it is x o’clock at Greenwich it is (« + i) o’clock by 


local time in longitude / degrees east (so long as x + is is not 


greater than 12). What is the time in Bombay (long. 74° E.) 
when it is 4 p.m. at Greenwich ? Use the formula to find 
the time at Bombay when it is 10 o’clock at Greenwich. 
Explain your answer. 

5. By means of brackets show that to multiply a number 
by 22 is the same as to add j,th of the number. 
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6. Solve the equations : 


ate tele Tz 5 
() 15-6 ~3° 
etal 3 62 9 
(ii) Bt 2y-S=2+54+8=— +8y +5. 
B. 13. 


1. The charges for parcels by passenger train between 
London and Hastings are given below. Find a formula giving 
the charge for n lb. (n not greater than 10). 


Weight | 2| 3 4 5|6/7| 8 | 9 | ol. 


Charge |4|5 6|7/ 8 9] 10/11 | 12 pence. 


2. Multiply 22?+ay-y? by —2, and subtract from the 
result — y(x? +ay —2y?). 
3. Express as equivalent fractions with the same denominator 
: eey , @+b a+b 
(yale ae (il) pe et ha) 
4, The real weight of a body is A gm. and the error made in 
weighing it is not more than a times its weight. Between what 


two values does the incorrect weight lie ? 


What are the answers if a= 1, ? 


5. Solve the equations : 
(i) 2(v +5) -§(@ -2) =}. 
(li) y=204+5, y=a -7. 


6. The perimeter of a semicircular area is 8 in.; find its 
diameter to the nearest tenth of an inch, 


B. 14, 


1. Explain the difference between 35 in Arithmetic and xy 


in Algebra when =3 and y=5. Also the difference between 
23 and az when a =2, z=3. 


_ 2. The expression az+b is equal to 2-9 when x=7, and 
is equal to 7-1 when x=14. If a and 6 are constants (see 
Glossary), find their values. 
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3. Coal costs £x per ton. At this rate how many pence 
would be paid for 14 Ib. ? If the selling price is 25 per cent. 
more than this, what is it 2 


4, In an experiment in Mechanics the formula a = 7 rel is 
used. Find F if W =900, w=100, g =980 and a=70. 


, ; -, 8x3 — 6x? Vs b 
5. Simplify (i) 5 —- i) sapomesost 


6. In the House of Commons, 378 members vote, and the 
Government has a majority of 62. How many voted for 
the Government ? 


B. 15. 


1. Find the value of (i) 3a, (ii) x, (iii) 323, (iv) (3x)? when 


4=2. 


2. A ship starts from O and steams 8 miles an hour due E. 
in a current which flows E. at 3 miles an hour. What is the 
speed at which it is moving eastwards ? After 2 hours it turns 
round and steams at 8 miles an hour due W. What is now 
the speed at which it is moving eastwards? How far will 
it be E. of O x hours after leaving O if x is greater than 2? 
Substitute 7 for x in the result, and interpret your result. 

3. A cask containing 6 gallons of cider weighs 78 lb. The 
same cask containing 34 gallons weighs 53 1b. Find the weight 
of the cask. 


4, Solve the equations : 
(i) 0-25a —0-4(a —3) =1-02. 


(ii) 32 -10y = -19, mee 


5. A quantity of an alloy of copper and tin weighs 112 Ib. 
Another alloy is made which contains } less copper and 
_ i less tin, and weighs 821b. What fraction of the first alloy was 

tin ? 

6. The top and bottom marks of a form are 125 and 34, and 
these are reduced to 100 and 50. Represent graphically the 
relation between the reduced and unreduced marks. If 
the reduced mark corresponding to an unreduced mark 2 is 
_ax+b, find a and b. Show that this result agrees with your 
graph when 2 =90. 


D.P.A, 0 
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B. 16. 


1. The following table gives the sizes of copper wire and 
their diameters in inches : 


Size - ete. 


a is a Haga er 


Diameter | 0-001 | 0-002 | 0-003 | 0 004 | 0-005 | etc. 


What is the diameter of a wire of size 13 2? of size n 2? 


2. What day of the week is the (7n+4)th day after a 
Sunday, if n is a positive integer ? 


3. The following table gives the number of South Wales 
miners (in thousands) absent from work on each day for a 
fortnight : 


Mon., 16; Tu., 13-4; Wed., 11:55; Th., 10-9; Fr. 9.8; 
Sat., 11-3: 

Mon., 17-5; Tu., 14:1; Wed., 12-4; Th., 11:3; Fr., 9-9; 
Sat., 11-2. 

Plot these numbers, and explain how they change each week. 


4, Fill in the bracket in the following identity: 
2x -3 = 2( )+1. 


5. If a= -2, b= -1, c=0, find the value of 
(i) (a—b) —-(a—c). 
(ii) (a-b)2 -(a—c)2. 

6. The Food Controller in Feb. 1917 allowed per week to 
each person 4 lb. of bread ; instead of any part of the bread 
three-quarters of its weight of flour might be used. If a 
man’s allowance weighs 3? lb., how much bread does he have 2 


B.17. 
1, The number of which 
the ten digit is 3 and the unit digit 5 is 3x 1045. 
9 »  & S 5 7is4x10+7. 


»” » 2 »” ” 9is 2x 10 +9. 


Write down a general statement to include all such state- 
ments as these. 
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2. Subtract ee from = . From your answer show that the 


second fraction is the greater if x is greater than 1. 


3. The product zy is constant. If y=14 when x =21, what 
is the value of y when x=3% What is the value of x when 
y=3 ? 


4. If a stone is thrown up with velocity wu ft. per second, its 
height after ¢ seconds is wt—16?. If w=80, find its height 
after (i) 5 seconds, (ii) 6 seconds. Explain the answers. 


5. Using the formula of Question 4, find the velocity with 
which the stone is thrown up, if it is at the same height after 
4 sec. and after 6 sec. 


6. If a railway cutting x ft. high is faced with a brick wall, 
the thickness of the wall is (2 +3) ft. for walls less than 
18 ft. high and (F -3) ft. for walls more than 18 ft. high. 


Draw a graph showing the thickness of the wall for values 
of x between 6 and 40. 


B. 18. 

1, If a ship is Z ft. long and B ft. broad, its tonnage, accord- 
oe 2 

ing to the formula, is sf ee . What is the tonnage of a 


ship 100 ft. long and 24 ft. broad, to the nearest whole number ? 


2. Find the u.c.F. of 12a2b? and 18abc. 

What is the n.o.F. of 12a2b? and 18abc when a=1, b=2, 
c=21 

3. What is the value of (i) (a —6)?, (ii) (b -a)* when a= —2, 
b= -5? 

Simplify (a —5) +(b —a). From your answer show that if 
the value of a —6 is x, the value of b-a must be —2. 


4, Solve the equations : 
ih: & ae Ba | 
(ii) i hire ; lla -9y =20. 


5, A train arrives at x o’clock and is y hours late. If it had 
been (y +1) hours late, when would it have arrived ? At what 
time was it due? 2 is less than 12 and greater than y. 
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6. The following table gives the normal weight of men of 
various heights. Plot these values and draw a smooth curve 
through the plotted points. 


Height .| 62 | 63 | 64 | 65 | 66 | 67 | 68 | 69 | 70 | 71 | 72 in, 


Weight -|126) 133 139| 142 145 178 1b. 


148 | 155 | 162 | 169 | 174 


By drawing another graph, find roughly the greatest error 
in taking the weight of a man of height x in. to be (5x — 182) Ib. 


B. 19. 


1. If a hemp rope, C inches in circumference, will carry a 
load up to W tons, W =0-25C?. Show that C =2/W. 


2. A gardener draws a roller x feet wide at p miles an hour. 
How long will he take to roll half an acre of grass ? 


3. The temperature is taken each morning for a week as 
follows: Sun., —10°; Mon., —6°; Tu., 3° + Wed: 02% 
Thurs... 3) Er., O°: Bak. —T°-C.” ifindthe average for 
the week to the nearest whole number. State how much each 
of these temperatures is above the average for the week. The 
average for the month is —1°C. State how much each of 
these temperatures is below the average for the month. 


4. By means of brackets show that to multiply a number 
by $, one can multiply it by 2 and subtract a tenth of the 
result. 

5. Add a*-a-1 and 1-a-a?: subtract 1-a—a2 from 
a®?—a-—l. Multiply the two results. 

6. A man would pay the same income tax whether he paid 
1s. 6d. in the pound on all his income above £130 or Qs. in the 
pound on all his income above £160. Find his income. 


B. 20. 


1. If an inch of rain falls, the weight of water that falls is 
100 tons per acre. If there is a fall of x tenths of an inch, 
what is the weight per sq. mile? 1 sq. mi. = 640 acres. 


2. Solve the equation : 
L-2e¢ 3x+1 5r-1 
Gwe a4 xd wk 
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3. If 24 +3B=21 and 7A —4B =1, show that 3A +5B=24. 


4. Remove the bracket from 2ry(3a?y — 42xy?). 
Express 36a%b —18a7b? +36ab* as a product, by means of 
brackets. 


5. Show that 4a is greater than 3a, if a=2, but that 4a is 
less than 3a, if a= —2. 


6. A man has 22 min. to get to the station, a distance of 
two miles. If he takes a motor bus which travels a mile in 
8 min., at what distance from the station can he get out and 
walk, if he walks a mile in 16 min. ? 


B. 21.* 


1. The following table shows the distance in which trains 
travelling at various rates should be capable of being stopped 
by the brakes : 


Speed of train, in miles) te | bs 
per hour ! i 30 | 35 40 | 45 50 55 60 
Distance travelled before ; <, 

sine meepeds an | 135 | 176 | 223 | 275 | 333 | 396 


Exhibit this graphically ; and find the greatest speed of the 
train which can be stopped in 200 yards. 


2. If x= —1, y= —3, find the values of 


(i)(l—a)?. (ii) wy? (iii) dees 
Cee | 
os Solve OR TOS =], 


4, If y=ax+b, where a and 6 are constants, and if x=4 
when y=1 and x=7 when y=7, find the values of a and 6; 
find also the value of « when y =0. 


5. An oak beam, supported at the ends, will just carry at 


2 
the middle a load of te ewt., where b, d are the breadth 


21 
and depth in inches, / the length in feet. What is the greatest 
load that such a beam 12 ft. long, 1 ft. broad and 18 in. deep 
will carry ? 

6. A circle is inscribed in the triangle ABC, touching BC, 
CA, AB at X, Y, Z; BC =5, CA =4, AB=7;.use the fact 
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that the two tangents from a point to a circle are equal to 
calculate AY and BX. 


B. 22.* 
1. (i) Subtract 1 - (a —b) from a —(1 -6). 
(ii) Divide ( — 6ab?)3 by 3a*b?. 
2. (i) What number exceeds 23 by the same amount that 
23 exceeds 17 ? 
(ii) What number exceeds a by the same amount that 
a exceeds b ? 


3. A lift starts from the ground floor, ascends z floors, 
descends y floors and finally ascends z floors; each floor is 
12 feet high ; how high is it now above the ground ? 


4, (i) Find a value of x that makes 4(2 — 11) equal to x-1. 
(ii) What values of a, y make the expressions x + y, 5(2a —y), 
x+2(y—1) equal ? 


5. A heavy uniform beam AB, of length 2a inches, is 
supported at its ends. C is the mid point of AB and P is any 


A B 


Fia, 24, 


point on AB, x inches from C. The height, y inches, of P 
above C is given by y=ka?(6a? — 2), where k is a constant. 
If D is the mid point of BC, comyare the depths of C and D 
below B. 


6. A chain is composed of » circular links, each of which is 
d inches in external diameter and is made of material 4 inch 
thick. What is the total length of the chain, when taut ? 


B. 23.* 


1. The following table gives the relation between the velocity 
of the wind and the pressure it exerts : 


Speed of wind, in ‘ re 

rifles per hous fphs| 201] 20) 80 +40 | 60 | 70 | 80 | 100 
Pressure, in lbs. 

Sat foot te Py 0°12 | 0-49 | 1-97 s43 787 7241/31 49-2 
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Represent these facts graphically. 

if the wind blows at not less than 50 miles an hour, it is 
said to be a “storm”; what is the least pressure exerted by 
the wind in a storm ? 
oS Spal 
3x 4x .60° 
3. Simplify (i) 2a(a% —3x?) —x?(1 - 22x) -(-2z2)*, 
4r—2y 9y-x 

oe 3y 


2. Solve the equation: 


(ii) 1+ 


4, (i) Multiply the reciprocal of es by 2x. 
(ii) Find a square root of the product of 12zy? and 32°. 


5. If 7 is the tonnage of a vessel, J ft. its length, B ft. its 
ed 2 

breadth, 7 = esas Make L the subject of this formula. 

6. ABC is a triangle; a circle, centre A, cuts AB, AC at 

P,Q; acircle, centre B, radius BP, cuts BC at K ; a circle, 

centre C, radius CQ, cuts CB at H; BC =x,CA=y, AB=z in. 

Calculate the length of AP (i) if HK =4BC, (i) it H coincides 


with K. 


B. 24.* 


1. (i) Subtract a -1 from 1 —a. 

(ii) Multiply the sum of 322-22+1 and 2?+%+2 by the 
excess of 2(z —1) over x —2. i 

2, Simplify (i) (ab)?-(-ab)%. (ii) “55 a. 


; Or x-y—-2 
3. Solve the equations: a xt =51 ee 15 


4, (i) If 3a+2b-c=7, what is the value of b when a=2, 
c= +14 

(ii) If 5¢+2y=47, what is the least integral value of x 
which makes y a negative integer ? 

5. The tangents at two points P, @ of a circle meet at 7'; 
H is a point on 7'P; the other tangent from H to the circle 
touches it at N, cuts 7Q at K; TH=5", TK =6"; HK =3". 
Calculate HN, using the fact that the tangents from a point to 
a circle are equal. 
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6. Three loops of string are made once round a box in the 
three different directions: their lengths are 7”, 9”, 12”; find 
the volume of the box. 


B. 25.* 


1. One sort of candle burns for 2x hours and another sort 
for 3x hours ; how many candles of the first kind will last as 
long as y candles of the second kind, if I used one at a time 
in each case ? 


2. Simplify 


(i) — a far +58. (iii) (32)8+(-22)%, 


3. If 3e+4y=1, 2x -5y=16, ax —4y =2, find a. 


4, ABC is a triangle such that AB=4z, BC =x, CA =52 
inches ; D is a point on BC such that BD=}3DC; find how 
much longer it is from A to D via C than from A to D via B. 


5. In a factory, 340 people are employed. The men are 
paid 4s. 6d. a day and the women are paid 3s. a day; the 
total wages amount to £60 a day. How many men are 
employed ? 


6. One end A of a light rod of length J inches is built into 
a wall and a weight is suspended from the other end. The 
consequent deflection at any point P, x inches from A, is 


Fia. 25, 


y inches, where y = kx®(3/ —x) and h is a constant. If Cisthe 


mid point of 4B and D, EF the mid points of AC, CB, compare 
the deflections at D, C, E. 
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C. 
(CHAPTERS I.-X.) 


Cn: 
1, What are the factors of (i) 4a2+4ab, (ii) 6ab+6b2 2 What 
is their L.c.m. ? Simplify 
(i) 4a* +4ab- ii) 1 
6ab + 6b? 4a? ; da? +4ab * Gab + 6b? 
2. PQ, RS are parallel and the distance between them is h. 


PQ=a, RS=b. Show, by dividing PQRS into two triangles, that 
its area (A) is given by 


A=tah+i3bh or A=h(a+6). 


F: Q 
R Ss 
Fic. 26 
3 x—l1 
3. Solve MS ha | 
ES Oe TR be 


4. Express as a compound quantity twice x shillings +y pence, 
where y is between 0 and 6; also express the same as a compound 
quantity, if y is between 6 and 12. 


5. What values of x will make (x+12)(2—12)=0? Show that 
if x is greater than 12, (x +12)(a—12) must be positive. 


6. The surface of a cone of slant height /, uhe radius of the base 
being 7, is given by S=ar(l+r). Change the subject so that it 
gives J in terms of S and r. 


C. 2. 


1. Aisa village on a mountain side. A climber is 6500 ft. above 
A at 2 o’clock and descends 2500 ft. an hour. How much will he 
be above 4 at x o’clock ? Put 5 for z in your answer. Explain 
the meaning of the result you get. 


2. Give a general statement which includes the following 
statements : 
3 x 5 is less than the square of 4 by 1. 
6 x 8 is less than the square of 7 by 1. 
10 x 12 is less than the square of 11 by 1 
37 x 39 is less than the square of 38 by 1. 
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3. Factorise (1) 10”?—10. (ii) 2a?-4a+2. 
Find the value of 
(i) (10x? —10)+5(a +1). (ii) (2a? -— 4a + 2)+(2a— 2). 


4. By means of an equation find how to divide a hundredweight 
into two parts, so that one is three-fifths of the other. 


5. Find a number which, when divided by p, gives the same 
result as when p is divided by g. Check your result by putting 
D6. —o- 

6. Solve (a@+7)(e—1)=180. 

Use your answer to write down two numbers which differ by 8 
and whose product is 180. 


C. 3. 


1. A discount of 1s. in the pound is taken off a bill of £4. What 
is the bill now (in pounds) ? 


2. Plot values of 2-32 from x= -3 to 4. For what values 
of w is it (i) positive, (ii) negative, (iii) zero ? 


3. Solve the equations: 
(i) ey =4h. (li) aw +a=ba +b. 
5x 
6 ty =O. 
4. Factorise 1207 +52 -2. Whatvalues of z make 12272 +52 —2 
equal to 0? What values of « make it equal to —2 ? 
5. Factorise (i) a® -a, (ii) af-a%. Write down the 1.c.M. of 


“ a 4 _73 
a® -a® and a‘-a’, Simplify “ —® 
a?’ -a’ 


6. Show by Algebra that the difference between the squares of 
two consecutive whole numbers must be an odd number. 


C. 4. 


1. Make n the subject of the following formula: I = = 


“+R 
nm 


2. A picture frame is 22 in. long end 16in. wide. The width of 
the frame isin. Find the area of the space occupied by the frame. 
he Aah answer to find the area of this space if the frame is 

in. wide. 


8. The cost of sending 2 gallons of milk 50 miles is a + bx pence, 
where a and 6 are the same for all quantities. If it costs 1s. 33d. 
for 10 gallons and 6s. 6d. for 60 gallons, find the cost for x gallons, 
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; Ai -) 02 —2 + 1 1 
4. Simplify (i) tae (ii) et tha suet 
5. Show that x =2 makes x? -x72+7x -18 equal to 0. Write 
down one factor of #3 -x?+7x-18. Find another factor. 


6. The total weight of 20 bronze coins is 5-6 oz. If a penny 
weighs } oz. and a halfpenny } oz., how many of the coins were 
pennies ? 


C. 5. 


1. Write down the square of 5a - 3x. 

Add a term to 4x? -28xzy so as to make it a perfect square. 
Express 4x7 -28zy as the difference of two squares. 

3 a t+. Tx 
2-4'a2-3 «2 -7x+12 
x+(a-b) a+b 
z2+(a+b) a-b 
3. If d, c, a are the diameter, circumference and area of a circle, 
‘c=7d and a=4}7rd*. Find a in terms of c. 


2. Simplify 


Solve the equation: 


4. If 27 +5y is multiplied by x -y and the product divided by 
2 +2y, what is the remainder ? 


5. If a, b, c are the sides of a triangle and (b -c)(c —a)(a —6) =0, 
what do you know about the triangle ? 


6. Find a number such that, whether divided into two equal 
parts or into three equal parts, the product of the parts shall 
be the same. 


C. 6. 


1. If a body starts with a speed of wu ft. per sec., increases it 
a ft. per sec. every second, and after going s ft. has a speed of 
v ft. per sec., then v? =u? + 2as. Find s in terms of v, u, a. If 
» =u-+at, show that s ed .t. 

2. Divide x(a +b) +y(a +b) +2(a+b) by a+b. 

Find whether aw +x? -a +a has any factors. If so, state what 
they are. 

2 = 2 

8. Prove that xy =(#4") — ‘e ") . Use this to find 
291 x73, with the help of a table of squares which gives 
182? =33124 and 109% =11881. 


5a -9 2a -5 


4. Solve De niga 


If 127 +'7y =29 and 6x - 5y =23, find the value of 2(2 +y). 
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1 Lies oe 
@-yP wry ay 

6. The effect of quadrupling the duty on wine is to increase the 
price of a bottle of wine by 50 per cent. (increase of cost is the 
same as increase of duty). Find what percentage of the original 
price was duty. 


5. Simplify 


6.7. 


1. One man sells eggs at x a shilling, another at yd. per dozen. 
If the prices are the same, show that ry =144. 


2. Simplify =. For what values of x is = equal to 3? 
F ; ot 5 
Simplify Wr > cert 


8. Draw a graph giving the value of x*-—2 for values of x 
between -2 and 3. Use your graph (i) to find the roots of 
a* —x =5, (ii) to find the values of x for which 2? is equal to a. 

4. If v=at and s=}at*, prove that v?=2as. Also prove that 
s=sut. 

5. A chain 9 ft. long hangs over a peg. If one end is 18 inches 
below the other, how much of the chain is there on each side of the 
peg ? 

A chain a ft. long hangs over a peg. If one end is x ft. below 
the other, how much of the chain is there on each side of the peg ? 

6. Solve the equations : 

(i) az =I], (ii) 2a -2-4=0, 
giving the roots in (ii) to one place of decimals. 


C. 8. 
_1. Write down the value of ({) 5 =('—3)/ (iiy" - 34 (=); 
(ii) -a* -( — 2a), (iv) -2ax x(-32), (v) —2a+( — 32). 
2. Factorise (i) a(2x +5) +3, (ii) w(a@ +7) -6(a +2). 
Find the value of 104 x 96 by expressing 104 as 100 +4 and 
96 as 100 -4. 
8. Solve the equations : 
(i) 3x -5 62-11 
22+1° 42 +3° 
Cay eke 
(ii) 9 ty =x +3 =e 
4. At a shooting range, one pays twopence for a miss and 


receives sixpence for a hit. A man has 27 shots, and has to pa 
1s. 10d. to the keeper of the range. How many hits did he make ? 


(C.S.C.) 
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5. Find the number which is half-way between a —6 and b -a. 


6. State three special cases of the following theorem and verify 
them. If x is any whole number the last digit of 2° is the same 
as the last digit of a. 


C. 9. 
1. Find the value of (2? +12a +35)(a2 -x% - 20)+(x? - 25). 
Also of (a +12 +33) (2-1-0). (a 75), 
x x x 


2. Find the remainder when x? + 7x? —15x is divided by x -2. 
What number added to x#*°+7x?-15x will make it divisible 
by «-27 

8. A formula in Optics is chee Show that this-is the 

1 2 
same as 27,2, -1rz,-rz,=0. Obtain x, in terms of az, and 7, 
and write down x, in terms of x, and r. 


4. Draw a graph giving the value of 4x - 32? for values of «x 
between -1 and 4. Use it to solve the equation 4x -3x*?=1. 
Also to solve 3x?-42%+1=0. Find from your graph the value 
of 4x —3a?, when x =3-4. 

5. Solve the equations : 

- «© ol] 
Cigrcags 17. 


(ii) e+ ete =be +ca +ab. 


6. What is the average weight of a things weighing x Ib. each 
and b things weighing y lb. each? Use your result to find 


the average weight per pot of 4 three-pound and 5 one-pound pots 
of marmalade. 


c. 10. 


1. A copper wire is 130 in. long. Various weights are hung 
at the end of it, and the corresponding increase in length is given 
below. Find a formula for the length corresponding to a weight 
w |b. 


On 


Weieht, -| 2 | 4 | 6 | 8 | lm | 121b. 


Wiereace. -| 0-04 | 0-08 | 0-12 | 0-16 | 0-20 | 0-24 in, 
icin, wasiint oral. DP ci, ONO im Nar ss Ese 9) os 


2. Simplify arti Show that the answer may be put in 


+1)? 


the form 1 mens 
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3. ABC is a semi-circle, AC being the diameter. If it is 50 yd. 
shorter to go from A to C along AC than along ABC, find the 
diameter of the circle to the nearest yard. 


4. Solve the equations : 
(i) © +2y =24 -3y +7 =0. 
a Oy oe 
(ii) Oo +5 =a +8. 


5. The population of a town increases n per cent. each year. 


Show that it is multiplied by 1 +1050 each year. Show that this 
expression is the same as Su oe Give this as a decimal, 


when n =2. 


6. A man spends 25s. a week on rent and food. His rent 
increases 10 per cent. and the cost of food 20 per cent. He now 
spends 29s. a week. Find his original rent. 


+B a be 

1, Find a formula for expressing in feet per sec. a speed given 
in miles per hour. If you take 2 miles per hour to be the same 
as - ft. per sec., how much per cent. of the correct value is 
the error ? 

2. Multiply «*-ay+y* by w+y. From your result deduce 
(i) the result of dividing x* +y% by x? -axy +y?, (ii) the factors of 
xv +y%. Simplify won ite 

8. Plot values of x +2 for Mare of x between 0:3 and 5. 
Find the values of x for which x 7 is equal to 4. Show that 
these values are the roots of the equation aw? — 4x +2 =0; 


. : gee : 
4. For a certain quantity of gas 273 44 =10, where p is the 


pressure in gm. per sq. cm., v the volume in e.c., t° C. the tempera- 
ture. Change the subject so as to give ¢ in terms of p and v. 


5. A man buys 1000 bulbs for 19s., some of them at the rate 


of 50 for 9d., and the rest at 100 for 2s. 6d. How many did he 
buy of each kind ? 


6. Any number of two digits is subtracted from the number 


formed by reversing the digits. Show that the difference is 
divisible by 9. 
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C. 12. 
1. If a+b =5 and x -y=1, write down, if possible, the value 


, en sess Ork @ 
of (i) b +a, (ii) y +2, (ili) ery 


(iv) y? —x. 


2. I spend £1 in laying in a stock of sugar and another £1 when 
the price has gone up ld. per lb. Altogether I got 108 lb. What 
were the prices ? 


3. Solve the equations: 


- wx x+2 
elites waned 7 
(ii) (w@ +1)\(y +4) =48. 
xy =24. 
a x-1 P 
4, Bodog pial wx -1=5(% +3) -4(x+4). Express Ge oy in 
the form ——, -——~ when A and B are numbers. 
2+4 24+3 
9 : xe, HER ON Bt 
5. Simplify (i) (2-2) (252 | 
(ii) Yue, 2= pony 


y%° we ey 


6. A flat ring is bounded by two circles having the same centre. 
The radius -of the inner circle is r in. and of the outer circle is 
r+hin. Show that the area of the ring is 7h(2r +h) sq. in. 


C. 13. 


1. If a body weighing w lb. is describing a circle of radius r ft. 
at the end of a string with a velocity v ft. per sec., and the pull 


2 
on the string is P lb., then P ae Change the subject so as 
to give (i) 7, (ii) v, in terms of the other quantities. 


2. What common factors have 2ax +a* and x(x* — 4a?) ? 
Al ri@etoadt 20 
Qax +02 Qax—x? aw - 4a? 


Simplify 


8. Solve the equations : 

(i) ay =48, (w -3)(y+3)=78. (ii) 6a? =~ +3, 
giving each root to two significant figures. 

4. Show that (ax +by)? + (bx —ay)? =(a*? +b?)(a? +y?). 

5. A piece of new flannel is a yd. long and b yd. wide. After 
being soaked it loses one-twelfth of its length and one-fifteenth 
of its width. Find its new area. 

6. A number consists of two digits, the sum of which is 9. 
Show by Algebra that it must be divisible by 9. 


224 ALGEBRA 


c. 14. 
1. Find the factors of a(x +z) -y(y +2). 


‘ ‘ x y_\. (y +2) +(& +2). 
Simpery, (5 +2 2 i) L+y +z 
i 1b: paahrOes find v in terms of u and &. 
uvoik 


3. Soldiers walk at 3-6 miles an hour for 50 minutes, rest 
10 minutes, again walk for 50 minutes, and so on. Draw a graph 
to show their position after any time up to 5 hours. A cycle 
gives them a start of 13 hours and then goes 12 miles an hour. 
When does it catch them up ?. Are they walking or resting when 
it overtakes them ? Solve graphically. 

4. 1 dollar +1 franc =5s.; 1 frane +1 shilling =0-44 dollar; 
1 shilling +1 dollar=6-2 francs. Find the value of a dollar 
and a franc in English money. Are all these equations necessary ? 
Do they contradict one another ? 


5. Solve the equations : 


22-2 2-4 
Oh ia 
. ©-a «+b 
Sila Set pry 


6. It the angles of a triangle are A, B, C degrees, show that 
90 - >? 90 - 3° 90 4 degrees are possible angles of a triangle. 


C. 15. 


1. If you write down the whole numbers beginning with m 
and going up as far as n, how many will there be ? 

2. Solve the equations: 

(i) (@ +1)(w - 2) -(% -3)(~ +4) =(x -2)(a -3),. 
(ii) w@=y+6, zv*=y +48. 

3. If a is divided by 6, the quotient being g and the remainder r, 
what is the relation between a, b, g andr? Use your result to 
find the number which, when divided by 11, gives quotient 8 
and remainder 4. 

4. Draw a graph of 2° for values of x between -2 and 2. Also 
draw a graph of 27 —1 for the same values. By considering their 
points of intersection, find roots of the equations #* =2x - 1. 

5. A motor cycle is bought for £45 and sold at a gain of @ per 
cent. What was the selling price ?. If the selling price was £40 10s., 
write down an equation for « Solve it. Interpret your answer. 


6. AB is 12 in. long. Find the position of a point C in AB co 
that AC . CB =27 sq. in, 
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C. 16. 


1. Arrange in descending powers of 2, expressing each power 
asasingle term: 43 +a(x? + ba +cx) +be(x —a). 
2. Find the value of y from 
by x 
=>++0 4y =5, 2-7 —0:3y =0-75, 


giving the result to the nearest tenth. Taking the approximate 
value of y, substitute it in each equation and find the corresponding 


value of a. (C.S.C.) 
3. Factorise (i) 12a? + 3ad — 8ac — 2cd. 
(li) 2(~ +1) —3y(3y +1). 
4. Solve (i) 2a -(a-a+a+ax) =2b. 


(ii) p+==q4=. 
ety: 


5. Simplify 1+ tes 


6. From Bristol to London is 120 miles; an express train 
starts 6 min. late from Bristol, but by traveliing 2 miles an hour 
faster than its ordinary rate arrives punctually in London. Find 
its ordinary rate. 


C. 17. 
1. Solve 22 -1=}(% -4); also 2(x -1) =}(x +4), 
2. The force required to pull m tons by rail up a slope of 1 inn 
may be taken to be (=e +10)m Ib. Find the force (in tons) 
required to pull 200 tons up a slope of 1 in 35. 


3. A man arrives at Charing Cross and wants to catch a train 
at Paddington ; a four-wheeler at 8 miles an hour will make him 
4 min. late, a motor bus at 10 miles an hour will give him 2 min. 
to spare ; how long has he for the journey ? 


; j (a+bje (b+e)x __ 
4 oleate ota (@ +a)(x —6) (a +c)(w -b)" 
5. Solve v?2+y=2-27; w=y+13 (C.S.C.) 


6. Two thermometers A and B are both graduated, but on A 
the freezing point is marked 32° and the boiling point 212°, while 
on B neither of these points is indicated. The following pairs 
of corresponding readings of the two thermometers are observed : 

Amen 9 aed Tara 
B 35°, 45°, 
D.P.A. P 
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Show by means of a graph the readings of B corresponding to 
those of A between — 25° and 212°, and from your graph ascertain 


(1) the freezing point and the boiling point on B ; 


(2) the reading of each thermometer corresponding to zero on 
the other ; 


(3) the temperature for which the readings of A and B are 


the same. (C.S.C.) 
c. 18. 
1. If a yacht is Z ft. long and B ft. broad, its tonnage may be 
os 2 
taken to be I A 60-ton yacht is to be built, and the 


length is to be 4 times the breadth. Show that the length will 
be 4/3760 ft. 


2. Solve ex aes 


3. Simplify 


4. A and B notice that at 9 o’clock the temperature is ¢,°; 
A also observes that it rises t,° between 9 and 2 and falls t;° between 
2 and 6. What will be the temperature at 6? B does not look 
again till 6 ; what rise will he notica between 9 and 6? Use these 
values to show that t, +(t,-t;)=4 +t, -t;. Work out the 
question again, supposing a fall of ¢,° and then a rise of t,°, and 
supposing that B notices a fall between 9 and 6. 


5. The resistance R, in pounds per ton, to the motion of a 
railway train is roughly given by the formula R =a +bv%, when 
v is the speed in miles an hour, and a, b are numbers which are 
the same for all values of R and v. When v=20, R=9-6, and 


when v=40, R=20-4. Find the values of a and b, and find R 
when v =365. (C.S.C.) 


6. Show that the sum of any four consecutive numbers is 


equal to the difference between the product of the two greatest 
and the two least. 


C. 19. 


1. A rainfall of 1 inch is equivalent to 100 tons per acre. If 
you take 1” =2-5 em. and 1 acre =0-4 hectare, what will be the 
weight per hectare corresponding to a rainfall of x cm. ? 

2 1 

2. Ada @ +1 a’? -] 


ate pera 
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ie , ee 
3. Put — instead of x in the fraction ”,—~ ue at 
result. zy? 1 2nd simplify the 


__ 4, A bankrupt can just pay a dividend of 7s. 6d. in the pound ; 
if his debts had been £1200 more, he could only have paid 6s. 8d. 
in the pound. What are his debts ? 

224+3 @ «+1 


any pee 5 oes fe te single fraction, and find 


the values of « for which it vanishes. Give any value that is 
not integral as a decimal to two places. (C.8.C.) 


6. A number of two digits is 5} times the sum of its digits. 
Show that the digits must be equal. 


5. Express 


C. 20. 


1. If a train is travelling at v miles an hour round a curve of r ft. 
radius, the outer rail should be h inches above the inner, where 


2 
h =3-75—. If h =3 and r =2000, find the value of v. 


2. Find the u.0.r. of 324 +32? - 6a? and 4a -2x?(x? +1). 
8. Solve the equations : 
ax? =by, bx =ay’. 
4, If y ae oy prove that x payed +1 
xv-a y -a 


From either of the above formulae determine (to two decimal 
places) the value of a, in order that « may be equal to 3-2 when 
y =2-6, and, using this value of a, find (to one decimal place) the 
value of x when y = 10. (C.8.C.) 


5. Find, correct to two places of decimals, the roots of the 


equation % = rot 

6. Twenty pounds of gold are coined into 934 sovereigns and 
one half-sovereign. What will be the total weight of « sovereigns 
and y half-sovereigns ? (A sovereign weighs twice as much as a 
half-sovereign. ) 


C. 21. 


1. Make P the subject of the following formula for pneumatic 
3 


transmission through a tube: t=0-00054/, where ¢ is the 


number of seconds a carrier takes to go through a tube / feet long 
and d feet in diameter under a pressure of P Ibs. per sq. inch. 
How is the time affected, if the length of the tube 1s doubled ? 
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j 1 “ 
2. Multiply 3 ante: by x? +2. 
8. What values of z make 222+3 equal to 8x? Give each of 
them correct to one decimal place. 
4, Find the factors of 
(i) 2 —7Tx®y —18y3, 
(ii) 2ab —a* —6?. 
(iii) (x? +1)? — 422. 


5. Gold weighs 1200 lb. to the cubic foot, copper 550 lb. How 
much copper must be added to 1 Ib. of gold so that the alloy may 
weigh 1130 lb. to the cubic foot ? 


6. A hollow cube is made out of a rectangular piece of thin 
cardboard 62 inches long, 4x inches wide. What is its volume ? 


C. 22. 


1. The following formula is given for the speed of a paddle- 
steamer: if P=indicated horse-power, S =mid-sectional area 
620P 


3 
in sq. feet, V =velocity in knots, then va“ S73 (i) make P 


the subject of this formula ; (ii) in what ratio must P be altered 
if V is to be doubled ? 


2. Prove the identity : 
(x — 1)(2% +3) + (2% + 1)(x - 5) = (3a + 2)(x - 3) +(x -2)(@ +1). 


8. Solve the equations : 


(i) e+-—=a 
Rete EL 
2B e 


4. If V=ar*h and S=2rr?+2zrrh, find a formula for V in 
terms of z, r, S 


5. (i) What number must be added to 2? — 5x2 -3 to make the 
result a perfect square ? 


(ii) Express x? - 6x -7 as the difference of two squares. 


6. At a certain election there were two rival candidates, and 
their supporters were conveyed to the polling booths in carriages 
capable of accommodating 8 and 12 voters respectively. If the 
voters, 740 in all, just filled 75 carriages, find by what majority 
the election was won. (C.S.C.) 
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C. 23. 


1. Prove that 1, 3, — 4 are the solutions of the equation 
2a(v? +1) —7(a? -1) =4. 


1 


Seat irs 
aie be multiplied to give he Ih 4s 


2. By what must 


8. Find the numerical value of a which satisfies 
5(a — 3) +3(x@ +7)=a(x +1) -2, 
and check your answer by simplification of each side. 


4. If V=47rr* and S =4rr?, find an equation between V and S 
which does not contain r. 


5. Aman has 2 pounds, 5¢ shillings and 30% + 3y perce. Express 
the total amount in pence and also in half-crowns. If #=7 and 
the total sum is £19. 5s., what is the value of y ? (C.S.C.) 


6. A train travels k miles from A to C, and passes a station B 
onthe way. The whole journey occupies p hours. Its average 
speed from A to B is s miles an hour and from B to C is ¢ miles 
an hour. How far is B from A ? 


C. 24. 


ee, 2 1 
oe Li zy Es prove that z+l ytl =1. 
2. A gives B x? -y? miles start ; A travels x miles an hour, 
B travels y miles an hour ; how long will A take to catch up B, 
and how far from the starting-point will he be ? 


8. Solve the equation: 
(x +5)? —4(x +5) -12 =0. 


4, If A =r? and C =2rr, express A in terms of C, 7. 


aoe EA Qn \ 1 
5. Simplify (a sae 2) : (« Sar a 


6. In the case of a shell fired with a flat trajectory, the height, 
h feet, of the shell ¢ seconds after it is fired is given by the formula 
h =16t(T —t), where T' seconds is the total time of flight ; (i) make 
T the subject of this formula ; (ii) if the shell attains its greatest 
height, a feet, after half the total time of flight, find a in terms 
of 7’; (iii) if the total time of flight is 6 seconds, find the greatest 
height it attains and the times at which it is at a height of 


95 feet. 
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C. 25. 
1. Two telegraph posts of equal height are at distance 2/ feet 
apart, and the connecting wire is of length s feet; the sag at 
2l 


Fic. 27. 


the mid point is d féet, where d =},/3/s — 61? approx. (i) Make a 
the subject of this formula; (ii) if «=s -2l, prove that x =a, 3 


(iii) if the poles are 30 yards apart and the sag is 6 inches, by 
how much approximately will the length of the wire exceed the 
distance between the poles ? 


2. Prove that the triangle, whose sides are 2n +1, 2n(n +1), 
2n? +2n +1 inches, is right-angled : what special case is obtained 
by putting n=3 ? : 


3. Solve the equation: 
1 


poet ee ae 
4. Take any number ; double it ; add 4; divide by 2; multiply 
by the original number; add 1; take the square root. Prove 
that the result always exceeds by unity the original number. 


5. A line AB, 5 inches long, is produced to a point CO such 
that AC.CB=6AB*. Calculate the length of BC. 


6. In a mill the men earn a shillings a day and the women 
6 shillings a day; there are n pedple employed and the average 
wage is ¢ shillings a day. How many men are employed ? 


HARDER REVISION PAPERS. 


D. 
(CHAPTERS I.-XI.) 
D.1. 


1. Divide 15 -13x + 7x? -x? by w? - 27 +3. 
2. Factorise (i) 8a° +ab3. 
(ii) (@+2)(b +x@) -(a +@)(b +ar)3, 


oo 


. Solve the equations: 
(i) «*? -ax -90a? =0, 
(ii) ax +by =c?. 
a — 
b+y atx ~ 


4, Tind the valu> of 7” when cp 4 1 
b-x zx a b 

3 

5. Simplify Tee i 


6. A copper wire a inches long is stretched - inch. Find by 


how much per cent. its length is increased. If the diameter 
pvefore and after stretching was d, and d, inches, find how much 
per cent. the volume was reduced. 


D, 2. 
1. Multiply together 2 +y and x4 -ay +2°%y? -ay> +y% 


2. Solve the equations : 


(i) e+y=c¢. (ii) y +2 =25. 
“ey 2+” =27. 
ab e+y=32. 


231 


232 ALGEBRA 


8. Find by inspection a square root of the following perfect 
square: x4+4a%y? + 4x22? — 4a3y — 4a3z + 8x?yz. 
Is a? +b? +c? — 2bc — 2ca — 2ab a perfect square ? 
: é 1 1 2 
4 Semphiy eee eo gt 
5. By drawing a diagram showing the changes in the value of 
2 
2a ->5 find (i) its greatest value, (ii) the values of x for which 


it is positive, (ili) the values of « for which it is increasing as 
x increases. 


6. A line AB is 10 inches long. It is divided into two parts so 
that one part is n times the other. Find the length of each part. 
Test your answer by putting n=4. 


D. 3. 


1. Divide a*(b —c) +b*%c-a)+c2(a —b) by b-c. Find the other 
factors. 


2. Solve the equations: a,x+b,y=¢c, 
A,r + bey =Ca, 
and use your results to find the solution of 
sx + 8y =20, 
4x —Ty =3. 


8. Show that a? + -2(a +1) +3 may be written in the 
i 1 : 
form (a +2) - 2(a +1) +1. Write down its square roots. 
4. Simplify 
x —as . x8 — $8 _ x2 —ax —bx —ab 
x —ax +ba —ab” a +ax —bx —ab° x? +ax+be+ab’ 


5. Find two numbers such that their sum, product and quotient 
are proportional to 40, 192, 3. 


6. A ball, of radius r in., is lymg on a table, and a cone just fits 
over the ball and rests on the table. If the height of the cone is 


12 in. and the radius of the base 5 in., show that eo 
Hence find r. Pe ey ey 13° 


D. 4. 
1. Factorise (i) 26+523+4, 


(ii) (1 +a)*(1 +6) +(1 +a)(1 +b)%. 
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2. Solve the equations: > +2y =3. 
wes. Jest h 
Qn Y= ~ 75" 
Find the ratio of x to y from the equation 
2x7 — llxy —-21y?=0. 
3. Simplify 


(+. --4)(-4- 1 = (a ~b)? 
x-a “2-b/\x+a x+b/ 2? -(a—b)x—ad’ 


4. Find a term which, added to 4a4 —12a3 +5a?+1, will make 
it a complete square. 


5. Find the remainder when 23+3z22+ax+b is divided by 
x*+a+4. What values of a and b will, make z?+4”+4 a factor 
of 2? + 32?+an+6? 


6. A chord of length 2a is placed in a circle of radius 7, and the 
perpendicular from the centre on to the chord is p. Find a 
relation between a, r and p. If a chord 10” long is placed in a 
circle of radius 6”, how far is it from the centre ? 


D. 5. 


1. Find whether the following statement is correct: ‘‘ The 
sum of the first 2n prime numbers, regarding 1 as a prime number, 
is always a prime number.” 


2. Find all the integral values of a for which «?+ax-6 has 
rational factors. 
: ; : a 1). (7 a) 
Sn ty() ee Ct-aMita® aos” 
x? —y? —27 +2yz 
x? + y* —22 + 2cy 


(ii) 


4. A triangle has side x, y and z inches long, where 2, y and z 
are given by wy LON 20 = 3y, 232 
Calculate their values. (C.8.C.) 


5. In a right-angled triangle, if a, b, c are the sides and p is the 
perpendicular on to the hypotenuse, a?=b?+c? and ap=bc. 


1 
Prove that a =H ate: 


6. A bamboo 10 ft. high breaks. The top part falls over 
without being detached and the top touches the ground 3 ft. away 
from the foot of the bamboo. At what height was the break ? 
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D. 6. 


1. A rectangle is a ft. long and b ft. wide. Each of these is 


increased by one half. What is the new area? By how much 
per cent. has the area increased ? 


2. Prove that 
(a+b +c)( -a+b+c)(a —-b+c)(a+b -c) 
=2b2c? + 2c*a* + 2a7b? —at —b* —c4. 
3. If a, b, c are the squares of three consecutive whole numbers, 
prove that (c —b) -(b -a) =2. 
4. The sum of the squares of the first n numbers is 
n(n+1)(2n+1) 
Ce wa: 2 
What is the sum of the squares of the first 2 +1 numbers ? 
5. The velocity v (measured in miles an hour) of a stream 
flowing in a straight channel of uniform breadth and depth is 


given by the formula Z =a a where the depth of the water is 


zx inches. If v=2 when x=4 and v=3:3 when xv=12, find, to 
one decimal place, the value of v when x =8. (C.8.C.) 

6. Three circles whose centres are C,C;,C, are such that each 
touches the other two and each is outside either of the others. If 
the sides of the triangle C,C,C, are 4”, 5”, 7”, find the radii of 
the circles. 


Dai: 
1. Find the value of 1 - 32 +32? -23 when x =0°3. 
2. Factorise (i) v2? -w-y* -y. 


(ii) a(x —2) —(y? -1). 
3. Find the remainder when x® — ax + 30 is divided by x? — 3x +2- 
For what value of a is a5—-ax+30 exactly divisible by 
ve? -~3x+4+2? (C.S.C.) 
4. Find the L.c.m. of the two expressions 
3x? -llx+6 and 6x? -7x +2, 
Find also a third expression containing x? such that the L.c.m. 
of all the three expressions will be the same as that of any two 
of them. (C.8.C.) 


5. Show that @ —c is a factor of (a —b)* +(b —c)3, 


6. ABC is a triangle. If the bisector of the exterior angle at 


; BD A 
A meets BC produced in D, DO7AC’ Find the lengths of BD 


and DC, if BC =a, CA =b, AB =c. 
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D. 8. 
1, Find one of the factors of 27(x +a)* -8(% + b):. 
: ; (w +y)? -23 
2. Simplify (See aye 


3. The hypotenuse of a right-angled triangle is ./65 and the 
sum of the other two sides is 11. Find them. 


4. If a, b, c are the sides of a triangle and 2s =a +b +c, the area 
of the triangle is Vs(s —a)(s —6)(s -c). Use this formula to find 
the area of an equilateral triangle, each side of which is 2a. 

5. Solve the equation : 

5G) Deed =O 
Z2-a@ 2-b “w-c 

6. AB is a railway 220 miles long, and three trains (P, Q, 2) 
travel upon it at the rate of 25, 20, and 30 miles an hour respec- 
tively ; P and Q leave A at 7 a.m. and 8.15 a.m. respectively, and 
R leaves B at 10.30 a.m. When and where will P be equidistant 
from Q and R? 


D. 9. 


1. Solve the equations: 
12(% +y) -(2@ +3y) =11. 
ze +y) +2(2x +3y) =9. 


; } 207 2ax 
2. Simplify a*a(b — art om a(b rua 


2 
Sekt (a a =3, prove that a’ +4 =0, 


4. Find the u.c.F. and L.c.m. of 
a* -az* and a’ -a’x -ax? +23, 
5. A mixture of x lb. of tea at a pence per lb. and of y Ib. 
of tea at b pence per lb. costs ¢ pence per lb. Prove that 
a c= 6 
y a-c 
6. Find the two times between 7 and 8 o’clock when the hands 
of a watch are at right angles. 


D. 10. 
1. Solve the equations : 
(i) 3(@ -a) -2(y +a) =5 — 4a, 
Q(a +a) +3(y -a) =4a -1. 
3 45 6 


(ii) Pes | eee y =0. 
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: xv-y?+z _a 
2. Find the value of ae when x= 


3. What must be the value of a if 1 is a root of the equation 
x —7z?+5x2+a=0? Whena has this value, what are the other 
roots (to the nearest hundredth) ? (C.8.C.) 


4. Show that any whole number can be expressed in one of the 
forms 3n, 3n —1, or 3n +1, where n is a whole number. 


5. A man receives ~ of £1 and afterwards y of £1; he then 
gives away £2. Show that he does not lose by the transaction. 


6. What number must be added to 4x? — 20x to form a complete 
square ? 

Show that 4a? - 20x +36 is never less than 11, whatever value 
is given to x. 


D. dic 
1. Solve the equations : 


‘paca. 2x-3 6r+1 
Ming grr Seige 


(ii) w? —ay +y?=39. 
e+y=9. 
2. Find an integral value of x for which the expressio 
x + 10a4 + 30a + 32x02 + 12a —4 ‘ 


shall be exactly divisible by x? +32 +1. (C.S.C.) 
: : : 1 
3. Simplify (i) e+ etl . 
3-x 


at —b4 at —b! 
(1) Gr aab +8 t at tab" 
4. Factorise ab(ab +c?) +¢(a® +63), 


5. A house cost £750. At what rent must it be let to pay 


5 per cent. on the cost after allowing 10 per cent. of the rent for 
repairs ? 


6. OA, OB are two roads at right angles, and OB is 3 miles. 
If an armoured motor ear starts from B towards O at 30 miles 
an hour and a cyclist from O along OA at 20 miles an hour, when 
will the cyclist first be within range of a gun on the ear if it has 
a range of 2 miles? Now work out the same question with a 
range of 5 miles, and interpret your answer. 
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D112: 


1, In the expression 4x? — 7x — 2 substitute y* -y for x; arrange 
your result in powers of y, and resolve it into its factors. (C.S.C.) 

2. Transpose the equation a(x + 1)(x + 2)(x +3) =4%5 by putting 
x =y —#, and thence solve it. (C.8.C.) 

8. Solve the equations : 

(i) x? +a =4840, giving the roots to the nearest integer. 
a 
(ii) pee ax +by=c. 
, : 1 ae 
4, Simplify AG GED +two similar terms. 
5. A number, when divided by 7, leaves a remainder 5; prove 


that the square of this number, when divided by 7, leaves a 
remainder 4. 


6. A pound of tea and three pounds of sugar cost 6s., but 
if the price of sugar were to rise 50 per cent. and of tea 10 per cent., 
they would cost 7s. Find the price of tea and of sugar. 


1D. 133 
1. Solve the equations: ax +by =c, ax +b*y =c?. 


2. Multiply together x +a, x+b, «+c; and deduce from your 
result the coefficient of 2 in the product (x + 2)(% — 5)(w -—11). 
(C.8.C.) 


3. If x +i =p, prove that 2° toy =p — 3p. 


4. Prove that, if x is very small, the square root of 1+ is very 
nearly 1 +5. 
root of 1-03. 

5. For what values of x is (5 —x)(x — 2) positive ? 


6. A pint of milk weighs a lb., a pint of water 6 lb., and a 
pint of a mixture of the two c lb. What fraction (by volume) of 
the mixture is milk ? 

If b=1-25, a=1-288, and c=1-276, what fraction is pe ce 

(C.S8.C.) 


Use your result to find approximately the square 


D. 14. 


1. If «-y=a and y-z=b, what is the value of z-x? 
Hence show that the three equations x-y=a, y-z=b, z-w=c 
have either no solution or an infinite number of solutions for 


2, Y, 2. (C.S.C.) 
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2. Find the areas of the rectangles with the following sides: 
(a) 10 in. and 8 in., (b) 9-5 in. and 8-5 in., (c) 9-1 in. and 8-9 in., 
(d)9+z in. and 9-a@in. For what value of xis the area of (d) 
greatest ? If the perimeter of arectangle is 36 in., what must 
the sides be so that it may have the greatest area ? 

8. Solve the equations: 2x7 +5ry =3. 

4x7 -xy =17. 

4, Prove that the sum of the three fractions 
b-c c-a “arb 
l+bc’ l+ca’ 1+ab 

is equal to their product. 


5. If x, y, z are consecutive multiples of 3, prove that 
xz? — 2y? +227 =18. 


6. Find the time between 4 and 5 o’clock when the hands are in 
the same direction. 


D. 15. 
1. Simplify 


(e13)-et-(-RG-2. ese 


2. Add a constant to 25a?-15¢ so as to make it a perfect 
equare. Show that 252* -152 can never be less than -2}. 


8. Solve the equations : 
(i) yt+z-w=4, z+u-y=0, rt+y-z=-4. 
(il) vw? +y? =2(a2 +b), xy =a? —b%, 

4. Factorise a +zy -6y? +52 +6. 


3 — 5a : 
5. If  =0-01 find the value of Toda to four decimal places 


(7.e. to the nearest ten-thousandth). 
Also express B PBN is asbenuiny powers of 2 as far as the 
1 -—4¢ +323 7 


term involving «, and verify the above result. (C.S.C.) 


6. The rates for first-class season tickets between London and 
Balcombe are given below. They are in the ratio of 30:a:b:c. 


Find a, b,c graphically by plotting £8 5s. and 30 and joining the 
point to the origin. 


Three Months. Two Months, One Month. Fifteen Days. 
£8s. 5s. Od. £6. 17s. 6d. £4. Qs. 6d. woos wods 
eee 
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. D. 16. 
&- Solve the equations: 
svaceas te Ma Late 
(i) y =f, T+y 6. 
(ii) a1 +y)=70, y(14+2)=72. (C.S.C.) 
Fi : 2+2 2-a x 
mS aL Onn ta 
Dy. 21+) 2(1 | +42" 
62 


3. Show by means of a graph that ~ increases, as x increases, 


for positive values of x. Gre 
Also prove the same thing by showing that eee , where y 
6x pe Gan 
stands for 
6+2 


4. Find the factors of (a +b)? +(c +d)? -2(a +b)(c +d). 


5. Show that the product of any two consecutive numbers can 
be put in the form n* —n or n? +n, where n is an even number. 


8. If A=m.a, B=m.b, where m is the H.c.F. of A and B, 
show that 


preah’ = | 2 ; 
(i) RB when reduced to its lowest term, is e 


(ii) The t.c., of A and B is 4%. 


D. bre 
1. Show that 
${(@ —y)? +(y -2)? +(2 -x)?} =a(@ -y) +y(y -2) +2(z - 2), 

and find what either expression becomes when multiplied by 
a+y +2. 

2. Find a square root of 

xt +1203 + 220% - 84a +49. 

8. Find one value of « for which (x — 1)? +(x —3)® is zero. 

(2 +t @ +) nls 
=e 


%—-b “=F ae 


4, Simplify 


5. An elastic string AB of natural length a inches is fastened at 
the end A and is stretched so that its length becomes b inches ; 
through what distance does the mid point of the string move ? 
Find also the distance through which a point of the string, 
originally c inches from A, moves. 


6. The base of a segment of a circle of radius r is 2a and its 


height is h. Show that 2hr=h? +a’. , 
If a segment of a circle has a base 10” long and is 3” high, find 


the radius of the circle. 
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D. 18. 
1. Solve the equations : 


(i) e(1+y)+3=0=y(1+2)+8. 
go) ee a 
(ii) zane 
2. What is the value of a, if the coefficient of x in the product 
(2x + 3)(x% — 2)(a +a) is zero ? 
3 Prove that 
(8x + 9y)? + (3x + 2y)? — (2x + 3y)? - (3x +4y)? 
=2(3x + 4y)(2x + 3y) +2(3x + 2y)(8x + Dy). 
4, If V =t0r-h, S=nrl, 1? =r? +h2, prove that 
ae 
5. The maker of an article sells it to A at a gain of p per cent. ; 


A sells it to B for k pounds at a gain of g per cent. What is the 
cost of making it ? (C.8.C.) 


6. If c, d are the inside diameters of the ends of a cask and 6 the 
inside diameter at the bung and 1 its length, all in inches, the 
capacity of the cask is approximately g gallons, where 


ve 
I=1000 
(i) Make b the subject of this formula; (ii) how is the volume 


affected if the length remains unaltered, but if the diameter of 
every circular section, perpendicular to the length, is doubled ? 


S? +3rVh. 


Ub? +d). 


Deis: 
1. Divide x4 + 4y4 by x? - 2ry + 2y3. 
2. Prove that : 
n(n —1)(n — 2)(n — 8) n(n —1)(n -2) _(n +1)n(n -1)(n -2) 
1.2.3.4 LeQes La2ooud i 
3, Solve the equations : 
vy = 2=2. 
xy -y?= -3. 
4, If x=y+1, prove that 
w—2Qeyty*=x-y and a®-g=y2 +y. 
5. Before the war, I could get £1 more for 275 francs than I 


can now. For £1, I can now get 2} francs more than formerly. 
What is the present rate of exchange, in francs per £ ? 
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6. Calculate the values of 2(9 -)* for x equal to 0, 1, 2. 3, 4, 
5, 6, 7, 8, 9. Draw a curve showing the values of 2(9 —a)? from 
x=0towv=9. 

If a very thin rod, 9 in. long, swings like a pendulum, the 
expression a(9 —2)? measures the tendency to break at a place a 
in. from the point of suspension. From your graph find where 


the rod is most likely to break. (C.S.C.) 
D. 20. 
1. The following formula is taken from a book on magnetism : 
rh 
m = = 
~ (r? +d?)8 


Make d the subject of this formula. 
2. Solve the equations : 


a? += —999, 
y 

x? oe =37 
y 


3. Find the factors of 
(i) 3x? - 48. 
(ii) (# -1)? -(1 -2)(3 - 52). 

4. Prove that 

(i) (8a —4)? +(3a -—5)? -2(8x -4)(38~ -5)=1. 

(ii) #* - lla =2(6 -a) if «= -1, and find two other values of 
x for which these expressions are equal. 

5. Two boys A, B start together to run from school to a shop, 
560 yards away, and back. A returning meets B 40 yards from 
the shop and gets back to school one minute before him. How 
long was he absent ? 


2 
6. Prove that (23°) > ab, unless a is equal to b. 


D. 21. 


1. Find the values of the constants a and 6 so that the relation 
y =ax® —bx may be satisfied by x=1, y= —2, and by x =6, y =3. 
Plot the graph of this function of xfrom —3 to +8, and determine 
approximately the values of # for which w* -5x=10. Check by 
calculation. 

OX, Ibi 4122 and w-p=r=v-q, find a relation between 


p, q and r, and find the value of r when p =3:5 and q= -4. 
(C.S.C.} 


D.P.A. a 
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8. Find the coefficient of x* in 
(l+a +22 +23 +a4)(1 —4a + 6x? — 1025 + 6x4 — 425), 
4. Find numerical values of A and B such that 
(x —1)(2a +3)=(Aw+B)(1 -z). 


5. ABCD is a quadrilateral such that AB+CD=BC+AD; 
P is any point on AB; a circle, centre A, radius AP, cuts AD 
at Q; a circle, centre B, radius BP, cuts BC at R; prove that 
the circles, centre D, radius DQ, and centre C, radius CR, will 
cut CD at the same point. 


6. A beam of length L feet, supported at each end, is just strong 
enough to carry a Joad of M tons placed at a point which is a feet 
from one end and y feet from the other end. M is found from the 

. 2 3 
formula, M a . (i) Find the greatest load it can carry at 


“8 ald \ 9 ] 
the centre of the beam. (ii) Prove that x =5|1 +V1 -o5ar | 
(iii) If the beam is 10 feet long, find how near the centre a load 
of 1 ton can be placed. 


Deaa2- 
1. Show that the Interest on £P, at r per cent. Compound 
3 
Interest, for 3 years, is P(t +r5) —P pounds. 


2. If 2s =a+b+c+d, and if a+c=b +d, prove that 
(i) (s —a)(s —b)(s -—c)(s —d) =abcd. 
(ii) (s -a)* —(s —b)? +(8 —¢)? -(s -d)* =2(bd —ae). 
3. Solve the equations : 
(i) (a —2x)? —11(x? —2a) +24 =0. 
1 2 


(ii) 22 erp =14, 3x “y +l =e 


4. If v=1 +e y=l1 whe =1+5, prove that 


_(1+a)(e +d) +bd . 
eee (Len O disci us 
and if also d=1 +a and a=b =c =2, prove that a? =. (C.8.C.) 
5. A ruler graduated in ems. and one graduated in inches are 
placed side by side ; the readings 10, x, 2% +1 on one correspond 
to the readings 3, 5, y on the other. Find y in terms of 2. 


6. Find the side of a square inscribed in a semicircle of radius 
1( cms., two corners of the square being on the diameter and the 
other two on the arc of the semicircle. 
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D. 23. 
1. Prove that 
16(x —2)(a —4)(a -6) 


as 5 3 3 Baa) 

=(x% -—1)(x -3)(x —5)(x — { =. 

( M Tse ae) eal ES nob 27): 
2. A runs x yards in y seconds; B runs 100 yards in z seconds 

more than A; how long does B take to run 120 yards ? 


3. If x+y+z=0=ax +by +cz, prove that 
(x? +y? +2?)(be +ca +ab —a*® —b? —c?) =2(ba +cy +az)(cx +ay +bz). 


4. Find an integral value of x between 0 and 4 for which tho 
expression «° -x* -x -2 vanishes. Factorise this expression. 


Ee 


4 


5. The siaes of a rectangle are in the ratio 8 : 9, and two circular 
discs of radii 4”, 6” are fitted into it, as in the figure. Find the 
length of the rectangle. 


6. A balance is badly made, so that a body really weighs 
a +bQ Ib. when the balance shows Q lb. ; a and 6 being numbers, 
the same, for all weights. If the balance shows 1 lb. for a real 
weight of 1-1 lb. and 2 Ib. for a real weight of 1-9 lb., what are 
the values of a and b, and what will the balance show for a real 


Fia. 28. 


weight of 2 lb. ? (C.8.C.) 
D. 24. 
1. Simplify 
x-1l «+2 1 x+l 2 
{2041 tr+1 @ } Pal ola mee, | 
2. Substitute = for x and axt for y in aa and reduce 
the result to its simplest form. xo y 
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8. Solve the equations : 
ey ae ae ee 

) g-y atl yt 

- Gr hip 3a 

(U) 39a 2 — 12a 
4. Write down the constant term in the expansion of 

1 
(202 —3x-1 ~£ 4) (308 +2 +2 Mae 
te 


5. Express «2° - 6x? +12” -8 in terms of y if x =y +2. 
Hence show that «* + 122 is greater or less than 6x? +8 according 
as « is greater or less than 2. 


6. The figure is a graph of a +bx, where a and b are numbers. 
Find them. 
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0 1 2 3 
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Fia. 29, 


D. 25. 


1. Prove that the product of 6%? +2 -2 and 42% -1lx -3 is 
equal to the product of 8%? -2% -1 and 3x2 -7x -6. 


ak har val greatest value of zy, if # and y satisfy the equation 
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Ly 2 
c+l1’ c+2 
when 2 takes the values 0. 1, 2, find the values of Pp, q, rand prove 


3. If the expression px? + qu +r takes the values ee 


that when x =c +2 the expression is equal to Arak 


4. Solve the equations: 
(i) “=f=4 Yes 
(li) a(v? +1) =a(a? +1). 
5. If (2? +ax +b)?=24 + 2ax5 + px +gx +r, prove that 
(i) p =a? +2b. (li) (4pr —q?)? =64r°. 
6. B is k miles due east of 4; A walks a miles an hour due 


south, and B walks b miles an hour due west. Find their distance 
apart after x hours; and prove that their distances apart after 


(are +t) hours and ( os 


a?+b? wax -t) hours are equal, 


D. 26. 


1. Prove that the addition of the term (p +1)? to the expression 
ip*(p +1)? has the same effect as substituting p +1 for p in this 
expression. 


Leta ety 142 
: ‘ wy +l iv sy —l1 y* 
Pe, Simplify eae aot j Laer wore 
yt+ hse 


l-xy y l+ay 
3. Find y from the equations 
y?=4ax, y+mx=2am +am', 


4. Find the equations whose roots are 
(Gi) al, oil. (ii) a-1, 1 -a. (iii) 0, -1, 2. 

5. Two trains start at the same time to run from X to Y and 
Y to X respectively ; they meet after p hours, and the first train 
arrives at Y g hours later ; assuming that they travel at uniform 
rates throughout, how long does the second train take over the 
whole journey ? 

6. Prove that (y —z)* +(z —x)? +(a —y)8 is equal to zero when 
yisequaltoz. Hence prove that y —z is a factor of the expression, 
and find the remaining factors. (C.8.C.) 


D. 27. 
1. Resolve into factors 
(i) 3(a* +y3) —ay(1 +9ay). 
(ii) 2a* +a(c — 3b) +b? -be. (C.S.C.) 
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2, If x lies between 95 and 105 and y lies between. 110 and 130, 
find the limits within which (i) # +y, (li) v -y, (ili) | must lie. 

8. Solve the equation: 

a 
Cy reef 
x? -ar= ap(4 b). 

Also find the value of the positive root, to the nearest hundredth, 
when a =2:3, and b =1:75. (C.S.C.) 

4, What does a become if you put n+1 for n in it? 


Show that you would get the same quantity by adding n +1 to 
n(n +1) 
at habe 
5. Solve the equations: 
(i) 2? ~2y =y* —-22 =3. 
(il) e3y=32, ye = =6, 2e= —12, (C.S.C.) 


6. AB is the diameter of a circle, centre O ; PN is the perpendi- 
cular from a point P on the circumference to AB; the tangent at 
P meets AB produced in 7. If PN =5’, NB= 3”, calculate 


OB and BT. : 
(Ne 


D. 28. 


1. A man’s pace is taken as a inches; in this estimate there 
may be a small error of einches. Prove that the number of paces 
uP takes to go x yards lies between two limits which differ by about 
72ex 

a 


= by 


2. Express the relation y-b,= pad atts -a,) in the form 


Az +By +C =0, where A, B, C are TT ns of # and y. 


(i) eat 4a 2a +5 
o+6" 4g -1 2+2° 
(ii) (w —y)? -48 =8(y —x); wy =45, 


3. Solve 


2 
4. If y=a te and z= +2, prove that 3yz =1 +y? +223, 
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5. Multiply out 
(a+b +c)(b +¢ -a)(c +a-—b)(a +b -c). 

Show that when a*=b?+c? the given expression is equal to 
4b°c?. (C.S:C.) 

6. A room is a feet long and the end walls are b feet wide ; two 
points P, Q are marked, one on each end wall, at distances x feet, 
y feet from the ceiling, and each is equidistant from the side walls ; 
if the shortest distance from P to @ via a side wall is equal to the 
shortest distance via the ceiling (the broken line being on the wal! 
or ceiling throughout), prove that (2% +a)(2y +a) =(a +6)*% 


D. 29. 


1. (i) Find the t.o.m. of wv? +y%, x? 4+2ay +y? and vy +a2y*. 
(ii) Find the factors of (ab +c)? —c(a +6)*. 
2. Solve the equations : 
(i) wy —5x% +3y =15, w* +y =54, 
(ii) (vw -a)(x +e) =b(a +b +¢). 
8. Simplify 
(a —a)?(b —c) + (a —b)?(c -a) +(x -—c)?(a -b), 
and factorise the result. 

4. Obtain the square of 1 —-2x +3? -4”3+3a4-2x5+0% in 
ascending powers of a as far as x’, and also in descending powers 
as far as x. (C.S.C.) 

5. If x is equal to the product of two numbers a, 6 divided by 
half their sum, prove that 

ike ge 


Big hwo, (C.8.C.) 


t—-a £-b « 


6. In the diagram OA, OB are two fixed perpendicular lines ; 
OA =a inches, OB =b inches, two variable circular arcs touch 
OA, OB at A, B respectively and touch each other; if P is the 


B 


O A 
Fie. 81. 
point of contact and if x inches, y inches are the lengths of the 


radii of the arcs AP, BP, prove that (x +a)(y +b) is constant. 
If a=8, b=6, x =4, calculate y. 
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D. 30. 
1. Divide a*(b +c) +b2(c +a) +c?(a +b) + 3abe by be +ca +ab. 
2. Simplify 
: a’ —b3 a? +b yu a? —b? 
(i) (a +b?‘ a? —ab +b? a+b a-b 


aut tee al \/ 1 
(ii) Afat +5 +2- xt += 2. 
3. Reduce to its simplest form the equation 


c-am*  y-2am 
a(m* —n*) 2am —2an’ 


and then find 2, y from this equation and the equation y? =4aa. 


4. If a®x +b*y =c*? and bx +ay =d, express a’x +b5y in terms 
of a, b, c, din as simple a form as possible. 


5. If D is the mid point of the base BC of the triangle ABC, it 
may be assumed that AB*+AC*=2AD?42BD*%, If AB =2z, 
BC =24 +2, CA =2x%+1, AD=x +4, find the perimeter of the 
triangle. 


6. A solid bounded by plane faces has C corners, E edges, 
F faces. Arrange in tabular form the values of C, E, Hy for 
(i) a cube, (ii) a pyramid on a square base, (iii) a triangular prism, 
(iv) a solid shaped like a barn whose roof is formed by four 
sloping parts, (v) a solid shaped like an H. By examining your 
table discover the simple formula which connects C, EZ, F. Verify 
it by taking (1) a solid shaped like an L, (2) a solid obtained by 
slicing off one corner of a rectangular block. 


D. 31. 


1. For what value of does the following expression in & 
contain no constant term: ax? +bx +¢+X(a’a? +b’a +c’)? 


2. A water bottle full of water holds m e.c. ; an ink bottle full 
of ink holds n e.c. Their contents are mixed and the ink bottle 
is filled with the mixture. How much of the ink is in it ? 


3. The following table gives the time required for seasoning oak 


of various cross sections 


. 


Cross section | 8 | 12 | 16 | 20 | 24 sq. in. 


Time - | 6 | 10 | 14 | 18 | 22 months. 


Find a formula for timber of cross section 4n Sq. in. 
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4. The distance between the points (a,, y,) and (a3; 73) 18 
V(a, —%)* +(Y; -Y2)%. Find the distance between the points 


(am, £) and ee -am). 
m m 


5. The hot water tap of a bath will fill it in a minutes, the cold 
water tap in 6 minutes. In how many minutes will it be filled if 
both are on? Find the time if a =15, b =10. 


6. Plot the graph of 5 cee for values of x between 0-3 and 10. 


Employ it to find the roots of the quadratic je Be =3-7. Also 


find, from the graph, the values of m for which the quadratic 


5 y2 =m has equal roots. (C.8.C.) 


D. 32. 


1. At sea-level water boils at 212° F. At a height H ft. above 
sea-level the boiling point is lowered B degrees below 212°, where 
B and H are connected by the approximate formula H =520B + B?. 
At what temperature will water boil at the top of a mountain. 
3500 ft. high ? (C.8S.C.) 


2. The area of the triangle formed by the three points (a, y,), 
(2, Yo), (Xs, Ys) is 
b[2i(Y2 —Ys) +X2(Ys —Y1) +%3(Y1 — Y2)]- 
Show that it can also be written 
3[Yi(%3 — Xe) +Y2(% — 2X3) +Y3(X2 -2y)]. 
8. Solve the equations : 
ax +by =a* —6?. 
a(x +y) +b(a@ -y) =a? +b?. 


4. Plot values of x +2 for values of x between 0 and 5. What 


is its value when (i) # =0-02, (ii) e=0-0001? Why cannot you 
say what its value is when 7 =0? Why cannot you say what its 


1 
greatest value is? Sketch roughly the graph of x sie for values of 
x between 0 and -5. 


5. A squadron is steaming due N. at 12 knots. A light cruiser 
leaves the flagship, steams due W. at 30 knots and returns to the 
flagship at the same speed. If it is away 50 min., how far did 
it go, before changing its course ? 

1 knot =1 sea mile per hour. 
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for positive values of x. Find a point 


6. Plot values of i = 
for which iat: Show that this point gives a value of x that 


satisfies 23 +a —10=0. 


D. 33. 
1. If y=6.. a find x +y in terms of 2, and also in terms of y. 


2. If incomes are taxed at the rate of x pence in the pound, 
but y pounds out of the total are exempt from the tax, how much 
does a man pay whose income is m pounds? To what rate in the 
pound would this be equivalent if his whole income were taxed ? 

Find x and y if the tax is equivalent to ls. 2d. in the pound 
on the whole of an income of £3000 and to 1s. 1d. in the pound on 
£2625; and find, to the nearest pound, the incomes on which 
the proposed tax will then be equivalent to ls., to lld., and to 
10d. respectively in the pound on the whole income. (C.8.C.) 

8. Solve (x —a)*(x +4a) =(x + 2a)?(x - 2a). 

4. Prove that 

1 - 1 + 1 —(b -—c)? —(¢ —a)? —(a —5)8 
b-c'c-a'a-b 2(b-c)(e-a)(a-b) ~ 


5. Show that 2(2? +1)? -(a* -2a -1)? is a perfect square. 


Il 


6. A cubic inch of aluminium weighs 0-092 lb. and a cubic inch 
of copper 0:31 lb. Find the percentage composition by weight 
of a mixture of copper and aluminium of which a cubic inch 
weighs 0-276 lb. (C.8.C.) 


D.34; 
a ah Miart a? +62 
a+b 2b © 2b(a-b) 
2. The area of the triangle formed by the three points (x 
(Xe, Ya), (Xs, Y5), is pp (®1, Y1) 


ey B14 (Ye — Ys) +X2(Ys —Y1) + 25(Y, — Ye]. 
Show that it is equal to the area formed by the three points 


(T +h, Y), (Toth, Yo), (@y +h, ys). 
8. Solve the equations: lv +my=1. 
ma +ly=1. 


1. Simplify 


4. P a,b, —agb, —o. s¢ 4% 51 SLY 
rove that sd, + ,Ds 0, if aoabe Show also that it is 
ml 


if stesos 
equal to 0, if Saat 
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5. Find a square root of 


4 1 
a = Saye 
9x? —-12¢7-—2 Ree 


6. In order to reach a certain place a railway transports 
passengers x miles by train and y miles by a service of motor cars. 
The train costs the company 34:43d. per mile and the provision 
of the necessary motor cars costs 26-20d. for each mile of the 
remaining distance. If 32 tickets for the journey are taken, at a 
through rate of one penny a mile, the receipts are £11 ls. 4d., 
and the railway just clears expenses. Find 2 and y correct to the 
nearest mile. (C.8S.C.) 


D. 35. 


1. The volume of a solid cylinder of length J em. and radius 
r cm. is 7rd c.c. Find a formula for the volume of a glass tube 
of length J cm., outside radius r cm. and thickness h em. 


2. Find the condition that the values of w and y obtained from 
the equations av +by =1 
and av +b,y =1 
should satisfy the equation a,z7 +b,y =1. 
3. If x =a? — bc, y =b? —ca, z =c* —ab, show that 
(a +y +2)(@ +b +c) =ax +by +cz- 
4. Solve the equations : 
a? +4? +20 +y =5. 
we +y? +a 4+2y =5. 
5. If the speed of an aeroplane is v miles an hour, what is its 
average speed from A to B and back, if the wind is blowing from 


A to B at x miles an hour all the time ? Show that its average 
speed is greatest when there is no wind. 


6. A plays a billiard match of 1000 points against B and gives 
him 250 points. At a certain stage in the game B is 124 points 
ahead, and if A continues to gain at the same rate he will lose the 
game by 40 points. What are their scores ? 


EXTRA PRACTICE EXERCISES. 


Note.—The following ‘drill’? exercises (taken from Durell’s 
Practical School Algebra), may be used either to give extra practice 
at the first reading or in a revision course. They are grouped by 
chapters, as follows : 


CHAPTER. 
I. E.P. 1, Generalisations. 
E.P. 2, Substitution. 
E.P. 3, Substitution in Formulae. 
II. E.P. 4, Like and Unlike Terms. 
E.P. 5, Products and Quotients. 
E.P. 6, H.C.F., L.C.M., Fractions. 
E.P. 7, Use of Brackets. 
E.P. 8, Removal of Brackets. 
III. E.P. 9, Easy Problems in Generalised Arithmetic. 


E.P. 10, Harder Problems in Generalised Arithmetic. 
Vie eEE Ps 


—_ 
—_ 
. 


Positive and Negative Numbers. 
VII. E.P. 12, Simultaneous Equations and Problems. 
VIII. E.P. 13, Fractions and Equations. 


E.P. 14, Factors. 
E.P. 15, Fractions. 


X. E.P. 16, Quadratics with rational Roots, 
E.P. 17, The general Quadratic. 
E.P. 18, Graphs of Quadratic Functions, 
XI. E.P. 19, Simultaneous Quadratics. 
E.P. 20, Literal Equations. 


E.P. 21, Miscellaneous Hxamples, 
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E.P. 1. 
Generalisations. 


Give general statements by means of letters, to include tne 
statements in each of the following examples : 


1. 8=1; £=1; }3=1. 


2.44+444=3 x4; 5454+5=3x5;3; 124+12412=3 x12. 
fo AS Veal iat bers 

DSalS PO DE SEV G2” OAT = OAy 
4.%x3=2; #x7=4; 2x5=12. 
5. 7x0=0; 4x0=0; 10x0=0. 
6 5x5x5=53; 7x7x7=78; 8x8 x8=8%. 
7. $x4$=1; & xP=l; Exfeal. 
: 1+3= 73 qb 1g aye 
9,.0=3=0;330=9=0;.0—14=0: 
10. 1+3=}; 1+7=}; 1+12=4,. 
1 Legafs Latha ¥s 1M =i 
12. 535+5=52; 8§—~8=—8?; 10?+10=10?. 


13. The cost of 7 lb. of sugar at 3d. per Ib. is 3x 7 pence. The 
cost of 7 lb. of sugar at 34d. per lb. is 33 x7 pence. 

14. If golf balls cost 2s. each, 4 balls cost 2 x 4 shillings, 7 balls 
cost 2 x 7 shillings. 

15. In £3 there are 3x20 shillings; in £7 there are 7 x20 
shillings. 

16. There are 20 chairs in aroom. When 8 people are seated, 
20-8 chairs are empty. When 13 people are seated, 20-13 
chairs are empty. 

17. A man is 27 years old; in 5 years his age will be 27 +5, in 
8 years his age will be 27 + 8. 

18. Seven inches = ;4, feet; 15 inches =}% feet. 


19. The number of 14d. stamps scld for 12 pence is 7c the 
_ 3 2 
number sold for 30 pence is Fy 


20. A tin contains 100 cigarettes. If 20 are used, 100-20 
remain ; if 35 are used, 100 — 35 remain, 


251/3 ALGEBRA 


21. I have to make a journey of 45 miles; after going 12 mi., 
I still have to go 45-12 miles more; after going 30 mi., I still 
have to go 45 —30 miles more. 


22. One brick weighs 2 lb., 7 bricks weigh 2 x7 lb. 
23. 1 cwt.=,4 ton, 9 ewt. =;% ton. 


24. There are 50 questions in an exercise ; when 10 have been 
done, 40 remain ; when 20 have been done, 30 remain. 


25. I walk 100 yards a minute ; in 7 minutes, I walk 700 yards. 


In the following questions, the generalisation should contain TWO 
unknowns : 


26. If a boy bicycles 9 miles an hour, he goes 9 x2 miles in 
2 hours. Ifa boy bicycles 10 miles an hour, he goes 10 x 14 miles 
in 14 hours. 


27. If an empty coal scuttle weighs 3 lb. and if the scuttle, 
when full, weighs 14 lb., the coal in it weighs 14 — 3 lb. 


28. From 10 a.m. to 5 p.m. is (12 —10) +5 hours. 
29. Aman saves £40 a year. After 3 years he has saved £40 x 3. 


30. If a boy scores 55 runs in 5 completed innings, his average 
is 54 runs. 


31. A man buys a horse for £70 and sells it for £90. His gain 
is £20. 


32. A soldier’s stride is 30 inches; in 100 yards he takes 
100 x 36 
30 
33, A hotel contains 200 beds. If 150 are occupied, 50 are 

empty. 


paces. 


34, If a clock loses 5 seconds each hour, it loses 5 x24x7 
seconds in 7 days. 


35. A man is 40 years old when his son is 10 years old. When 
the son is 15, the father is 45. 


36. If a car uses a gallon of petrol every 24 miles, it requires 
?¢ gallons for a journey of 36 miles. 


37. When I have read 12 chapters of a book, there still remain 
18 chapters and therefore the book contains 30 chapters. 


_ 38. If a railway fare is 18 pence, 4 whole tickets and 5 half- 
tickets cost (18 x 4+18 x §) pence. 


39. I earn £300 a year and spend £20a month. I therefore save 
£60 a year. 


40. I burn half a ton of coal a week. Therefore 7 tons of coal 
last me 14 weeks. 
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Italien YA. 
Substitution, 
1. If a=3, b=5, what are the values of 
(i) ab ; (li) a@+6; (ill) 2a-b; (iv) ba? ; 
(w)i2a=: (vi) as . (vii) (6-a); (viii) 1+ba? 


2. If w=3, s=1, t=0, what are the values of 
(i) us ; (ii) ws? ; (ili) uts; (iv) u? +82 +22; 
(v) 2u-38; (vi) us+st; (vii) 8¢; (viii) 483 —3ué? 


3. If x=6, y=0, z=3, what are the values of 
(i) ©+y+2;3 (ii) 2a — 3y - 22; (iii) wy + YZ 3 
(iv) 25 (v) 5-55 (vi) a2; 
(vii) az —2xy ; (viii) a 


4. If N =4, n=, what are the values of 


(i) Nn; eal os Gil Nats (ivi N-6n4 
Ny syale a (vii) 2n?; (viii) $N?? 

(v) n’ (vi) INE? 
5. If p=4, q=9, r=0, what are the values of 

(i) Jp; (ii) V9; (iii) J(pq)s (iv) pars 

(v) g@-pr; (vi) 6€9-2¢+38r; (vil) q 7 : 3; (viii) at 
6. If m=1, n=2, t=3, what are the values of 

(i) m8; (ii) mnt; (ili) m+n—-t; (iv) ?-m?—-n?; 

(v) m2 mt; (iv) ns; (wii) ™ "5 (viii) ee 


7. If e=3, f=5, g=0, what are the values of 
(i) 4ef; (ii) 2/7; (iii) Sfg+ge; (iv) 5e* - 6/'s 


(v) Se¢—f2s (vi) fge*s (vii) e® +2925 (will) 


8. If a=—b?-b and b=5, what is 5? 
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9. If x=2y and y =3z and z =4, what is x? 
10. If 2m? +n?=p and if m=0 and n=1, what is p¢ 


11, If 2 =24 and y=13, what is sty 


2 3) ee a4 oe 
1192, If wu=— and v=4, what is (i) wv, (11) - ? 


13. If « =}, y =3, z =3, what are the values of 


(iat; (ii) Qe; (iti) 2ys (ivy ayes (w) Bs 
(vi) 6y; (vii) a®y; (viii) yz; (ix) 42%; ~) 
2 
(xi) y?; (xii) = (xiii); (xiv) 6xz: (xv) 3y*? 


14, If a=1}, b=2, c=5, what are the values of 


(i) 4a ; (ii) c—2a; (ili) be ; (iv) a-3b; 
(v)2ac; (wi) as (wit) © (viii) 10ab ; 
(ix) 3b)+¢; (x) 3abe; (xi) : ; (xii) b abe 

(xiii) dba; (xiy) ott ; (xv) cb?? 


15. If r=6, s=3, t=0, what are the values of 
Perak ee AeGLS eed ie: 
(1) = (ii) 28 —r¢ ; (iii) me (iv) a8 


ee ay Soul eet ara leg ov. T= 
(v) r? — 2s? ; (xi) = 3 (vii) 88 —3r; (viii) =? 


EPs 
Substitution in Formulae. 


Deduce two arithmetical results from each of the following 
statements. 


[Oral.] 
1. The sum of y and 4y is 5y. 
2. If 2x is subtracted from 3, the remainder is x. 


3. If 2p is multiplied by 3q, the result is 6pq. 


20. 


21. 
long. 


22. 


as 
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If 2a +2 is divided by 2, the quotient isa+l1. 


- The square of 2c is 4c?. 


The sum of N and N +1 is 2N +1. 


. If 6-1 is subtracted from 6 +1, the remainder is 2. 
. If z is an odd number, z +3 is an even number. 
. If XN is any whole number, 2N +1 is an odd number, 


. If R -r is subtracted from R +r, the remainder is 2r. 


ee 


5 is multiplied by 6, the result is a. 


. If c—d is added to d, the sum is c. 


. If y —z is subtracted from y, the remainder is 2. 


ZL LAs 
aa equals 4(if x is not zero). 


See u is = 
(Uae aren 
. If 1 is added to %, the sum a 


If A is multiplied by 7 the product is 1. 


Hl bi is subtracted from any. the remainder is 2 


3 > 


. In n florins there are 4n sixpences. 


In £P there are 8P half-crowns. 
If there are x hours of daylight, the night is 24 —a hours 


If the nth day of June is a Sunday, the (n + 5)th day of July 


is also a Sunday. 


23. 


If the pth day of May is a Saturday, the pth day of Sep- 


tember is a Wednesday. 


24. 


From ¢ minutes past eleven to t minutes to twelve there are 


60 — 2é minutes. 


25. 


The minute hand of a clock turns through 6m degrees in 


m minutes. 
D.P.A, 


Q2 
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[Written.] 
26. N+1 is a factor of N?-1. [Take N=4 and N=6.] 


27. The product of p +1 and © is 3 +1. [Take p=2 and p=5.] 


28. The square root of 9x? is 3x. [Take x=2 and x=10.] 


29. If a man walks v miles an hour, a journey of 24 miles takes 
hours. [Take v=3 and v=4.] 


30. Lace, costing x farthings per inch, costs £(66x) per mile at 
the same rate. [Take x=2 and x=5.] 


31. If a stone is dropped from the top of a cliff, it falls 16¢? feet 
int seconds. [Take t=2 and ¢=}.] 


32. If a, b, c are consecutive even numbers, a being the smallest, 
c?-a?=8b. [Take a=4 anda=6.] 


33. Repeat No. 32, if a, 6, c are consecutive odd numbers. 
[Take a=3 and a=7.] 


34. The area of the floor of a rectangular room is 240 sq. ft. 3 


if it is I feet long, it is Fs fect wide. . [Take l =20 and 1 2116:] 


35. F° Fahrenheit is the same temperature as §(/ — 32) degrees 
Centigrade. [Take F =50 and F=95.] 


36. If all the angles of a polygon with n sides are equal, each 
angle is 2 -= right angles. [Take n=3 and n=4 and n=5.] 


37. From the top of a cliff h feet high, it is possible to see 
(2) miles, [Take h=54 and h=96.] 


38. It is possible to draw n straight lines on a sheet of paper, so 
that the number of points at which they cut one another is 
tv? —-in. [Take n=3, n=4,n=5.] 


39. If h is the H.C.F. of two whole numbers a and 8b, and if 1 


their L.C.M., then hl=ab. [Take a=12, 6=30 and a=15, 
+21.) 


40. A bath can be filled by one tap in p minutes or by another 


tap in g minutes. If both taps are used, the time taken is —22% 
minutes. [Take p=4, g=6 and p=3, q=9.] Pig 


Give short-hand expressions for the following : 
» ©+22. 
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- 5¢+ 2c. 

- 6¢+t. 

- cy +xy. 

. 2t2 -2?, 

. 8cd -cd. 

. ©? + 20? + 323, 


Say —xy - xy. 


E.P. 4. 
Like Terms. 


2. 3a -a. 
5. 6y —2y. 
8. 3R -3R. 
11. 4a? + 4a?, 
14. ab +ba. 
17. 10c? — 5c?. 
20. p+6p —3p. 
23. Sey —ry+ary. 


Like and Unlike Terms. 


3. 
6. 
9. 
12. 
15. 
18. 
21. 
24. 
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3b + 3b. 

8z — 42. 

10v + 20v. 

6ab — 3ab. 

5t? + 5t?. 

4pq + 4qp. 

10R -—5R -2R. 
l6cd — 8de. 


Give short-hand expressions for the following: Jf there is no 
shorter form, say so. 


25. 
28. 


31. 


34. 
37. 
40. 
43. 
46. 
49. 
51. 
53. 
55. 
57. 
59. 
61. 
63. 


2u+v+u. 
b+a+b. 

10x” — 2a — By. 
82 +0-—2. 

2p +2. 

2z +2432. 

TR —5r. 

6A +3A -9A. 
22 +3y-xr+y. 


A+B+B+A+1. 


vty + ry? + yx. 


3ab +2ba +a +b. 
@ —-214+4+42t? -3¢-1. 58. 
w® —§4+4-27+62 -3. 60. 


a—-l-a2-1. 


aba + bab. 


26. 2a+2 +2a. 
29. cd+c+d. 
32. 4y+xu+y. 
35. xy -—x-y. 
38. 5p -q+p. 
41. x? + 4x? - 523. 
44. 8st — 4st. 

AT. 10v3 — v3. 


27. 
30. 
33. 
36. 
39. 
42. 
45. 
48. 


3x -Yy —2. 

2b -a—-b. 

3x +3y -2+Y. 
Tab —ab —7. 
6yz — 2y — 32. 
2a*b + ba?. 

4a* — 4a. 
c+cd. 


50. 4+4a+2f -2. 

52. A42-34B-5AB+A?, 
54, 2u-v+ut+3v+3. 

56. ab —ac+bc —ba +ca —cb. 


4yz —3az+zy —xy. 
1p? +q? —p* +q?. 


62. 2+3c?+c4 —c? +1. 
64. aabb + abab + baab, 
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65. 4-6¢+2 -3¢. 66. 102 +10x5 - 10x? - 10. 
67. 30 +25 —x? -a@. 68. 402 -37+5-227-1. 
69. a +a%+1+a*. 70. 2+4t -4-#. 

71. 5x — 323 — 3x4 + 328. 71. 4-3y?-y-1-y?. 


Arrange the following in (i) descending powers, (ii) ascending 
powers of a. 


73. 3u —2? +298 +1. 74, 2+524 —2a?+3 -23, 

75. 6x? —- 5a +3 - 32? -2. 76. ©+22°+4+52. 
Write down the following : 

77. The coefficients of z and the constant term in No. 73. 

78. The coefficient of x and the constant term in No. 74. 

79. The term of highest degree in No. 76. 

80. The coefficient of 2 in No. 74. 

81. The coefficient of 2? in No. 76. 

82. The coefficient of c? and the constant term in No. 62. 

83. The constant term in No. 59. 

84. The coefficient of a in No. 69. 


Write down expressions to represent the following : 


85. Subtract a? from a‘, 86. Add 1 to 2%. 

87. Add 22? to 2x4, 88. Subtract 2a? from 6a?. 

89. Add xy to yx?. 90. Subtract «+2? from 2? +2, 
E.P. 8: 


Products and Quotients. 


Give short-hand expressions for the following : 


1. 4t x 4¢. 2. 5a x5. 3. ab x 2a. 
4. 6c? =c. 5. 6c? +6. 6. 8d%e —4de. 
Tn? 2ar. 8. 10xy x Qy. hb. 6) cosy 
10, ab xac. 11 2abs 2c: 12. 2a*b? ~2ab. 
13. 28 x 323. 14, 4s7t=+2s. 15. 2pq x qr. 


16. ‘wt x 2: 17ivat a3, 18. 3x x 3y. 
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19. »? xp’. 20. 2¢ x ¢?. 21. 3ab x 3ab. 
22. 6y® + 2y?. 23. 6a2b 2a. 24, 3ab x 2a. 
25. 4t4 x 222. 26. c x 2c x Be. 27. 872s? = 2rs?, 
28. 2a? x 3xry?. 29. 10p? —p?. 30. 8p4 =p. 
31. 3ab? x 3a2b. 32. 12a%y6 ~ 322y?, 33. 2p x 3q x pq. 
34. c® xc3 =c3. 35. 2? xz4=z8, 36. 2x? x Bay x 4y?. 
37. The square of 4ab?. 38. A square root of 4a8. 


BO. 
41. 


The cube of 32?. 
A square root of 16x%y4. 


40. The square of 323. 
42. The cube of 2y3z?. 


43. The cube root of 8a°. 44, The square of 5pq?r°. 

45. (2a)? + (3a)?. 46. (4b)? ~(2b)?. 47. (3c)? x 3c?. 

48. (pt)? =—p?. 49. (2pq)3 x 3q. bOS (ay?)? x23: 
51. (3¢)3 — (2t)3. 52. (2v)? x (3v)® +62. 53. (422)? ~ 42. 

54. (3ab3)2 + 3ab. 55. «% x (2%)7!x (3x)*®. 56. a? x (2.ab)2 
57. ¢(2t)? #2. 58. (2p?)3 ~(2p3)?2. 59. 4a3y3z3 — daryz, 


E.P. 6. 


H.C.F. and L.C.M. 


Find the following : 
ile TBLIGHUN, Conihe, Glee. 
3. L.C.M. of 2pq, 6p?q. 
5. H.C.F. of 5a7b, 10ab3. 
7. L.C.M. of 2xy, 2axyz. 


2. H.C.F. 
4. L.C.M. 
ih LLCO. 
8. L.C.M. 


of a®b, ab?. 
of 3y?, 2yz. 
of 6c?x4, 9c7x3. 


of 4abuy, 14byz. 


Find the H.C.F. and L.C.M. of the following : 


O37, 205% 10. 5a?b, 106?. 11. 6y?, 8y?z. 
OAS SIE 13. 4pq, 5r?. 14. 8ya, 10xy. 
15. 12, 100: 16. y%2?, y°z. 17. 9ef?, 6fg?. 
LS. wy, wy?. 19. 463, 9c?. 20. 12b2x, 8aby. 
Pes MO UPA Pee 22. 6a3b?, 9a%bc, 12a4b2c?. 
Disyy Pye BY se ie 24. 4r?, 5rs, 687. 

25. 6x; 2oy, 2y®, 427. 26. 2a%yz, 3xy?z, 4ryz3. 
27. 8, 10p, 4p3, 3q?. 28. 9xty, By8z, 12074227. 


29. 103, l5abx?, 20cry. 


30. (2uax)2, (6ba)%, (2ca)*. 
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Fractions. 


Simplify the following fractions; if there is no simpler form, 
say so. 


a? bs 3c 4d 5e 
31. =. 82. 33. =. a4. 35. > 
ye ce ‘8 u v 
36. 5 a7. 5. 38. =. a9. 4. 40. ©. 
2ay Qay z a c? 
41.54. 42, SY. 43, =. 44, <. 45. 5. 
4 4,4 
46. sf. 47. Ms 48. a 49, s 50. r. 
2,2 ri 2 
51. cos vee ee 54. a BB. a 
3d)2 (2a3b)8 a2 2 a2 
56, or BT, bt shige nee jd a : 
(gaye OF Ga 8 Ge 58 ee 80. Gane 
Toa 
61. - +5. 62 ; a 63. &-3. 
1 1 
64, e-— Wei g 
en 65. 1+5 66. gh +2, 
a} 1-3 2 
6 . Steed ~ PsP 
1.575 68. 5+, 9, 22, 
70. r-2 Lt a 
r—$ m1. --> 12. 4-5 
1 1 a b 3 
73 an a ase a 2b 
6yz * 423 a 10bc l5ac’ 7. 2x2 © 3y3° 
76. a-+2, 77, t<2; 4 
_ 5a 78. ef = rs 
19. 1 xo 80 v1. 81. art B 
y x 
Sanuk 6 ; 
82 ae Pa rome 83. <; +ac 84. Ba. 
2c\? l /3e\3 
85 7) os St; = (=) vf LM 
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EB. Pe-i. 
Use of Brackets. 


eet ee by means of brackets the following: do not simplify 
them. 


. Subtract x + 2y from z. 

. Subtract the square of x + 2y from the square of z. 
. Multiply a —6 by 3c. 

. Add to p twice the result of subtracting q from r. 

. Take the average of a, y, z. 

. By how much does 2/ exceed m —n ? 


. Subtract from 6 twice the result of subtracting c from d. 


aOonN Da fF WON & 


- Multiply the number which is one greater than N by the 
number which is one less than n. 


9. From the square of R +r subtract the square of R -r. 
10. Divide A -B by a-6. 


11. What is the product of three consecutive whole numbers of 
which WN is the greatest ? 


12. What is the product of three consecutive even numbers of 
which 2/ is the least ? 


13. How many inches are there in 2a —b feet ? 


14. A cask contains N gallons ; how much remains when x - y 
gallons have been used ? 


15. A cask contains N gallons; a+b pints are used each week. 
How many pints remain after ¢ weeks ? 


16. A man walks 40 miles in 3 days ; he walks 2 —7 miles in the 
first 2 days, how far does he walk the third day ? 


17. A carpet is x +4 feet long and x —4 feet wide. What is its 
area ? 

18. A box full of sugar weighs W lb. and when empty weighs 
wib. How much sugar is there in n boxes ? 


19. A cellar contams n bottles ; six dozen of them hold a pint 
and the rest a quart each. How many pints are there altogether ? 


20. A man buys glasses at the rate of 6d. each for the first 
dozen and 5d. each for every additional glass. What is the cost 
in pence of N glasses, if N is greater than 12 ? 
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21. A journey by car takes 3} hours; for the first ¢ hours the 
speed is 20 miles per hour, and for the rest of the time it is 30 miles 
per hour. What is the distance travelled ? [Assume that ¢ is 
less than 34.] 


22. Express £x ys. in shillings and £z ys. zd. in pence. 


23. A man is earning 6a +b shillings a week. What are his new 
wages if this is increased by one-quarter ? 


24. A path 4 feet wide runs all round a grass plot J feet long, 
6 feet broad. What is the area of the path? 
ExPase 
Removal of Brackets. 
Simplify the following : 


1. a+(b —3c). Qadstb ed) 3. 2f-(f +g). 

4, (k+l) -(k-l). 5. p+2q —(3¢ —-p). 6. (r —2s) —s. 

7. 3¢+(é-2s). 8. 4y —(x — 3y). 9. (w-y)+(y-2). 
10. x? — (x? — y?). 11. (a -—2z) -(z-2a). 12. 1+6-(1-5). 
13. 2(c —d) —(c+d). 14, 3(f+h)-2(h-f). 

15. 5 -2(1-k). 16. p-3(r—p). 

17. 2¢+5(a +29). 18. 4(w-v) -3(w+v). 

19. x(x@+y) -x(x-y). 20. x(y+x)-y(y+2). 

21. yz -z(y —z). 22. (a? — 5x) +a. 

93. (4a*— Gab) -2a. 24. ¢ -e(1 -*). 

25. de(e -2f) —3f(e -2f). 26. a8(a* + 2b3) — b3(a3 — 208), 

27. 3(w@+y—2z)-3(a@—-y+2z). 28. xy —z) +y(z-x) +2(a@ -y). 

29. (6x%y — Bey?) ~2xy. 30. (4 +3) -y(1 +i) 

31. a-[a-(1+a)]. 32. 2p -3{4-p—]h. 

33. 3 +y —{4e —3(x —y)}. 34. 2[a -y —x]-3(a+y). 

35. b -2{c —4(b -c)}. 36. ala(a +b) —b(a —b)]. 
Fill in the gaps in the following : 

37. a -—2b -2c=a - 2( Me 38. p-q+r=p —( 3 


39. x? - ay =2( ys 40. lim-n=m —( ys 
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41. 2a - 2c - 3x” - 3z =2( ) -3( ): 

42. a? +ab —p* + pq =a( )=p( )=a(tvc )+p( 7 >). 
43. x? +ay —xz =2( )=axy - x ( . 

44, 3l1+m-—n=4l -( ) =3(l+m) -( ). 

45. l4u+ae?+e8 =1l4e4a7( )=1l+a%+x( ). 

46. Add « +2(y-z) to ~-2(y+z). 

47. Subtract a —(b —c) from c —(b -a). 

48. Multiply « -(x -y) by y -(y —-2). 

49. What must be added to p —(q +7) to give p+(q+r) ? 
50. What must be subtracted from 2(r —s) +t to leave r-t? 


EP. 
Easy Problems in Generalised Arithmetic. 


1. I walk s miles and then ride 4 miles. How many miles 
have I travelled ? 


2. A box weighs 3 lb.; I put into it two parcels, one weighing 
W lb., the other w lb. What is the total weight ? 


3. A milkman sells m gallons of milk out of 10 gall. ; how much 
has he left ? 


4. A boy starts with d pence and then spends n pence; how 
much has he left ? 

5. In a bookcase there are 2x books on one shelf, 20 books on 
the next shelf, and 2y books on the remaining shelf. How many 
books are there altogether ? 

6. I buy n apples and then buy 2 more; how many do I buy 
in all ? 

7. I buy a bunch of 3¢ bananas and cut off 3 of them; how 
many are left ? 

8. A basket, weighing W lb. when empty, contains n Ib. of 
apples ; if c lb. of apples are now sold, what is the weight of the 
basket with the remaining apples ? 

9. It is now a quarter past ten; in how many minutes’ time 
will it be (i) 10.30, (ii) ¢ minutes past ten, (i111) n minutes to 11? 

10. I can walk 4 miles an hour. How far can I walk in 83 hrs.; 
24 hrs. ; 6 hrs. ; 50 hrs. ? 
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11. What is the cost of the following : 
(i) 5 lb. of butter at l pence per Ib. 

(ii) 2 oz. of pepper at x pence per oz. 

(iii) m yd. of silk at 12 shillings per yd. 

(iv) x gall. of oil at p shillings per gall. 

(v) 2R ft. of pipe at n pence per ft. 

(vi) N dozen books at P pence each book. 
12. How many inches are there in 4 ft., 4 ft. 9 in., J ft., 7 ft. 9 in., 

lft. m in., p ft. g in., v yd. z in. ? 

13. I spend 5 shillings out of £2. How many shillings are left ? 
I spend 5 shillings out of £N. How many shillings are left ? 
I spend f shillings out of £7. How many shillings are left ? 


14. What is the total length (in inches) of the wire used to make 
the grid shown here ? 


<€------------.. da qe ss ae > 
: A 
v 
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Each inch of wire weighs } oz. ; what is the weight of the grid 
in ounces ? 


What is the value of each answer if a=2, b=8 ? 


15. Eggs are 3 pence each. How much change (in pence) is 
there out of half a crown, if you buy z eggs ? 


16. A railway porter is paid 6} shillings a week and receives in 


tips n shillings a day. He works 6 days a week, how much does 
he get each week ? . 


17. A car uses a gallon of petrol every 24 miles. (i) How far 


will the car run on 2$ gall., } gall., ¢ gall. 2? (ii) How much petrol 
is used to run | mile, 10 miles, s miles ? 


18. A man buys a horse for £40 and sells it for £P ; what is 
his profit ? 


19, By selling a cricket bat for z shillings I gain 10 shillings, 
how much did it cost me ? 


20. (i) Share v apples among 5 boys. How many does each 


have ? (ii) Share v apples among 5 boys and x girls. How many 
does each have ? 
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21. A jug holds 2 pints? How many jugs are needed for 
k pints, n gallons ? 


22. A pail holds g pints. How many times can it be filled from 
a tank containing 100 pints, n pints, z gallons ? 


23. Express in yards, 16 ft., 2 ft., Z ft. 
24. Express in ounces, 2 lb., 14 Ib., W lb. 


25. A family uses 3 loaves of bread a day. How many loaves 
are needed for n days, t weeks ? How long will z loaves last ? 


E.P. 10. 
Harder Problems in Generalised Arithmetic. 
1. How many inches are there in 2s feet, }¢ yards ? 


2. What is the length of a train which has n coaches, if each 
coach is / feet long and the engine is c feet long ? 


3. A clerk writes m letters an hour, how long does he take to 
write p letters ? 


4, A man smokes } lb. of tobacco a week; how long does 
W lb. of tobacco last him ? 


5. A rug is 6 feet wide and 36 feet long; what is its area in 
sq. ft., sq. yd. ? 


6. The length of fence for a square enclosure is 2p yd.; what 
is the area enclosed ? 


7. A hallis twice as long as it is wide ; it is x feet long; what 
is its floor-area ? 

8. In No. 7, the hall is 20 ft. high ; what is the total area of 
the four walls ? 

9. A brick is 3 in. wide, 2 in. deep, ¢ in. long; what is its 
volume ? 

10. In No. 9, the material of which the brick is made weighs 

W oz. per cu. in.; what is the weight of the brick ? 


11. How many tins measuring 2 in. by 3 in. by 4 in. can be 
filled from a tank containing V cu. ft. of water ? 


12. What volume of soil is removed when making a trench 
2t ft. wide, 3¢ ft. deep, 9¢ ft. long ? Answer in (i) cu. ft., (ii) cu. yd. 


13. A pencil costs ee pence; how many can I buy for half a 
crown ? 
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14. I bicycle at the rate of 3s miles an hour, how far do I go in 
40 minutes ? 


15. The average speed of a train is v miles an hour, how long 
does it take to go 50 miles? How long would it take if the speed 
was 10 miles an hour less ? 


16. Take the number WN and from half of it subtract one-third 
of it. 


17. Express in shillings the result of subtracting £2 ys. from 
fy xs., where y> a. 


18. From a square sheet of cardboard of side 3p in., a square 
of side 2p in. is cut away ; what area remains ? 


19, A train has 11n compartments with 8 seats each and 2n 
compartments with 6 seats each; how many seats are there in 
the train ? 


20. In No. 19, find the number of such trains required to carry 
2000 passengers, if each has a seat ? 


21. A brick is ¢ in. broad, 2¢ in. long and h in. high. What is 
the sum of the lengths of its edges ? 


22. A handkerchief costs k pence and a pair of socks costs one 
shilling more than that. What is the total cost of 8 handkerchiefs 
and 4 pairs of socks, (i) in pence, (ii) in shillings ? 


23. A tank is 3c ft. long and 2c ft. wide and contains c® cu. ft. 
of water. What is the depth of water, (i) in feet, (ii) in inches ? 


24. A tank is 4p ft. long and 2p ft. wide and contains water to 
a depth of 3p ft. ; what is the area of the wetted surface ? 


25. A bicycle wheel revolves N times in 100 yards ; how many 
times does it revolve in }N miles ? 


26. It takes « men ¢ days to repair a certain road ; how long 
would it take 2x men ? 


27. A photograph « in. long, y in. wide is printed on a sheet 


of paper oe in. long, 2y in. wide. What area of the paper is not 
used ? 4 


28. How many tiles measuring 8 in. by 6 in. are required for 
the floor of a hall 6 ft. broad, 2b ft. long ? 


29. A certain milestone on the Winchester-Southampton road 
reads « miles to Winchester, 22 miles to Southampton. How far 


is Winchester from Southampton? What is 2 if this distance is 
12 miles ? 
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30. A shopkeeper would make a profit of £P by selling a table 
for £8. For what must he sell it to make a profit of (i) £(2P), 
(ii) £p ? 

31. In an examination, a girl, who scores n marks, fails by 
6 marks ; a boy passes with c marks in hand. What did he score ? 


32. The duty on a picture is two-fifths of its value. What is 
the value if the duty is £(50P) ? 


33. At a shooting gallery, you pay 2d. if you miss and receive 
6d. if you hit the target. What is the result if you score « hits 
and y misses ? 


34, A, B, C are three parcels; A and B together weigh p lb., 
B and C together weigh q lb., A and C together weigh r lb. ; what 
is the total weight of A, B, C ? 


35. A man starts from a boat-house B and rows downstream ; 
he takes ¢ minutes to row 4 miles; he then turns and takes 4t 
minutes to get back to B. How far from B is he at a time 2¢ 
minutes after leaving B ? 


E.Palti. 
Positive and Negative Numbers. 


1. Subtract 

(i) -a from a; (ii) b from —6b; (iii) 5y from Ty ; 
(iv) —3x” from 54; (v) 5p from -2p; (vi) -6zfrom -2z. 
2. Add 

(i) -a anda; (ii) —2b and —3b; (iii) -c and 5c; 


(iv) 7 and -4x%; (v)Oand -2y; (vi) --4z and —z. 
3. Multiply 

(i) -a by -1; (ii) 2b by -2; (ili) —3x by -4; 
(iv) -y by y; (v) -—z by -z; (vi) —5 by 2c. 

4. Divide 


(i) -4a by -1; (ii) —20 by -2; (iii) 6y by -—2; 
(iv) -—9x2 by 3; (v) —x*? by -a; (vi) 6ab by — 3b. 
If a= —-1, b= -2, c=3, d=0, x= -4, y=1, write down the 
values of the following, Nos. 5-47. 
5. ab. 6. ac. 7. bd. SCa aay: LOmoc: 


b 
11. ay. 12. bx. 13. cd. 14, xy. 15. a 


ALGEBRA 


251/19 

16. ©. 17. = 
alge. ye 
260Gs. PM. BV. 
31. b+c. 32. d-a. 
36. 2)—0; 37. a-c. 
41. x-c. 42. 2a+y. 
46. 3b-2d. 47. b-2a. 
51. 38y—c. 52. 2b-z. 
56. x(y —)). 

Simplify the following : 
58. ( —p)(3p). 

61. (Sty (— 2). 

64, -—(- 4a). 

67. (—3)(2a). 

70. 3p —5p -p. 

73. 2+(-32). 

76. —(-a)+(+a). 

79. —(+2b) -—(-2c). 
82. ( -—a) +(ab). 

85. (- B . (n 


88. 


91. 
93. 
95. 
97. 
99. 


101. 
102. 


4) 


(-1)(0 -a)+(-a). 
(a? — 2ay) —( -2). 
(r-—s)+(-1)+8. 
04+(-1)(2-y). 


( — 2)(3x) +( -1)( - 42). 


13.2 19. 
a 
a 24, 
y 
28. a*. 29. 
33. 2 -y. 34, 
38. b-d. 39. 
43. 3b-c. 44. 
48.a-2x. 49. 
53. 3a —4a. 54. 
57. c(a—-2). 
59. (—2r)(-71). 
62. (-6k) +3 
65. +( +30). 
68. 0x(-3y). 
71. a—4a + 2a. 
74, (-y)+(-y)- 
77. —(+c)+(-c). 
80. 3r —( —3s). 
83. c+( —c?). 
86. (F)(-w 


gio SIR 


d?. 


C=2. 
y+b. 

d —-2a. 
c+4a. 
a(b -c). 55. 


1a 


.a-b. 
.yta. 
.y-a. 
. 3y-5b. 
. 2c — 6a. 
b(d -a). 


. (+8s8)( - 22). 
. (41) =( -1). 
- —(4+2c). 

. O+( -4z). 

. —t-3t-4t. 
. 22 -(-2). 

- +(-P) 
. (-2k) +( 
. (-d) +( -2d). 


. (-ax?) +(xy). 


—( =p). 
2): 


89. (—ab)--(—2b). 90. (= ,) xe. 
92. c+( -—2)(c -d). 
94, (-3)(p -g) +(-2)(q -p). 
96. —2y+(-3)(x-y). 
98. (a —b) —(b-a). 
100. ( — 2a)? — 23, 


Subtract -—a-—b+c from a. 


Divide x? 


-3xy -x by -a. 


103. 
104. 
105. 


106. 
107. 
108. 
109. 


110. 
111. 


112. 


113. 


114, 
115. 
116. 


Lire 


118. 
119. 


120. 
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-“% -2@ 
We 
Fill in the blank space in x -y =( - 1)( ). 
Simplify (i) (—a)(-—6)(-¢); (ii) (—23)?; 

(ii) (-y)?(-y?)s (iv) (2p)( - 89g) +( - 1). 
Subtract 422 +7 from x? — 5a — 2. 
Add —(1-2z2) to 3(x +1). 
Divide x4y? —x*y4 by —ay. 
Multiply 1 —(2-a) by -a. 


Simplify or + 


2 2_ #4 
Simplify dee +(-6)?. 
If (x —a)(y —a) =c? and if a= -1, c= — 1, y=1, find the 


value of z. 


If r+s+4=0 and s= —1, what is the value of =? 


If x= -}4 and y= —i, what is the value of ea? 


Simplify (a — 2a?) +( —a) +(2b? —b) +( -6). 

If pq=p+q and g= —-1, what isp? 

Can you find two numerical values of x such that the square 
of x-7is 16? 

Multiply = + a - a by —ab. 

Divide ay2z? — 2?y3z? + 2y?z8 by —xyz*. 

Fill in the blank space in 2r —- 3s =(s —r) -( ). 

y2 +22 
YZ 


If y +z =0, simplify 


Le GLes 14: 


Simultaneous Equations. 


Solve the following pairs of simultaneous equations : 


1. a+b6=13, 2. u-v=ll, 3. 4-y=9, 
a-b=4. u+v=1. x+y=0. 
4, n+q=8, 5. 21 +m =12, 6. 2u-v=7, 


q-p=3. l=m. u+v=s. 
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mot 20)— 0s 
v+3y=13. 


10. y=2r+1, 
3y =5(x +1). 
13. l+m=2h, 


16. 
19. 
22. 


25. 
27. 
29. 
30. 


31. 


33. 
a 


35. 


37. 
38, 


39. 


41. 


m —l=1}. 
t+2z=12, 
i aoe 


30 + 5y =21, 
z+ 2y =7. 

2r+s4+10=0, 

3r —-2s+1=0. 


e-7T=d+2=5. 


x — 3y-5=24+y-3=0. 
2e+3y=ae+1=4-y. 


20. 


23. 
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. Ie -y=2, 


6x2 =y. 


. 8a+4y=7, 


0: 


. a+2b=54, 


a-—b=1fh. 


. C=3 —2d, 


d=12 -2c. 

2a + Ty —22=0, 

3xv + 6y —15=0. 
3p +2z=4, 

4p+z2+3=0. 


. 20 -+5y'=8, 


3a +4y =5. 


. 4r+3y=1, 


5a +4y =2. 


. 44 —3y =3, 


y=22. 

. 39 +4¢ -3=0, 
2p -5¢+5=0. 
. 4v+3y+13=0, 

3a+2y+8 =0. 


22 + lly =12, 
3xv —2y +19=0. 


24. 


26. 29 -1=0=3+4. 


x+2y+3=4e+4y -—1=3r4+ 3y4+2. 


+p +3q=1, 


2p +3q¢+1=0. 


40 -2y=4y —-Se=x+y-3. 


2a -y-3=8y -7+4=5a — By —4. 


8p -7_2q¢+i_, 
4 

ieee aE acl 

ety 4 yt+2 


28. y=2(x- 


-y-1l)= -2(x+y+3). 


eal ytt 
32. —5— 5 Sak 
2e+1_S3yti_» 

5 a ea 
Sao eT 

y z 

9 

Sean 

yo @ 

r—25. 3s 
hs ror 

Beara) 

rs Ts. 

yt22 3y-2 
a0. Qy—-2 2-7 =5. 

38x%-1 2742 
42. = = 

2yt+1 yt+2 a 
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Problems. 


43. A knife and fork cost 6s.; the knife costs sixpence more 
than the fork. What is the cost of each ? 


44, A man distributes x oranges among n boys ; if each receives 
10 oranges, there are 3 left over ; but there are four oranges too few 
for each boy to receive 11 oranges. Find x and n. 


45. I am thinking of two numbers which, when added, make 90 
and are such that one-third of the smaller is equal to one-seventh 
of the larger. What are they ? 


46. 3 lb. of jam and 2 Ib. of butter cost 8s.; also 6 lb. of jam 
and 3 lb. of butter cost 14s. ; find the cost of 1 lb. of jam and of 
1 Ib. of butter. 


47. 3 cows and 4 sheep cost £52; also 4 cows and 6 sheep cost 
£71; find the cost of one cow and of one sheep. 


48. Can you find two numbers such that three times the smaller 
exceeds twice the larger by 3, and seven times the smaller exceeds 
five times the larger by 2 ? 


49. A boy spends 4s. 6d., partly on the entrance money for an 
exhibition, and the rest on amusements inside ; his brother, who 
spends twice as much on amusements, spends 7s. altogether. 
What did each spend on amusements and what was the entrance 
money ? 


50. In 4 years’ time a father will be 3 times the age of his son ; 
4 years ago he was 5 times the age of his son. What are their 
present ages ? 


51. I have to pay for 500 cigarettes two shillings more than for 
3 Ib. of tobacco; and I have to pay for 4 lb. of tobacco four 
shillings more than for 600 cigarettes. What do I pay for one lb. 
of tobacco and for 100 cigarettes ? 


52. I wish to give one shilling each to some children, but find 
T have Is. 6d. too little to do so. I therefore give them 10d. each 
and have one shilling over. How many children are there and 
how much money have I got with me ? 


53. A owes £4, B owes £5; A could just pay his debt if he 
borrowed from B one-eighth of what B has ; B could just pay his 
debt if he borrowed from A two-sevenths of what A has. How 
much has each ? 

54, Find two numbers such that the first is greater than half 
the second by 4, and three times the first is less than twice the 
second by 1. 

D.P.A. Q3 
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55. If A gives B twopence, B has four times as muchas A. If 
C gives A and B ten pence each, then B has twice as much as A. 
How much have A and B ? 


56. A heap of half-crowns and florins is worth £2 10s.; another 
heap, which contains only half as many half-crowns but twice as 
many florins is worth £2 15s. How many coins of each kind are 
there in the first heap ? 


57. Can you discover a fraction such that the result of either 
adding 1 to the numerator or of subtracting 3 from the denomi- 
nator is equivalent to}? Is there more than one answer ? 


58. A and B are two jugs; an empty pail is just filled by 
5 jug-fulls from A and one from B or by 8 jug-fulls from B. If 3 
jug-fulls from both A and B are put into it, there is still room for 
another 2 pints. How much does each jug hold ? 


Eiberics 
Fractions and Equations. 


Simplify the fractions and solve the equations in the following 
examples : 


(ee ee a ee. 
eos 2 42~—2.8 
yes i 
3. ot Be Ba" oT 2 Sie oe 0, 
ec x+) 2 x2t+l1 
5 3 Saree 6. ae F == he 
1 1 ¥ 
‘ Lea 8, ttoeyit 
Ahern eed loonie = Yard 
3a 38x+3 ° 82 3243 42° 
2 
Li le acy. 2 Rieeeet LES 
x-3 SRE Hae 
1 
1 eee ray mg Pa 
x«-l «x 14. Qn =—4 3a -6 


wv 
15. enh Eg =], 16. soyteeh 
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x 
3__1 
x 


Aeros AT SS 
et a(e@—-1) e=1 


x Hb 
cE ray Wat roe et 


18. 


E.P. 14. 


Factors. 


Find the factors of the following expressions : 


1 
3 
5. 
7 
9 


11. 
13. 
15. 
17. 
19. 
21. 
23. 
25, 
27. 
29. 
31. 
33. 
35. 
37. 
39. 
41. 
43. 
45. 
47. 
49. 


. ab —bc —ad +cd. 
» p*-—3p -4. 


2?+4¢ -21, 


. ab —2ac + 2bd — 4cd. 
. 1-lle2+242?. 


22-52-14. 

xy —xz—-y? +2. 
12a* -a -6. 

10c? — 3c -1. 

a? —ny + yz —xX2. 

6 —p —12p?. 

a? —-16a+48. 
a(a-1)+a-1. 

15 +14p — 8p?. 

12y? —Ty +1. 

4ax — 6ba + 9by — Bay. 
6x? — 2xy +ay — 3ax. 
x? +(a+b)a+ab. 


3x3 — 5x*y + Gary? — 10y%. 


x —(p —q)« — pq. 
l+a?+ay+ay. 

ax +4 —2x -2a. 

(2a +6)(c+d)+e+d. 
x-yt+(y—x)*. 

(c —d)? +c? —cd. 


2. #2? -7#+12. 
4. ax —2bx +ay — 2by. 
6. y?+10y + 24. 
8. 3a2+5a -2. 
10. 6? -bc +bd —cd. 
12. 267+6-6. 
14, 1 —2¢ -—15¢*. 
16. 1+a+a*+a’. 
18. 1012 —19lm + 6m?. 
20. 3¢? + 9¢ — 30. 
22. l+ay—a@-y. 
24. 20b? —-49b +30. 
26. 4¢2+4+12¢ —72. 
28. 1-p-q(p-1). 
30. 12”? - 16x” -3. 
32. 322% + ay — 2y?. 
34, 12r?2 + 32rs + 5s?. 
36. 28a? — 3ab — 18b?. 
38. 21c? + 34cd + 8d?. 
40. 20y? + 2lyz — 5423. 
42. 2a4 + 3a%bc — 2b%c?. 
44, 2x4+112?+15. 
46. 3 — 5t? —12¢4. 
48. 36a? + 27ab — 28b?. 
50. 105 -17p — 12p?. 
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51. (w +1)? —-(@ +1) (2 - 3). 52. x(x +4y) — 3y(3ex — 2y). 
53. 120? + 5ay — 72y?. 54. (x —y)® —2a(x -y). 

55. a(a+y) —xy —a?. 56. x(x +1)+(x+4)(x -3). 


57. 
59. 


a(b? +c?) —bce(1 +a?). 


14a? — 13ab — 12b?. 


58. 
60. 


E.P. 15. 


xy? — Txyz — 1823. 
6x? — 4ry + 10yz — L5axz. 


Fractions. 


Simplify the following expressions : 


te 


4, 


3x — 3y 2 2a +26 3 a? —ax 
3x + 3y" * 5a +5b° * an —x3" 
sie 5, P?=2P 6. Baty 
3+3c° * pt+2p° * gta 
ab? +a*b 8 2x — 2y 9 4a —4y 
abe ~ * (a —y)?- * 6y — 62° 
—b? 6x? — Bry 3x -3 
* (a—b)?° A ray = (1 -2)?° 
bs — b2c (a -2)3 | Qa — Qy 
* 68 — bc?” ee (2a — 4)3° bs 3z2y — 3xy?” 
2-3 a*#+a-—6 ab —b? 
* gt-a7-6° =o 2a+6— a a? +ab — 2b? ° 
av? + 6x +8 90, Wtzy —2y* 91, Ma 8e+15 
x? — 4 * 22 —Qay +y?° * gt 42a - 35° 
y® —2y +1 _at-x xi+a—2 
alent! i Fe a?#+a-2 a-3 
eo <at+2e4+1" 26. a®*#-a-6 a-2 
ei+ey sur = ye 28 4x —12 9x? 
LY — U2 “oa + ye 3a 6x2 -18 
a eae 30, 54 2a 
32-3 ata “a-8b° 3a-6- 
: ane aa 32, Bey. ty -y? 
ax-a ax-@z# ‘ ee “git ay” 
Rese bal Rene Ty IN We 
on) a? + oy " 6? —2be +c2* b? be" 
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35. b? + 2be +c? | Oe 36 a*—4ab+4b? | a? +3ab 
b? + 2be 6? —c? * a? +ab — 6b? * a? + 6ab + 962° 

TS pert SA erect 

39. te ae: 40, oe 

41. +5. 42. 

4 ee ite aOR a 

45, oT -eB 46. 242 

see ae fe ee 

A ee i iperreg eee 

1. ota: re re a 

E.P. 16. 


Quadratics with Rational Roots. 
1. If (z —3)(y —5) =0, can you find the value of # when (i) y=73 
(ii) y=5; (iii) y=0? If so, what is it ? 
2. If (a —b)(a +2) =0, find, when possible, the value of x when 
(i) a=3, b=1; (ii) a=0, b=1; (ili) a=4, b=4? 
3. Do you know anything about the numerical value of x if 
wy 10% 
4, What can you say about the values of x and y if 
(x —3)(y-—5)=0? 


Express the following facts by equations : 


5. Either « =3 or «=6. 6. Hither y =2 or y=5. 
Tae Hither’ —2 org = — 2. 8. Either z=0 or z=4. 
9. Either v=1 or y=l. 10. Either «= -2 or x=3. 


11. Hither p= —-4 or p= —7. 12. Either y =3 or z= —2. 
13. Either x=} or x=3. 14. Hither t =2 or ¢=4. 
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15, Either y =0 or y= —3. 16. Hither z= - 23 orz= - 1}. 
17. c=+5. 18. «= +23 
19. y=0 or 2 or 5. 20. z=lor —lor -2. 
21. t=}o0r —2 or lf. 22. v=0 or +3 
23. x= —% or 24. 24. y=lor -lgor -}. 
Solve the following equations : 

25. «(2 —3)=0. 26. (x —2)(x+3)=0. 
21. (% —4)?=0. 28. 32(x +2) =0. 
29. (2x —3)(x —5) =0. 30. (37 +1)(2 +3) =0. 
31. 5a (5x —2)=0. 32. (22 +3)?=0. 
33. x(a +1)(2 —2) =0. 34. (2a —7)(7x +2) =0. 
35. (w —4)?(x+4)=0. 36. (3 —2x7)(5+2x) =0. 
37. (4+2)(1 —4x) =0. 38. (1 —x)(2 —x)(3 +2) =0. 
39. v7 --82+15=0. 40. x?-8zr=0. 
41. o7+1le+28=0. 42. z*+1lxz=0. 
43. 22 +52 -6=0. 44, x? -3x-—70=0. 
45. 2? -6x+9=0. 46. x7+127+36=0. 
47. x?+9x =36. 48. x?-1lx=60. 
49. x(a —1)=72. 50. x(x +2) =99. 
51. 2a? -1llz+5=0. 52. 62% =9 +2. 
53. 22? =25. 54, 427=9. 
55. 15a? +227 =8. 56. 1427=172 +6. 
57. (2a +3)?=25. 58. 20x - 7a =6. 
59. 402 =72. 60. 102? + 3327 +20=0. 
61. (x +1)(4-3)=12. 62. (22 —1)(1+3x) =4. 
63. «(2 -1)=3(2 -1). 64. (7+2)?=5(a2 +2). 

18 8 18 
65. == =. 66. Le ens 

1 

67. 5 =3(1-4). 68. 2+4=—9 
60,c eee es iy 8 


Solve the following equations. 
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The General Quadratic. 


If the roots are not rational, 


give each root correct to one place of decimals. 


Ll. 2? —42¢=3. 2. 2? +62=8. 3,04 —bn= 7. 
4, x24+3¢=5. 5. 224+8c0+14=0. 6. x?-10r+12=0. 
7. 2? —7x=18. 8. 22 +52 -—-7=0. 9. x2 4+2”-3=0. 
10. 2x2? —1297=15. 11. 2224327 =4. 12. 322=22=13 
U3. 302 —27=2. 14. 5¢?-874+2=0. 15. 422 -37=3. 
af 
Geers Wameetinece 19. 2h yb 7 
x x x 

1 1. 4 x x —2 
eas ee ae “Ae ravaan ie ah ee Pog 

a 244». £9 nee 
pl: nD me x+4 Pea tale 

2x Sirk’ Mle Ueit- Dae 
23. ere cas Ci2Q1) 2 5 

20 24 33 1 7 
ar ee laa oT rarer aia ar ak 

1 1 igs. Ce ee 
27. ST eo oo sl 28. ae te 

1 ihe vad 3 2 3(#-1) 
Nearer e-1 “+3 = ese agceeg Beep ANY 


Epa: 
Graphs of Quadratic Functions. 


1. A marble rolling in a sloping groove passes at zero hour a 
marked point B and ¢ seconds later is s feet down the groove from 
B where s =t?—3t. Make a table of values of s for values of ¢ from 

—2 to +5 and plot the graph showing the positions of the marble 
for this interval of time. Why should you include t=1°5 in your 
table ? Use your graph to answer the following questions : 


(i) How far above or below B is the marble when t =0-5, 2:5, 
—1-5, 4:5, —1-7, -—0-8? 

(ii) What is the highest point the marble reaches and at what 
time ? 
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(iii) When is the marble (a) 4 ft. below B, (6) 1 ft. above B, 
(c) 8 ft. below B, (d) 1-8 ft. above B ? 

(iv) At what time does the marble pass B coming down ? 

(v) Find approximate values of ¢ such that (a) #?-3t=6, 
(6) #2 — 3¢ = —1, (c) t? -3t =3, (d) #2 —3¢+1-5=0. 

2. Draw the graph of 20x — 5x? for values of x from —2 to +6. 

Use it to find, when possible, approximate solutions of the 

following equations : 


(i) 20x —5a2?=14; (ii) 202 —5a2=4; 
(iii) 20” —5a2= -14; (iv) 52? - 207 =40; 
(v) 5z% - 207 +8=0; (vi) 5x? — 20x +25 =0. 


What is the greatest value of 20x — 5x? ? 
Solve graphically, when possible, the following equations : 


Sn (i)a2 4g es (ii) w2°+427+2=0; 
(ili) a2 +47+4+4=—0; (iv) 2+427+5=0 
4. (i) 222-3x=3; (ii) 2a? -344+1=0; 
(111) 2a? -32+2=0; (iv) 10a? —15a24+3=0. 
5. (i) 322 -5a=2; (ii) 8~77- 572 +1=0; 
(iii) 3a? -5a +2=0; (iv) 322 —5a+3=03 
(v) 6v?-10x+1=0; (vi) 9%? —- 157 =4. 
Teche ai) 
Simultaneous Quadratics. 
1. 2e+y=1, PV he 3. 2? +y?%=34, 
xv? — 2ay =39. ta) fm he x-—y=8. 
4,° 202 +y?=3, 5. 7a —y=2, 6. z?¥+y?= — 62, 
G+y=2. xv? +y? =24. y —-24=3. 
7. e+y%=a7+y=2, zee 2y =Tx — Sry =3x - ay. 
9. xy + 2x —y=3, 10. Tey=xa+2y, 11. 3x —-y=5, 
eby=l). 3x —4y=1. (v+y)*=17x -y+2. 
12. 20y =92 +13, 13. 7 -32y=28, 14. c+2y+ay= -2. 
y(13-@)=4(a+2). 324+2y=10. 2% —xy=9. 
15. 2a —-3y=1, 16. x? +y?+52 =3, 17. 9x? + 6xy + 16y? =4., 
oF Fe Ont 1. 5a+4y=2. 3x -2y =2. 
18. 3x +4y=18, 19. 327+ 52y+y?= -3. 


x? + 3ry + 2y?= 40. 22+3y=-1. 


20. 


22. 
24. 


26. 
28. 


SD OF OO 
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3y — 5a =4, 21 1 PUA le) eed 

2x? + Say — 3y?= — 10. (2 yoe+l y+2 12 
23. x? +2y=90 

2_ 15 =y? 10 =ay. es 

Yi Seg ey +y? =10. 

2xry —x*=24, 25. vy +y? =4, 

2y* —xy =30. x? — ry +2y?= 


16 (x? —xy) =18 (ay —y?)=1. 27. sty te — 4)(y — 4) =2. 


2ay+y?=16, 29. a%+2ey=3, 30. (w+ 2y)(2a+y)= 


20? —oy 12, y* —xy =4. y?+4x(x+y) =16. 
E.P. 20. 
Literal Equations. 
— 22 =a? -1. 2s nt —2(248) a1 =0. 
a 
. ax?+(1+ab)a+b=0. 4. ax? —c*x =a"x — ac*. 


x(x —p)+(p+q)(p —¢) =px. 


. (x +a)(x —a) +4a4 = 2a(a +43). 


a i a Oi ere ° 2 —— 0% 
RAE b 5 8. (a+b)a?+(a+2b+c)a+b+c=0 
a? (a —b) OG yd Les 
a-—b b- ‘ 
. 22 -2(ab-—c)x= eae 2ab + 2c). 
A sy eae 12. a(b —c)a? +b(c —a)ax +c(a -b) =0. 
x-a x—b ; 
CO N2 Cw z-a x£x£-b_ b a 
(5) ~ ab’ oe ae ee 
. cy =ax+by=be+ay. 16. x(y+1)=y(a+1) =a(e +1). 
.e+y=2a, 18. ax +by =a? +ab, 
a? —y? =4ab. x? —xy =b? =a’. 
Ge OW 20. ax +by =a? - b?, 
‘ aR ee x? +y2=a? +b*. 


ax — by =a? - b?. 
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E.P. 21. 
Miscellaneous Examples. 
1. Multiply zy? + 3xy3 —y* by 2ry — 6y?. 
2. If x +2 is a factor of 2~2 —x — 5p, find the value of p. 


3. Find an expression which when divided by p+l1 has 
p?—p+1 for quotient and 3 for remainder. 


4. If a=10, b= -—7, c= —3, prove that a° +b* +c =3abe, 
if 2 
Or Vee Se eee ee ated sy Ty 
Gebawe (r-p)(p-g) (@—-") (Pa) (q-n(r-P) 
6. Factorise (i) 272 +52 +3; (ii) 2ry -a?-y*. 
7 


, aa 24 
. Simplify 27° la tit 


“a+b a?b—b* 


v?+ax—bae—ab . x? -ax+bxa -ab 


8. Simplify naa i x? — 6? ; 
2-2 2-7 
9, Solve se ora ioe 


Gre ese an 
10. Solve x=9 y ¥=llt+s 


11. Solve (x +4)(2a —5) —2(x% — 3)? =5 (2a —7). 
12. Factorise (i) 2+5x —12x°; (ii) a2+(p-q)a-pgq. 


; . 1 1 3x 
15. Simplly 5(gn— ay) (ada Fay) poet age 


14; Solve te 44 2 S29. 
zxw+c x-a 


15. Nineteen coins, all shillings or half-crowns, are worth 
£1 15s. 6d. How many coins are there of each kind ? 


16. Find the fraction which becomes equal to 4 when the 


numerator is increased by 2, and equal to § when the denomi- 
nator is decreased by 3. 


17. The function ax? + bx has the value 26 if «=3, and has the 
value 14ifv=-2. Finda, b. 


1 3 5 
18. Solve SL as Wea 


19. Prove that a? +1 is a factor of (a +b)? +(ab -1)% 
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20. Solve 5x?-6x=10, giving each root to two places of 


decimals. 


or 2 
21. Simplify —** pene (4-1). 
ie ike 


a === 
a-u a-wv a 


22. If rene prove that 
“ova 


23. Factorise 1 -3(1 -2x) +3(1-2z)(1-32). 
24. Solve 9x? —- 15” =14. 


Tx+1 


25. For what numerical values of a, 6 is -—;--~-— 
3x2 — 7x +2 


a fs b 
zw-2 32-1 


: : ab : b 
26. Simplify (G+! +2)=(1 +2). 
27. Solve a? — 2ax =c? — 2ac. 
28. Factorise (a —y)(x -2y) —(2y — 2x) (2x -y). 


for all values of x? 


equal to 


29. A earns 18s.aday. B is paid 6d. an hour more than A and 
earns 6d. a day less than A, because he works 2 hours a day less 


than A. How much per hour is paid to A and B. 


: 4 1+2\? 
30. Express as a single fraction Ge —(1+4z). 
Tel ae ie ag th ; 
31. If 5 hair and Pu rae find z in terms of v, f. 


; ° xv 2y 5ay 
paseioplity 2Qe+y as 2Qy 2x? — Bry —Qy* 
33. Make R the subject of the formula 

V =nl[R? -(R -1)?]. 

: : ] 

34. Find « if 27 -3 Sree 

202 Ps Wc 
(Tea he (lea)* 
36. Solve 4 -ay=5a, 2ry +9 =y. 


35. Simplify 7 + 


SYMBOLS. 


= is equal to. 

= is identically equal to. See p. 150. 

~< is approximately equal to. 

+ is not equal to. 

+ plus or minus. 

> is greater than. 

< is less than. 

a~b means ‘ the difference between a and b. 
a+b means the same as (a+b). See also p. 5. 


, 
; 


GLOSSARY AND INDEX. 


Ascending powers. See p. 13. 
Axes of coordinates. See p. 54. 
Axioms of equations. See p. 95. 


Binomial. A binomial expression contains two terms; eg. a+b or 
4a? — 9a?. 


Brackets. See pp. 22, etc. 


Centigrade scale of temperature. The scale in which the freezing point 
of water is 0° and the boiling point 100°. «x degrees Centigrade is 
written x° C. 

Change of subject in a formula. See p. 147. 

Checking an equation. See p. 96. 

Circle. If the radius of a circle is r units long, (i) the circumference is 
27rr units long, (ii) the area is rr? corresponding units of area. 

Coefficient. See p. 12. 

Coefficients, detached. See p. 170. 


Constants of aformula. If the charge for n lb. of luggage on a particular 
journey is an+b pence, where n may have any value, but a and b 
are always the same, then a and 6 are called the constants of this 
formula. See p. 115. 


Constant term. See p. 12. 


Coordinates. See p. 54. 


Corresponding units. Inch, square inch, cubic inch are corresponding 
units of length, area and volume; so are centimetre, square 
centimetre, cubic centimetre and so on. 


Cross-multiplying. ‘See p. 100. 

Cube and cube root. Since xxxxx=25, x is the cube of x, and x is 
a cube root of x°. 

Cylinder. If the radius of a cylinder is r, and its height h units, (i) its 
curved surface is 2z7rh corresponding units of area, (ii) its volume 
is rr2h corresponding units of volume. 
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Degree (i) (of angle). A right angle is divided into 90 equal parts, 
called degrees. 
(ii) (of a term). See p. 12. 
(iii) (of an equation). For equations of the first degree, see p. 108. 
A quadratic equation is a simple equation of the second degree. So 
an equation in x, in which the highest power of z is 2”, is called an 
equation of degree n. 
Descending powers. See p. 12. 
Detached coefficients. See p. 170. 
Digit. The digits of the number 265 are, 2,6and 5. Of these 2 is the 
hundred digit, 6 the ten digit and 5 the unit digit. 
Dividend. If 3 is divided into 17, it goes 5 times, with remainder 2; 
17 is called the dividend, 3 the divisor and 5 the quotient. 
Divisor. See Dividend. 


Elimination. See p. 111. 


Equation. See p. 91. For the difference between an equation and an 
identity, see p. 149. 


Equivalent. Two numbers or quantities are equivalent if they have 


the same value. Thus > and x are equivalent fractions. 


Factor. If one number or expression divides into a second without 
remainder, the first is a factor of the second. 


Fahrenheit scale of temperature. The scale in which the freezing point 
of water is 32° and the boiling point 212°. w degrees Fahrenheit 
is written «° F. 

Formula. See p. 47. 

Function. See p. 59. Also p. 162. 


Greater than. In Algebra z is greater than y if x is higher in the scale 


of number. Thus 2 is greater than —5, and 0 is greater than - 100. 
See Symbols, p. 252. 


Highest Common Factor. See p. 16. 


Identity. See p. 150. 


Index. If any number of factors, each equal to , are multiplied 
together, the product is a power of x Thus #xaxa xa is a power 
of x, and is usually written 24. The number 4, which shows how 
many factors are multiplied, is called the index of the power of 2. 
x‘ is called the fourth power of x, and z is a fourth root of x¢. 

Integer. A whole number is sometimes called an integer. 

Interest. For the Simple Interest Formula, see p. 47. 


Irrational. See Rational. 
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Less than. In Algebra x is less than y if x is lower in the scale of 
number. Thus -10 is less than 1. See Symbols, p. 252. 


Like terms. Algebraical terms, which can be added or subtracted, 
are called like terms. Thus 3a and 5a, the sum of which is 8a, 
are like terms. But 3a? and 5a cannot be added in this way, and 
are called unlike terms. 

Literal equations. Equations in which the known numbers are repre- 
sented by letters are called literal equations. See p. 144. 


Lowest Common Multiple. See p. 16. 


Mean proportional. See p. 159. 
Minus. (i) Minus, written -, is the sign of subtraction; eg. a-b 
means ‘subtract b from a.’ 
(ii) -1, -2, —3, etc., are the whole numbers (in order) below 
0; -14 is half-way between -1 and -2, and so on. 
Monomial (strictly mononomial). An expression containing only one 
term. 
Multiple. If one number is divided by another and there is no remainder, 
the first is a multiple of the second ; e.g. 2a7b* is a multiple of 2ab. 


Multiplicand, multiplier. If ab is multiplied by z the result is abr; 
ab is called the multiplicand, « the multiplier and abx the product. 


Negative numbers. See p. 65. 
Numbers, numbers of things. See p. 38. 


Origin. See p. 54. 


“hes Plus, written +, is the sign of addition; eg. a+b means ‘add 

to a.’ 

Polygon A polygon is a figure which has more than three sides. 

Polynomial. An expression which contains more than two terms. 

Power. See Index. 

Prime number. A number which has no factor (except itself and 1); 
e.g. 3, 7, 19 are prime numbers. 

Product. See Multiplicand. 


Quadratic Equation. A quadratic equation in z is one in which the 
highest power of x is 2°. 

Quadratic Function. See p. 162. 

Quantity. See p. 39. 

Quotient. See Dividend. 


Rational. Whole numbers and fractions are called rational numbers, 


thus 2 -7, 74, 0°28 are rational. Numbers such as ,/2, eas 
which cannot be represented in this way, are irrational. Similarly, 


. . 3/—L . . 
algebraical expressions such as ,/x, 2¥/ab are irrational. 
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Reciprocal. If the product of two numbers is 1, each is the reciprocal 
4 a 
of the other; e.g. # and z are reciprocals, so are 3 and ye: 


Right-angled triangle. For the relation between the lengths of the 
sides, see p. 158. 

Root. See under Index, Square root, Cube root. 

Root of an equation. Since 2 is a value of x which satisfies the equation 
z*+3x2—10=0, 2 is a root of this equation. 

Rules of signs. See pp. 74, 82. 


Scale of numbers. See p. 65. 


Simple equation. A simple equation in x contains no power of x above 
the first. 


Simultaneous equations are equations in which there is more than one 
unknown number. 


Square. Since axa=a?, a? is the square of a. 

Square root. Since a x a=a?, ais a square root of a?; since -ax-a=a’, 
-a is another square root of a?. 4/z, in this book, will mean 
‘the positive square root of x.’ See p. 15. 


Subject, change of. See p. 147. 


Substitution. If in an algebraical statement or formula we put numbers 
for the letters, the process is called substitution. 


Symbols. See pp. 5, 252. 
Symmetrical expression. See Example IX. p. 176. 


Term. If an algebraical expression is made by adding or subtracting 
numbers, each of these is called a term. Thus in 2x°+3ax+a’, 
the first term is 227, the second is 3ax and the last is a*. 
Transpose. See p. 100. 
Triangle. (1) Right-angled triangle. See p. 158. 
(2) Area of triangle. See p. 42. 


Unity. The number | is sometimes called wnity. 
Unknown (in an equation). See p. 91. 
Unlike terms. See Like terms. 


Variable. See p. 59. 
Verify (an equation). See p. 96. 


Zero is the number next after 1, if we count downwards. It is written 
0. For multiplication and division by 0, see p. 77. 


PART I 


CHAE TE Ree At. 


INDICES AND IRRATIONALS. 
INDICES. 


Definition. If n is a positive integer (not zero), a” is called 
the nth power of a and represents axa xax... to n factors ; 
the number n is called the indez of a. 


Note that the index of a itself is 1, for a really stands for a}. 
Example I, Prove that a?7—a* =a‘. 


Cad SOO SO Oe 
a’ axaxa 
=axaxaxa=a'. 


Example II. Prove that (a)! =a1, 


(a3)* =a? x a® x a® x a? 


=(axaxa)x(axaxa) x(axaxa) x(axaxa) 
=a}, 


EXERCISE XII. a. 
1. Prove in full that 


(i) @xa@=a’; (i) et xat=a"; 
(iii) a*+at=a'; (iv) 24+ a=a’, 
2. Write the following in their simplest forms : 
(i) a2 xa; (ii) a& +a; (ili) axa’; (iv) a1°=a’; 
(Ki) CH 8.008 (vi) a® xa‘; (vii) at#?+a; (viii) 229+ a5. 


3. In what general statement or formula are the following 
special cases included ? 


a?xat=al®; a? xatt=a%; axat*=a*, 
D. W.A. & 
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4. In what general statement or formula are the following 
special cases included ? 


a’~at=a*; a'%°=—al*=a*®; al’ a=a". 
5. Prove in full that 
(1) (a*)F ace; (ii) (2x%)* = 82% 
6. Simplify 
(i) (a*)* 5 (ii) (a*°)*°; (iii) (a*)* 5 (iv) (3a°)*. 


?. In what general statement or formula are the following 
special cases included ? 


(a5)? =a? ; (a?°)® =qi8o ; (100)? = q7eo, 
8. By what must x’ be multiplied to give 2” ? 
9. To what power must x’ be raised to give 2™ ? 
10. By what must x°° be divided to give x!° ? 
11. What is the square of 2‘ ? 
12. Is (x*)* the same as (a*)° ? 


18. Is (x*)!° the same as (x°)?° ? 


14. Divide 7}* xz1° by a°. 15. Divide (x*)§ by 23. 
16. Divide (a‘)* by (a*)s. 17. Multiply (a) by (a*)5. 
18. Divide (a7)5 by a. 19. What is the cube of 42+ ? 


20. Divide the cube of 2x* by the square of 22°, 


21. How would the following facts be expressed without using 
the index notation? 


(i) the velocity of light is 3-002 x 101° em. per sec. ; 
(ii) the population of London in 1920 was about 4:5 x 10 ;. 
(iii) the value of steel imports in 1913 was about £12-2 x 108; 
(iv) the distance of a Centauri is 2:6 x 1018 miles ; 
(v) 2 x 108 x 4-5 x 10*=9 x 10°, 
22. Write in a shorter form ; 


(i) 62,800,000 ; (ii) 67-1 x 67-1 x 67-1 x 1,000,000. 
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SumMARY oF RzsULTs. 


The examples of the above exercise illustrate the following 
facts : 

If m, n are positive integers, 

(i) a™ xa" =aqmt y 
(ii) a™+a"=a™-", form>ny} 
(ui) a(e")*=a™: 

The proofs of these general results follow the methods given 
in the worked-out examples on page 253 for special cases. 

If m is not a positive integer, e.g. if m=}? or m= —5 or 
m = —%, the symbol a™ has as yet no meaning. We are now 
going to find out what meaning must be given to it, in order 
that the relations (i), (ii), (ii) may always hold good. 

Note.—The symbol 0° is excluded from consideration and 
has no meaning. 

Definition. If n is a positive integer (not zero), a is called 
an nth root of a”. 

Note the expression, an nth root ; a number has more than 
one nth root ; for example, 25 has two square roots, viz. +5 
and —5. 

If there is a positive nth root of x, it is written V/z. 


Example III. Assign a meaning to x~*. 
gio =a5-§=2-%, from (ii). 
5 
But ahaha aS; bRE Fee! =4. 
Example IV. Assign a meaning to a, 
at x xt x xt x gt a= gitttitt xt, from (i), 
=z? > 


as xi is a fourth root of 2%. 


This may be written, at = 4/23. 
Or, we may say (xt) =23**, from (iii), 
= 72s 


A xi is a fourth root of #*% 


[CHAP. 
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Example V. Assign a meaning to 2°. 
fr Se el from (ii). 


aA 
But ee es 
ie 


Example VI Prove that 16? = 4/163 =(¥/16)3, and find its 


value. 
Exactly as in Example IV., we see that 
16! x 16% x 16! x 16' =167 =16'; 
“. 16*= 4/168. 
16! = 161 x 16! x 164 = (164)* 
16! = 3/16; 
2. 16% = ( 4/16). 


It is easier to compute (4/16) than ¥/16%, as it involves smaller 


Again, 
But 


numbers. 
let = 3/16 =2; 


* 164 =23=8, 


EXERCISE XIi. b. 
1. Express as powers of 10: 
(i) 10°=10; (li) 108=10?; (iii) 10*=-10?; 
(iv) 103=+10! ; (v) 108 +1085. 
What are the values of these expressions ? 
2. Express as powers of 2: 
(i) 24+2, (il) 24+2?; (ili) 24+ 28; 
(iv) 24+24; (v) 24+25 ; (vi) 24+28, 
What are the values of these expressions ? 


3. Write down 7°; divide it by 7, and write the quotient in 
the index form. Repeat this process 8 times. What are the 
successive quotients expressed in the index form? What are 


their values ? 
4. Find n if 


(i) ai°+2% =a; (il) wo gS xg § 


(iii) 2° +a" =a-"; (iv) 71° +alo = gr, 
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5. Find n if 

(Gh) at oe (059) a eee pig (ili) 22@+a25 =a"; 
(iv) 2” —at =a 5 (Qi) ae Sea a 

6. Express as powers of 2, t.e. in the form 2”, 


(i) s 


?. Express as powers of x 


(ii) os (di) a 
(i) Es; Gi ai gli) ao Gy. 


8. Use the method of Example III. to assign a meaning to #-™%, 


9. Simplify 
(GH) nd sae (in)jates Ls (iii) @? xa; (iv) a? xa: 
(v) a7 x0; (vi eal als (vii) a° xa. 
10. Express with positive indices 

(i) a-*; (ii) a4; — id) tre (iy) Got aot. 
11. What are the values of 

Casts (ii) 2-* ; (ii) 4* 5 (iv) 5°; 

viele es (vi) (3) (vii) (0-1)-*; (viii) 1-7; 

(ix) 1°; (x) (§)7*. 
12. If a =2, b =3, write down the values of 

(i) a---b—* ; (ii) (a+b); (ii) aos"; (iv) (a -6)-%. 
13. Find n if 
()e? x2" =a 5 (un) ae xia a" (iii) aa — a 
14. Find n if : ; 
(i) w& xa®&=a"; (ii) v7 x v7 =2"; (ili) 28? x 28%? =a", 
15. Find n if 
(i) a xa"=a; (ny 2” xa" — 1, 
16. Express as powers of a the square roots of 
(Gh) ae (Cay ante (iii) a. 
17. Simplify 
(i) at x a8 xa ; (ii) at x at x ot, 


What is the meaning of xt and of a? ? 


18. Assign a meaning, with reasons, to (i) at; (ii) xi. 
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19. Find n if 4 ! 
(i) (a*)t=a™s (ii) (w8)t=amz (ili) (wt, 
20. Find n if P 
(i) (2")* =x"; (ii) (")§ =a? ; (iii) (a™)* =a. 


21. What are the values of 
(i) 162; — (ii): 93 ; (iii) 8? ; (iv) 275. 
22. What are the values of 
(i) 645 ; (ii) 1615; (iii) 817; (iv) 83; (v) 16%, 
23. If a=16, b =9, find the values of 
Qa) F404; (ii) (@+b)?; (iii) a 240-4; (iv) (@+b)} 
24. What are the values of 
(i) 84; (ii) 4-4; (iii) 16-£; (iv) 1008; (v) 1° * 
25. Express as powers of x 


(i) Jz? ; (ui) Ya; (iii) Ya. 
26. Simplify (i) 2a? x 3x4; (ii) a x a4 
27. Give reasons for the statement x7? == 


28. Assign meaning, with reasons, to 
(i) ai; (ii) a 2h, 
29. By using tables, write down the values of 
(i) DARD (i1) 2,0:28 (iii) 20-125 , (iv) 20° 0625 . (v) 90° 03135 
What is the effect of repeating this process indefinitely ? 
30. By using tables, write down the values of 
@10%s; (ii) 10°35 ; (iui) 10° 125 ; (iv) 100635, 
What is the effect of repeating this process indefinitely ? 
31. Express the following facts without using negative indices : 
(i) The charge of an electron is 4:7 x 10-1° units. 
(ii) The diameter of an electron is 0-3 x 10-12 cm. 
(iii) The mass of an atom of hydrogen is 1-6 x 10-% gr. 
(iv) The diameter of an atom of oxygen is 3 x 10-8 cm. 


(v) The time between two collisions of molecules of 
hydrogen is 1-06 x 10-1° seconds. 


(vi) The force of attraction between two grams at a dis. 
tance 1 cm. apart is 0-648 x 10-7 dynes. 


(vii) The wave length of yellow light is 27 x 10-* inches. 
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_ 382. Express the following without using fractional or negative 
indices : 
(a) t=" 3 mt-*2 ml 35-*: 


(ii) d=kt-*; R= 2a? ; d=kH'N-3, 


(iii) z(z) 3 Ge pur-3, 
(iv) a2 +b3=c? ; vi +y% ad ; t=2r(2). 
(v) y=e-*" when k=8, t=0-5. 
33. If x is small (compared with 1), (1+«)" is approximately 


equal to 1+nz. 
Use this fact to find approximate values for 


(i) (14-01); ii) /1-02 ; (iii) (1-01); 
(iv) 8! (v) (0-99)? ; (vi) 5093 
* ] aie 1 
(vit) (oon? ies aia } 
1 


(ix) 4/1008 ; 2) p03 


34. The ‘‘ derived function” of x” with respect to x is na"-! 
for all values of n. Use this fact to find the *‘ derived functions ”’ 
with respect to x of 


(i) a; (ii) a? ; (iii) a-*; (iv) Va; 


() As (wi) Ses wil) Ps (vit) ye 


35. The “ integral ” of a® with respect to x is — i: e"t1 for 


all values of n, except n= -1. Use this fact to find the integrals 
with respect to x of ; 
(i) a; (ii) ws (iii) 85 (iv) Yes (v) 
af die : 1 
(vi) 2/x? ; (vii) x; (vill) 2°; (ix) es 


SumMaARy OF RESULTS. 
The examples of the above exercise show what meanings 
must be given to a", when n is zero, fractional or negative, 
if the laws (i), (ii), (iii) on page 255 hold good. 
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The necessary interpretations are : 


(i) 2=1; 
(ii) Sar mae 
p 
(ili) a2 = f/a? = (S/z)?. 


In particular, x? = Sx; 
EF aie ey 
2 ¢a— , 
? ala? 
eons 


The proofs of the general results follow the methods given 
in the worked-out examples on page 255. 


EXERCISE XI. c. 


1. Write with fractional indices 

(i) Ya; (u) (Va)? ; (iti) (L/a)* 5 (iv) Vab ; 
(v) 2Vab?; (vi) 3Vab3 ; (vii) Vab?. 

2. Write the following so that there is no denominator : 

3 ane ail “an ol 5 


x? (ii) ry (iii) yh (iv) PTT 


r-1 
3. Find the value of pr when (i) r=1-5, p=64; 
(ii) r= 1-25, p =32. 
4. Find n, if (i) 2"=8; (li) 8% =27s (iii) 3" =}; 


(iv) 5” = 553 (v) (0-01)" =10, 
5. Simplity (i) 2a? x a; (ii) at x at; (iii) abt x ad, 
6. Simplify (i) a? +a; (ii) 4a? +2a; (iii) a=a}, 
?, Simplify (i) a*¥+/a; (ii) */a* +( n/a). 
8. Multiply 2+a-! by a. 9. Divide Vx by %/x. 
10. Simplify =". 11. Find the value of £/32¢, 
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12. Tee 116% 1s find n. 
14. pens 
: an (25a8\-4 By: 
(i) 100=10"; (ii) bal 5 (iii) (w*)-4 
1 
—3\-3. F, 
(iv) (24) 0) eras 
15. Simplify (i) 97 +167; (ii) (25 +144); 
(ity) 2-4; Civ) (47 +84) +2", 
g- 27-4 


16. Solve 9” =). 


IRRATIONAL NUMBERS. 


4/2 is defined as a number whose square is 2. This number 
cannot be expressed as a fraction in the form 3 , where p and q 


are integers. It is, in fact, a new type of number, and is 
called an “ Irrational’ number. 
Irrational numbers obey the ordinary laws of algebra, e.g. 


Vax fb=V/bxV/a=Vab; 
Vat /b=V/b+rvV/a; 
a/a(s/x+/y) = Vax + Vay. 


Example VII. Given that »/2=1-414 approximately, find 
/ 98. 
V 98 = +/49 x 2 
=74/2 
=9-898 as or 9:90 correct to 3 figures. 


Example VIII. Find correct to 3 figures. 


ae 
LO 104 2a LU 2 Let 
War =5+/2 =7-07 approx. 
It is simpler to “ rationalise ” the denominator in this way 
than to divide 10 by 1-414, the approximate value of 1/2. 
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Example IX. Evaluate vat *, given 1/3 =1-732. 


Rationalise the denominator by multiplying both numerator 
and denominator by V3 +1. 
vate (V3 +2)(V3+1) 
V3-1 (V3 -1)(V3+1) 
_ (V3)?+3V : +2 


Then 


(3)? - 
= an evs . 546.16 Hee 
10-196 
ess 


=65-10 correct to 3 figures. 


EXERCISE XII. d. 
1. Simplify 


(i) V9+V16; (ii) V9+16; (iii) 9 x16; 
(iv) V9 x16; (v) /36+vV9; (vi) V36=9. 
2. Simplify 


(i) V6 x /24; (li) 32 x +/18; (ili) 18 + +/200. 
3. Prove that 1/8 =24/2; express in a similar way 
(i) V18; (ii) V72; (ili) 50; 
(iv) 4/2000; (v) Vab?; (vi) v (3) 


4. Given /3 =1-732, write down to 3 significant figures the 
values of 


(i) 300; (li) /27; (ili) +/0-75. 
5. Prove that a3 2/3; ue this idea ne obtain to 3 signifi 


cant figures the values of (i) a ae (0) Te 
6. Express without radical signs in the eo eae 
Beh So SLO 


(i) (ii) 


(iii) 


b3 
V2? V2! EVAN (iv) ei (v) We 
?. Evaluate to 3 significant figures, given 
V¥2=1414, V5=2 236. 


(i) V50; (ii) V500; (iii) 5000; (iv) a 
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8. (i) Simplify (V2+1)(V2 -1). 


Pr 1 
ii) Evaluate to 3 fi : 
eH) co as V2-1 
9. (i) Simplify (5/2 -2+/3)(5»/2+ 24/3). 
(ii) Express with a rational denominator 5V24+2V3 
10. Evaluate to 3 figures 
en ee | = 1 pe Oe 4/ 
i) —=— eee f : 
Re ne 32 5/8 
11. Given 3/10 2-154, find to 3 figures 2/80. 
12. Evaluate x?+ 2x when z=V 2-1. 
13. Simplify 
: 1 1 as /6 
i) ——5 +53 VL Ect eT a 
SOND Ae am O) (734 16-2) 
14. Solve zV24+a”=7: answer to 3 figures. 
2 
15. Evaluate («+2) ‘fi 60/6) 
16. The perimeter of an isosceles right-angled triangle is 
5 inches; find, correct to ;3, inch, the length of each side. 


17. The area of an equilateral triangle is 6 sq. inches; find 
correct to ;4, inch, the length of a side. 


18. Draw a triangle ABC such that AB=~a in., BCO=}z in., 
LABC=90°; from CA cut off CY equal to CB; from AB cut 
off AX equal to AY ; prove that AB. BX =AX?. 


19. AB is the diameter of a circle, centre O; ABC is an equi- 
jateral triangle ; CO cuts the circle at P ; prove that the tangent 
from C to the circle equals AP. 


20. OA, OB are two perpendicular radii of a circle ; another 
circle is drawn touching OA, OB and the arc AB internally ; 


prove that its radius =OA (V2 -1). 
21. (1) What is the square of (i) a+ Vb, (ii) Va+b? 
(2) Is it possible for z+y and Vx?+y? to be equal ? 
(3) Interpret this result geometrically with reference to a 
right-angled triangle. 
22. (1) What is the square of (i) Vax vy, (ii) Vay? 
(2) Is Vxx vy equal to Vay? 


: : 1 
23. Simplify (i) Vat Vy at aay 


(i) e+ V¥. 
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Summary oF REsvtts. 
(i) V/ax/b=Vab. 
(ii) /a++/b is not equal to Va +5, unless aor 6 is zero. 
iy ab _av/b 
SUR oy) ors jf see jae at wa 
(iv) aves) a(/b - v/c) _a(V/b—- Ve) 
Vb+rvle (b+) (Vb -+/c) b-c 
Example X. Draw the graph of 2% from x= —3 to r= +3. 
When 2=3, 27=23=8. When x=0, 27=2°=1., 


When mens 3, 2° 29-8 olor 


2S 
When 2=0-5, 2*=2) = /2=1-414 approx. 
When #=1-5, 2%=2' =2 x2t=2 x 1/2=2-828 approx. 
When #=2-5, 27=2%=22 x24 =4 x 1/2 =5-657 approx. 


We can now write down the following table of values : 


2° /0:125| 025 | 0-5 | 1 |1-41| 2 283] 4 | 5-66] 8 
an Deen Seen eee SS eee eee 
Plotting these values, we obtain the following graph : 


2. 
i 
8 + 
ie ® ai 
a Hot TH 
| apap te a t . i 
ee suesssceesaeeesecssessevie 
6 Cee t 
im gS BES SocEeEE eH 
+—t +}. | 
oH tS 
o PEC H 
CI BRIE Fiat 
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© Figs. 1-4 appear in the Introduction, 
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We note that 


(i) 2” increases without limit as x increases ; 
(ii) 2” is positive for all values of a ; 
(iii) for x positive 2* > 1, 
forla— 062%= Ip 
for x negative 27 <1; 
(iv) as x is given increasingly large negative values, 2* tends 
continually closer to the value 0. 


EXERCISE XII. e. 


ro 


. Read off from the graph of 2% approximate values of 
(3292 le (11) Dineen (11!) 2 23e, 
. Use the graph of 2” to solve 2” =5. 


co 


. What is the greatest integral value of x for which 
(Q)e22 —0-Olmee (at) 2210-0017 


4, Show that 10%*< 100. 5. Show that 1> 10-°*> 0-1. 
6. Show that 47° < 64. 7. Show that 813 < 16. 
8. Make a rough estimate of the values of 


(i) Seceers (ii) BPA AAD 2 (iii) LO Sse 0008s. 
(Gi) CMRPOS c (v)elOgs (va) 407407: 
9. (i) By using such facts as 10°°=+/10, 10°%° = V/ (1/10), 


109375 10'=10? x 10}, etc., compute the values 
needed for filling in the following table : 


x=0 | 0-125] 0-25 | 0-375 | 0-5 | 0-625 | 0-75 | 0-875 1 


(ii) Hence draw the graph of 10% from x=0 to x= 1 
(iii) From your graph, read off the values of 10°?, 10°, 
OO OR, 
(iv) From your graph, read off the values of x for which 
(a) 10°=8; (6) 107=5; (c) 107=8-1. 
(v) From your graph, read off the vem e 
(a) 3/10; (b) Y100; (ec) »/1000. 
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10. Given that 2 =10°** approximately, solve the equations 
(i) 10*=8; (ii) 5°=10; (iii) 10*=200; (iv) 10*=50. 


11. Without making a table of values, sketch roughly the graph 
of 5* from x=2 to z= —-1. 


12. Given that 9 =10°**?, express as powers of 10 
(i) 3; (ii) 0-9 ; (ili) 2-7. 


CHAPTER XIII. 
LOGARITHMS. 
WE saw in the last chapter (Ex. XII.e. No. 9 (i)) how te 


construct the graph of 107. 
Here is the necessary table of values : 


z=0)| 0-125 | 0-25 | 0-375 0-5 | 0-625 | 0-75 | 0:875 ] 
107=1}| 1:33 | 1:78 | 2:37 | 3:16 4-22 | 5-62 | 7-50 10 
Plotting them, we have the following graph : 
10-7 rT c 7 
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From this graph we can express any number between 1 and 
10 as a power of 10, 


e.g. 4=10° 6° approximately. 


Definition. If a=10*, x is called the logarithm of a to 
base 10. 


For example, (i) since 4=10° 8°, 
the logarithm of 4 is 0-602 
(ii) since 1000 = 108, 
the logarithm of 1000 is 33 
(iii) since 1 =10°, 
the logarithm of 1 is 0. 


EXERCISE XII. a. 


1. (i) Find from the graph the value of x for which 10? =7. 
(ii) What is the logarithm of 7 ? 
2. (i) Use the graph to express 3-5 as a power of 10. 
(ii) What is the logarithm of 3-5 ? 
8. (i) Given that 2 =10°°, express as powers of 10 
(a) 20; (6) 200; (c) 2000; (da) 2,000,000. 
(ii) What are the logarithms of 
(a) 20; (b) 200; (c) 2000; (d) 2,000,000 2 
4. What are the logarithms of (i) 100; (ii) 1,000,000 2 
5. Given that 4-342 =10°-8877, find the logarithms of 
(i) 43-42; (ii) 484-2; (iii) 43,420; (iv) 4,342,000. 
6. Given that 7-286 =10° 865, find the values of 
(i) 101-8635 . (ii) 1Q2°86a5 - (iil) 104-8625 . ; (iv) 10%: 8625, 
?. What iswif (i) 27-2=10* x2-72; 
(ii) 270-2 =10% x 2-702 ; 
(iii) 71,000 =10% x 7-1; 
(iv) 568,123 =102 x 5-68 approximately ? 
8. What is the whole number in the index when each of the 
following numbers is expressed as a power of 10? 
(1) vigns (li) 7142-3; (ii) 8-61; (iv) 5-6 x 105; 
(v) 100,000; (vi) 1234; (vii) 12,345; (viii) 123,456 ; 
(ix) 12,345,678 ; (x) 123,456,789. 
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9. (i) Is 10°78 greater or less than 10 ? 

(ii) Is 10°7® greater or less than 1 ? 
(iii) Is 105-84 greater or less than a million ? 
(iv) Is 104-8! greater or less than 10,000 ? 

10. (i) Is 103 greater or less than 101° ? 
(ii) Is 863-84 greater or less than 10%? ? 
(iii) Is 7-53 greater or less than 1017 ? 

11. Use the graph to write down approximate values for 

(GY USHA (Gy) Wee (iii) 107-25. 
12. (i) Use the graph to express (approximately) as powers 
of 10 


(a) 29; (b) 6100 ; (c) 8,400,000. 
(ii) Use the graph to obtain approximate values for the 
logarithms of 


(a) 33; (b) 54,000,000 ; (c) 7400. 


SumMARY OF RESULTS. 


The examples in Exercise XIII. a. lead us to the following 
conclusions : 
(1) The logarithm of any number between 1 and 10 has a 
value between 0 and 1, 
e.g. the logarithm of 2 is 0-301 approx. 


(2) Moving the decimal point in a number affects the 
integral part of its logarithm, but has no effect on the figures 
in the logarithm after the decimal point ; 

e.g. the logarithm of 5-64 is 0-7513 ; 
“, the logarithm of 56-4 is 1-7513, 
and the logarithm of 56,400 is 4:7513. 

(3) The integral part of the logarithm can always be found 

by inspection ; 
e.g. 738,100 = 10° x 7-381 ; 
*, the integra) part of the logarithm of 738,100 is 5. 


Note.—The integral part of a logarithm is called its 
characteristic. 
D,W.A, g§ 
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The figures in a logarithm after the decimal point are called 
its mantissa. 
e.g. the logarithm of 738,100 is 5-8682. 


The integer 5 is the characteristic. 

The decimal fraction -8682 is the mantissa. 

Since the characteristic can be found by inspection, it is 
only the mantissa that is printed in logarithm tables. 

For a set of logarithm 4-figure tables, see page 552. This 
table gives logarithms of numbers correct to 4 significant 
figures. It should be noted that if 4-figure tables are em- 
ployed for computation, the answer is not necessarily correct 
to 4 figures, because the figures in the fifth place which have 
been neglected may, as the result of a series of additions or 
multiplications, affect the figure in the fourth place in the 
answer. 


Example I. Find correct to 3 significant figures the value of 
3:142 x 41-27. 
From the tables 
3°142 x 41-27 =10°4973 x 101-6186 16156 


= ]()0-4972+1-6156 4972 
= eoee 2°1128 


=130 to 3 sig. fig. 
Rough estimate, 3 x 40 =120. 


Example II. Find correct to 3 significant figures the value 


of 407-9+14-56. 
From the tables 
407-9 + 14-56 = 102-6106 = 1 Q1-1338 2°6106 
— ]()2:8106-1-1633 11632 
10 14474 
=28-02 ae 


=28-0 to 3 sig. fig. 
Rough estimate, 400 +14 =about 30. 
Hxample III, Find correct to 3 significant figures the value 


of 31-7 x 920000 
4151x116 ° 
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From the tables, we find the expression 


_ LOM 894 & 108 88s 25011 | 26181 
J (2-6181 x (02041 59638 | 0:2041 
10)1-5011+5-9638 74649 2°8222 
=e 2°8222 <a 
102-6181+0-2041 
“(Mette 46427 
=iprin 10)7-4649-2- 8228 
= 104-6427 
= 43,920 
=43,900 to 3 sig. fig. 
Rough estimate ee oo = ae =~3 x 10* 
=~ 30,000. 


Example IV. Find correct to 3 significant figures the value 


of (4-172)5. 
From the tables 
(Ae0 72) b= (U0 0583.08) 8 0°6203 
= ]1()0:6203*5 8 
= ERE Se 81015 
=126 aa 


= 1260 to 3 sig. fig. 
Rough estimate =4° =1024. 


Example V. Find correct to 3 significant figures the cube 
root of 152-7. 
From the tables 


3 Ges yt 8 | 2'1838 
152-7 =(152-7) bine 
— ]102:1838x8 — 
= 100-7279 
=5:344 
=5-34 to 3 sig. fig. 
Rough estimate, 125 =5. : 


Notre on METHOD. 


Until the reader is fully experienced, he should follow the 
methods given above, in which all numbers are written down 
clearly as powers of ten, in the middle of the page. Any 
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simplification that has to be done should be written in special 
columns at the side of the page. 

In evaluating a complicated expression, such as in Example 
III., clearness is gained by having two such columns, one for 
logarithms of factors of the numerator and the other for 
logarithms of factors of the denominator. 

When sufficient skill and experience has been acquired, it 
will be found that the middle of the page contains little more 
than the question and the answer, all the subsidiary calcula- 
tions being done in the side columns ; but the work in these 
side columns must be kept neat, and logarithms must not be 
allowed to straggle unattended into the middle of the page. 


EXERCISE XIII. b. 


Evaluate, correct to 3 significant figures, 


1. 4:83 x 7-24, 2. 19-1 6-87. 
8. (8-73)2. 4. 407 x 103. 
5. 4-723 x 1-246, 6. 401-6 x 5-073. 
7. 26-7 x 81-31. 8. 8-138 x 41,900, 
9. 412-6 ~37-19. 10. 46-59 +5-123. 
11. 91,923 +718-6, 12. 10-+4-965, 
13. (1-738)%. 14. (2-716). 
15. (114-9). 16. (94-56). 
31-2 x 7-84 863 
17. 0-Oluum, 18. 4:09 x 11-8° 
639 x 41-3 (8-63)! 
19. 3.0% 5B SE 20. *10-08" 
"eS (13-01) 
21. 4:16 x 11-3 x 7-28 22k (4:82)3° 
6-172 x 19-41 
23. 6-14 x (8-231), so: 3) 
(eae) 24. —(0.835)" 
36-32 x 10000 100 
28. oa 6. erie 
3-18 x 6-05) 
27. (a) 28, 5-018 x (2-63)% 


29. 2) x8-61+3-4. 80. (13})?+4-931, 
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831. +/4-256. 32. +/42-56. 
33207 15523. 34. 3/15-23. 
35. 3/152-3. 36. 3/(16-35). 
37. (i) V9; (ii) 9/90; (iii) 2/900; (iv) %/9000. 
[172-8 
88. 6:14 x +/8-231. seat 
Vv 39. \ 9-43" 
V48-63 4-13 x 108 
40. (2-59)2" 41. peo x / 39-41. 
yt 8 1-752 x 753-6 
42. (108-8)". 5 SS as 
( ee NI ayia" 
10 aa 
44, “i 45. V2) x 17,3. 


EXERCISE XIII. c. 


[In the following examples, take 7 =3-1416=10°497. Give 
all results correct to 3 significant figures.] 


1. (i) Find the area of a circle of radius 4-37 cm. 
(ii) Find the radius of a circle of area 150 sq. cm. 


2. The volume of a sphere of radius 7 cm. is $rr? cu. cm. 
(i) Find the volume of a sphere of radius 1-083 cm. 
(ii) Find the radius of a sphere of volume 5 cu. cm. 


3. The distance a body falls in @ vacuum in ¢ seconds is 
4 x 32-2 x ¢? feet. 
(i) How far does it fall in 1-63 seconds ? 
(ii) How long does it take to fall 83-2 feet ? 


4. A pendulum of length J feet makes one complete oscillation 
in 2x 4/(l —32-2) seconds. 
(i) Find the time of oscillation for a pendulum of length 
50 feet. 
(ii) Find the length of a pendulum which takes 2 seconds 
for a complete oscillation. 


5. Find the horse-power of a two-cylinder locomotive from 
the formula, horse-power ee ae where p=pressure in |b. 
wt. per sq. in.=15, /=length of stroke in inches = 17-5, a=area 
of piston in sq. inches = 254, n = number of revolutions per minute 
=250. Answer correct to nearest integer. 
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6. The following formula is given for the speed of a paddle 
steamer, V (in knots) = 4/0" ; find V, given that P=horse- 


power = 1850, S=sectional area=714 sq. feet. Find also the 
horse-power necessary to secure a speed of 153 knots for the 
same vessel. 


7. Use the formula for the volume of a cone, V=4nxr*h, to 
find r if V=182, h=11-4. 
8. The horse-power H of a steam turbine is given by 
ya bD?U? : 
7 LOS 
blade speed in ft. per sec.=1530, V =specific volume of steam 
in cu. ft. = 285. 


find H, if D=meanu diameter in feet = 2-4, U =mean 


9. The bursting pressure P lb. per sq. inch for a flat circular 
plate of thickness 7 inches and radius R inches is given by 
p = T0Wr ; ind P if T=1-125, R=8-37. 

10. The diameter, D feet, for a 3-bladed propeller is found 
from Doig’s formula D see ; find D if the horse-power H is 
9000 and the number of revolutions per minute R is 225. 

11. The diameter d mm. of a tin wire which is just fused by a 


current of C amperes is given by the formula d= V1 g y} ; find 
the value of d if 0 =55. 12-8 


12. The force necessary to stop a train of weight 150 tons 


travelling v miles per hour in d feet. is - tons ; what force 
¢ 


will stop it within 87 yards when it is travelling 23 miles per 
hour ? 


3 
13. If maw, find M when f=6-15, d=2-73. 
S/H 
14, If d=kalh, find d when k= 173, H=46, N=3. 
2 
15. If Page , find P when K =1-016, N=6, D=4-95. 


H 
16. If W=ya5) find W when N=160, D=5-75, H=165, 
m=1-43 x 107, 
17. If W=1880 saa find W when p= 14, A =7-675, 1’ =306, 
18. Find approximately the values of (i) 28°; (ii) 32¢¢, 
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Example VI. Express as a power of 10, (i) 0:8634; (ii) 
0-08634 ; (iii) 0-0008634. 
8-634 
0:8634=— 6 = 8-634 x 10-1 
= 10°: 9362 x JQ-2 


w= ]Q-1+0- 9362, 


0.08634 = 5 "4 _ 8.634 x 10-4 
= 10-2+0-9368 
0-0008634 =" °34 — 8-634 x 104 


= 104+ 0-9363, 

The logarithm of 1 is 0, because 1 =10°. 

Therefore the logarithm of any positive number less than 1] 
is less than 0, #.e. is negative : this is illustrated in Example VI. 

When the logarithm of a number is negative, the logarithm 
is always written so that the mantissa (i.e. the figures after 
the decimal point) is positive. 

Thus the logarithm of 0-08634 is written as —2 +0-9362, 
or more shortly as 2-9362, the — being placed above the 2 
to show that it refers only to the integer 2. 

seme 241 8-61 

Example VII. Simplify 0-0451° 


18-61 _ 101-269 


n.04E1 > 107 1+°2697 

0-:0451 102-6s5ea 24-6548 
= 107-6155 “24 °6155 
= 412-6. 


Notes.—(i) At first it is best to write the work out in full 
as shown in the columns at the side. 

(ii) If there is any difficulty in subtracting the integers, 
use the rule for subtraction : change the sign of the lower line 
and add. 

Example VIII. Simplify (0-0832)°. 

(0-0832) = 10? 9201™8 —2+ 9201 


= te 6127608 
= 0-0005758. —4+ *7608 
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Example IX. Simplify £/0-0736. 


£/0-0736 = 107: 8669xt =24 "8669 
1-7 734 &)-5+3'8669 

a ae —1+ ‘7734 

= 0-5 : ee aan 


Example X. Simplify (0-0862)%4, 
(0-0862)° 34 = 102-9355* 0-34 


9355 
= ]()—0-48+0-2245 4 _ 
= ]()-1+0-53+ 0.2245 glee 

. 742( 
a1 022452 
= 0:5552. 7 ae 


EXERCISE XIII. d. 
In Examples 1-30, write the answer so that the fractional 
part of it is positive ; e.g. you would write —1-7 as 2-3. 
Simplify 


1 ce so 2. 2-34 1-8. 8. 2:54+2-4. 
4. 2-543-1. 5. 2-544-7, 6. 4-642-7, 
7. 2:441-:941-8. 8, 2-4—1-3, 9. 3-7-— 2-4. 
10. 3-6-1°8. linea |, 1d S7 2-0, 
13. 2-6-3:3. 14. 2-6-3:9. 15. 2-6 —3-8, 
16. 14x 2. 17. 1-6 x 2. 18. 2-7x 3. 
19. 3-9x 5-8. 20. 2-4x( -2). 21. S:7.x(— 8) 
22.9.6 =9. 93, “I-62: 24. 5-7 +2, 
25. 3-9+3. 26. 4-4+3, 27. 3-85. 
28. 1-6+4. 29. 10-1+9. 80. 3-1+( -2). 


EXERCISE XIII. e. 


Find correct to 3 significant figures the values of 


1. 0-456 x 7-12. 2. 0-078 x 3-153. 

8. 0:00461 x 0-912. 4. 0:000512 x 712-8, 
5. 47-5 =89-1. 6. 04523 ~9-165. 
7. 0-2103 +0-0172, 8. 0-3167 +0-0715, 
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9. (0-156)% 10. (0-0137)*, 
11. 0-783. 12. ./0-0783. 
13, %/0-07825;  3/0-007825; _4/0-0007825. 
1 1 
14, 7.93" 15. 37-4° 
0-862 x 0-437 415-2 x 0-0302 
16s o . cE SEAS 
3-14 17. 2468. ' 
0-00531 x 416-2 Bie 
18. 01018 19. \ are: 
has 5 14-156 x 0-00612 
20. Ae aned Obie 
0-873 21. 00891 * 
22, 0-713 x £/0-416. 23. (5-16)!2; (0-516)'%, 
24. (1-472)-8, 25. (0-628)-2, 
26. (0-372), 27. (0-0682) 9-08, 
28. (0-0072)*5, 29. (0-1). 


80. Find approximately the value of (i) (0-2)?°; (ii) (0-9)!°°. 


EXERCISE XII. f. 


Evaluate to 3 significant figures 


1. (415-7)*— (112-6). 2. (0-718)? + (0-513)% 
0-273 + (0-864)* gq, 5+ v867 
10} : PIC — 4/867 


y= 
5. From the formula 7,=7, (22) Y find iP, when 1=315, 
pi=7:16, p,=5-95, y=1-5. Pa 
6. Find the value of m(R?—r?)h when R=7-16, r=3-12, 
h=2-59. 
”. The area of a triangle whose sides are of lengths a, 5, ¢ is 


1 {s(s —a)(s —b)(s—c)} where s=4 (a+b+c); find the area of a 
triangle whose sides are 14-5, 16-2, 18-1 inches. 


8. The total surface of a closed circular cylinder is 2nr? + 2rrl; 
find the area if r= 7-52, 1=5-83. [Use factors.] 

9. Find the value of 4.e*” when A=4-7, e=2-718, k=2-4, 
t=}. 
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10. (i) Find the area of a circle of radius 0-47 inch. 
(ii) Find the radius of a circle of area 0-76 sq. inch. 


_ | 
39:5 find ¢ if 1= 1-7. 


12. Find R from the formula R=‘? 
1= 94,300, d=0-25. nee 
aH? 
13. Find n from the formula n=— 
ISO: © 
14. The time ¢ seconds for pneumatic transmission through a 
tube J feet long, d feet in diameter under a pressure of P lb. per 


11. In the formula t= 2r / 


where p=1-7x10-*, 


when a=22-25, H=6, 


3 
sq. inch, is t= 0-000482 AV bas find t if l= 42-5, d=0-24, P=8-57. 
15. A circular drain of fall 1 in 100 and diameter d feet can 
454°3d* 


carry off Toon ro ft. of water per minute. Find in tons 
the weight of water removed in an hour by a drain 1-4 feet in 
diameter. [1 cu. ft. of water weighs 62-3 Ib.] 


16. Find f from the formula f= 1-925 x 10-%g?d4 when qg= 500, 
d=0-3162. 

17. Find the value of 71-5e-* where e =2-718, if (i) k=0-25, 
t=3; (ii) k=0-25, t= 100. 

18. From the formula for drilling mild steel, P= 35,500D°7T°*, 
where P is the thrust in lb. required for a drill of diameter D 
inches to secure a feed of 7’ inches per revolution, calculate P if 
D=4, T= gy. 

19. If e=1—ry-, find e when y= 1-37, r=0-4. 

20. Find, to three significant figures, the value of z if 


z=? — Se and mr? =43-7. 


Ps_ = Vl Ps _s = = 
a. 1 2 =/{1 73000008" find P* if V=88, 1=5280, 


; ’ DAG ne 1 \? 
22. Find the value of (i) (1 +393) 5 (68d) (14753) » given 


that 1:000001 = 10% 000000884294, 


23. The formula for compound interest states that £P amounta 
> Tone. 
to £P(1 + 00) inn years at r per cent. Find, as accurately as 


your tables will allow, the amount for 
(i) £1000 at 5% for 15 years ; 
‘(ii) 15s. 6d. at 6% for 5 years ; 
(ili) one penny at 44% for 800 years, 
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24. What sum invested for a child at birth will amount to 
£1000 when he comes of age if it is invested at 6% compound 


interest ? 
25. Simplify eel wi ois 


1 +(1-023)—* * 
26. The present value £P of an annuity of £A per annum to 
last for n years is given by P= eh -(1 +750) } , allowing 


re 
r per cent. per annum compound interest. 


(i) Find the present value of an annuity of £400 to last 
for 10 years, interest 6%. 


(ii) A man is offered a choice between a single payment 
of £6000 down or a life annuity of £600; his ex- 
pectation of life is 15 years ; which should he choose, 
reckoning interest at 6 per cent. ? 


(iii) What life annuity can a man purchase with £5000 
when his expectation of life is 20 years, reckoning 
interest at 4 per cent. ? 


THE SLIDE RULE. 


For remarks on the use of the slide rule, the reader is referred 
to the Introduction. 


EXERCISE XIII. g. 


With the aid of a slide rule, find to three significant figures 
the values of 


1. 4-62 x 1-6. 2, 4-62 x 1-67. 3. 9-71 x 8-5. 
4. 97-1 x 0-85. 5. 312 ~ 20-7. 6. 3759 = 177. 
7. 4156 +112. 8. 0-0793 = 7-12. . V/13-9. 
1-46 x 7-52 4-56 x 6-52 
10. 1438. = 1a aoa gai 
13. faci cibsi saa ebte SAGEM Is 3 unl: ; 
62-7 8-63)! 13, .[M7x 119 
18. 57-9: ve eae wNe 8 


For additional examples, see Exercise XIII. b. 
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*LOGARITHMIC THEORY AND NOTATION. 


If x =a’, p is detined as the logarithm of x to base a. This 
may be written in the form 

p=log,z. 

So far we have only considered logarithms to base 10, 
which are the ordinary kind of logarithm for numerical work. 
If there is no doubt as to what base is being used, the symbol 
is abbreviated and simply written aslogz. In numerical work 
tog x would be used to stand for log, 2. 

We shall now prove some of the results which have been 
already used. 

I. logy (ry) =log,x +logay. 

Let log,c=p and log,.y=q; 

. ©=a" and y=a‘; 
“. cy=a’ xati=aPt; 
4. log. (ry)=p+q=log,x+log.y. 


IT. loga ( rt =logax —logay. 


Proceed as in I, 


Then 7 _" _ap-t; 
y --at 
. log. (*)=p -q=log, x — log.y. 


III. log, (x") =n log, x. 
Proceed as in I, 
Then x” =(a?)"—arn, 


*. loga (a) =pn=n log,a. 
Note.—The result, given in III., holds with the same proof 
for any fractional or negative value of n. 


n n 1 
Thus log ?/x =log (« ) =" loge. 


*This section may be omitte 
visable to take it before 
Nomography. 


d at a first reading: it is however ad- 
the chapters on Kmpirical Formulae and 
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2 
RomnpleeXIee TWiet2* ind Wo when Roles b 25-3 


d=7'14, 1=90. u 


log W =log le 07243 
17074 

=log K+log b+2 log d—logl 3°6358 

= 1-204) + 0-7243 + 2(0-8537) — 1-9542 19542 

= 1-6816; 1°6816 
 W=48-04. ss 


Example XII. If H=p.v'-}5, find log H. 
log H =log (p. v'35) 
=log p + log (v1"!*) 
=log p+ 1-13 log v. 
Example XIII. If log 5 =0-699, find log 25. 
log 25 = log (5?) 
=2 log 5=2 x 0-699 
=1 398. 
Example XIV. Find z, given that 4°7* =0-83. 
log (4:7)*=log 0-83 ; 
-. x log 4:-7=log 0°83 ; 
log 0°83 1-9191 
oo * log 4-7, 0-672 
—1+-9191 0-0809 


0-6721 ~ 0-6721 

102-9079 2:9079 
= ~Jorears 1°8275 
= — 101-080 1-0804 
= — 0-1203; 


“. w= —0:120. Answer. 


EXERCISE XIII. h. 


[Unless otherwise stated, log x means log, 2.) 
1. Simplify 
(i) log 8—log 2; (ii) log 8 +log 2; 
(iii) log 1+ log 2; (iv) log (1/3) +log 3. 
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2. Simplify 
., log 25. -.. log 100. ree elliot 1k 
(i) log 5’ (ii) log 10 ” Na 


3. Without using tables, state which is the greater: 
(i) log 1+log3 or log (1+3); 
(ii) log 2+log 4 or log (2+ 4). 
4. Without using tables, state which is the greatert 
(i) log 2-log1 or log(2-1); 
(ii) log 4 -log 2 or log(4 - 2); 
(ili) log 6 - log 3 or log(6 — 3). 


: ; logz _ log4 
5. Find z if log2~ log 16° 


6. Simplify 

.. log (a) , ... log Vz, ee et 

(i) log x , (ii) log ’ (iii) log xy log x. 
?. Simplify 


(i) log + log; (ii) logy + log y. 
8. If a =1000, find log z. 


§. Express the following in a form which does not involve the 
logarithmic notation : 


(i) logx + log y=log 5 ; (ii) log r+ 3logy=2; 


(ili) zlog3=3; (iv) 3logr -2logy=1; 
(v) tlog5=ylog6; (vi) zlog5=ylog6+2. 
10. Solve the equations 
(i) 2*=8192; (li) 14-56% = 210-3 ; (iii) 7-81%=0-128. 


11. If pu" = 475, find n when p =3-62, v=98-5. 
12. If h=391Q", find n when h=7-95, Q=0-125. 
13. If 2*= 3%, find the ratio of x to y. 


14. (i) What is the error per cent. in taking log (1+) equal 
to 0:-4342 when 2=0-1? 


(ii) Hence find an approximate solution of the equation 


_vz 
log (l+a)= 10° 
15. What are the values of 
log 4 - log]. log 8 -log1 log 9 - log 1 


log 2 - log 1’ (i) log 2 - log 1’ foil) log 3 - log 1 : 
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logt — log 273 
log 2-718 
17. £P invested at r per cent. compound interest for n years 


Tr n 
amounts to £P(1 +700) 5 


In how many years will a sum of money invested at (i) 3%, 
(ii) 5%, compound interest, double itself ? 


16. Find ¢ from the formula ¢= when ¢ = 373. 


Show that the rough formula n= ie gives a good approximation 
in each case, 4 
log 2 


at 

18. Assuming that the population of a country increases accord. 
ing to a compound interest law, find the annual percentage 
increase in a country where the: population increases by 50 per 
cent. in ten years. 


19. If the barometer reading is h, inches at the foot and h, 
inches at the summit of a mountain, the height of the mountain 
is 60,360 (log h, —log h,) feet; find the height of e mountain for 
which h,= 30, h,= 25. 


20. Evaluate log, 9. 


Prove that the correct formula is n= 


CHAPTER XIV. 


RATIO AND PROPORTION. VARIATION. 


THE ratio of two numbers a, 6 is measured by the fraction 


; and is often written a:b. 


The ratio na: nb equals the ratio a:b, because 


“9 
nb b° 
The ratio-relation x: y=a:b may be written either as 
2 pies =e 
y b nee eae 
Such ratio-relations as x: y:z:u:v... =a@:b:c:d:e... may 
be written either as 
eee ope ae 
5 and a and rie 
ones Gb 6.0 
Example I. Simplify the ratio 4}: 34. 
41 43x10 42 6. 
33 34x10 35 5’ 
.. the ratio equals 6: 5. 
Example II. 


If «:y=4:7, find the value of the ratio 
(x +2y) : (4u-y). 
First Method. 
Suppose x= 4a, then y =7a; 


a+2y 4a+l4da 18a 2 
‘4¢%-y l6a-Ta 9a 1 
*. the ratio equals 2: 1 or 2. 
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Second Method. 


x 4 

4c -y 42. 16 veri 
Ses PS) 
y a 


Example III. Given 
e:y=2:3 and y:2=5:7 and 2:w=3:2, 
express in its simplest form zr: y:z:w. 


eae. de, fl bes 
973 and 5 and a= 5) 
ee ye zw, 
52h (iyi Vaotekoned tic amen) Ga 
ne Ee Ya 
OT We CH 1 
eye ecw — 10.16 721%: 14: 
EXERCISE XIV. a. 
1. Simplify the following ratios : 
(i) 34:12; (ii) a: (a+ 4a) ; 
(iii) Fab; (iv) (142):Q.42)3 
(v) 1l5a%y: 12xy?; (vi) L075207%5 
(vii) 10%: 10° ; (viii) (a? — b?): (a? — ab); 
(ix) @ yards: b feet ; (x) x halfcrowns: y shillings. 


2. If 3+ 5y =7x — 13y, find x: y. 
8. If a:b =3: 5, evaluate (a+b): (a — 6). 
e+11_ 11 AH La 
Treen wid prove Ft 
5. Express in ratio form the following equations : 
(i) ab=cd; (ii) p?=gr; (iii) (@+b)(c+d) =(pt+a)(et/); 
(iv) xyz = par; (v) abc =de. 
6. Two numbers are in the ratio a:b; the first is x; what is 
the second ? 
7. y is the result of increasing x by 10 per cent. ; find x: y. 


8. By deducting discount at the rate of 3d. in the shilling 
a bill of £x is reduced to £y; find x: y. 
D. W.A. T 


4. If 
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9. A man’s salary was £z before the war and has been increased 
since the war by £y. In what ratio has it been altered ? 


10. ABCD is a straight line; AB=2", BC=2x", CD=42"; 
what is the ratio of AC to BD? 


11. The rents of two houses used to be in the ratio a:b; but 
the first has been raised 20 per cent. and the second 50 per cent. ; 
what is their present ratio ? 


12. Two partners share their profits in the ratio a:b; the 
profits are £p ; how much does each receive ? 


18. The ratio of the areas of two triangles is a: b and the ratio 
of their heights is p:q; what is the ratio of their bases ? 


14, (i) Find two numbers in the ratio 7:5, whose difference 
is 8. 

(ii) Find two numbers in the ratio p:g, whose difference 
is ¢. 


15. The line AB is divided externally at P in the ratio 5:2; 
AB =x" ; find AP. 


16. The ratio of the weights of two circular cylinders of the 
same material is 3.2 and the ratio of their diameters is 3:4; 
find the ratio of their heights. 


17. AB is divided externally at P in the ratio 3:5 and exter- 
nally at Q in the ratio 9:7; find PQ: AB. 


18. A measuring rod contracts in the ratio a:b where a <b; 
it is used to measure a line whose real length is 2 inches ; what 
is the length obtained and what is the error per cent. ? 


19. If x is positive, is the ratio (3+2):(5+2) greater or less 
than the ratio 3:5 ? 


20. If x is positive, is the ratio (8+2):(7+) greater or less 
than the ratio 8:7? 


pag ve! 
21. It 5+5=3(5-5 
22. If 32 -y = 2z and y =6 (z - 2), find IY sz. 


23. A chain of length J feet hangs over a small rough peg; the 
portions on each side are in the ratio a:b; if a> b, find the 
depth of the mid-point of the chain below the peg. 


24, ABCD is a straight line; B divides AC in the ratio p:q; 
C divides BD in the ratiox: y; find (i) AB: CD, (ii) AB: BD. 


25. If (8x - 2y)* = (3a + 4y)’, find a:y. 
26. If 4x*+ Oy? = 12ay, find x: y. 


), find a:b, 
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27. The perimeter of a right-angled triangle is four times the 
shortest side ; find the ratio of the other two sides. 


28. The ratio of the radii of two circles is a:b and the ratio of 
their areas is (a —x):(b —x); express x in terms of a, b. 


BON If! =! vocninnto ee 
a-y 4 zi-y? 
80. If x and y are each increased in the ratio a:b,in what ratio 


is + altered ? 
zy 


31. At a height of A feet it is possible to see a distance of NT = 


miles ; an aeroplane climbs from 4000 feet to 9000 feet ; in what. 
ratio does the pilot increase his range of view ? 


32. The horse-power H required to drive W lb. of water per 
second through a small circular aperture of area A sq. inches is 


3 
given by H=0-00015 ue . In what ratio must the horse-power 


be altered if the radius of the aperture is doubled and if twice 
as much water per second is required ? 


33. The indicated horse-power H required to produce a speed 
of V knots in a paddle steamer is given by the approximate 


8 
formula H = on where A is its greatest section in sq. yards. 


(i) In what ratio must the horse-power be increased to raise the 
speed from 8 to 12 knots? (ii) The values of A for two steamers 
are in the ratio 6: 5 and their speeds are in the ratio 5: 2; what 
ia the ratio of their indicated horse-powers ? 


34, If a carrier is driven through a tube / feet long, d feet in 
diameter under a pressure of P lb. per sq. inch, the time of trans- 


3 
mission is approximately 0:0048 | a seconds ; what is the effect 


on the time of transmission if the length is increased in the ratio 
3:2, the pressure in the ratio 5:2, and the diameter decreased 
in the ratio 3:5? 

35. If a> b>2> 0, arrange the ratios (a -x) : (b-«) and 
(a+a) : (b+) and a: b in ascending order of magnitude. 

36. The ratio of a man’s expenditure to his income is a: b; 
what is the ratio of his savings to his expenditure ? 

3”. The ratio of the male to the female voters at an election 
is a:b. Ifc fewer men and d fewer women had voted, the ratio 
would have been p:qg. What was the total number of votes 
cast in terms of these letters ? 


38. If h is small compared with 1000, find an approximate value 
of the ratio [(1000 +h)* - 1000%] : A. 
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39. If A is small compared with x and y, find an approximate 
value of the ratio [(v+h)? -x?]: [(y+h)? -y?]. 


40. The incomes of A and B are in the ratio 5:4; their ex- 
penditures are in the ratio 6: 5 and their savings are in the ratio 
10:7. Find the ratio of A’s income to 4’s expenditure. 


Ife ie = the numbers a, b, c, d are said to be tn proportion, 


and d is called the fourth proportional to a, b, ¢. 
If eae c is called the third proportional to a, 6 and 6 is 


called the mean proportional between a, c. 


If ae =o = Emote, a, b, c, d, e,... are said to be in con- 
Cled me 


tinued proportion. 


The ratio-equality tered tee is often written in the 
formes y Fes tO c= SO Cla. 
E a_c q_a+c_a-c 
xample IV. If 5 = q Prove that ae es 
ac 
-. a=bk; c=dk; 
p ate_bk+dk_k(b+d)_, a 
b+d. b+d.. b4+a. ” Bb 
a-c bk—dk a 
te cin oe 
EXERCISE XIV. b. 
1. Find the fourth proportional to 
(i) 2,3, 4; (ii) ab, bo, ed: (iy en 
& y 
2. Find the third proportional to 
(i) 2, 3; (ii) ab, be ; (iii) 4) y. 
te 


%. Find a mean proportional between 
(183 e125 (11) a8b, abs ; (iii) a, b, 
4. Fill up the gaps in 
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and 


6. Ifa: y:2=3: 2: 7, find mE and the ratios —:—:-, 


aty+z = 
6. 1g <7 4 =tty ze Signs yit 


7. lt = vate — find ©: y: 2% 


Lc a@_Va*+c 
8. If = y Prove rar 
3a—5e_ 2%c+7e 
36=6d 2Wd+i7f 


, prove 


10. If , fill up the gaps in 


ee aie 


a pe 
a+c+e | 10a — Te +2¢e _ at 203 
HALE 

ac a’*?—3c? 

bd 6?— 3d* 


Tah, 1h , prove that 


yy Cente baat ASE pee 


13. If 6 (x*—y*) =5ay, find 27%. 


x—-2y+3 3x+2y+1 2wty 

5 - 7 ee Sard 

wi-2744+3 x2+5 

gi+2e-3 «2-5 

16. X, Y are points on the sides AB, AC of the triangle ABO 


AX AY AX» AY BXaGLYs 
such that + p= Yo; prove that (i) 47, = AC? (ii) Ra AC’ 


17. O is @ point inside the triangle ABC ; AO is produced to 
SBAD_BD SBAO_ BD 
cut BC at D; prove that (1) —Gqp= CD’ (ii 1) KG407 CD’ 


14. Solve 


15. Solve 


a= a prove that 


a a?+c? he ISO Ca 
ai (cepa): )5za> (Sra) 
19. If 6 is the mean proportional between a, ¢, prove that 


a Interpret this geometrically. 
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20. z is a function of z, y, and its values are shown in the 
following double-ertry table : 


Find the probable values of z when 
(Oy eae Sune (ii) = 27h = 2 
(in) a= 1-b 9 =1-5); (iv) «=2-2, y =2-6. 
21. The values of a function z of two variables 2, y are shown 
in the following table : 
x 


1 2 3 


1 0-070 0-087 0-104 


y | 2 || 0-122 | 0-139 | 0-156 


3 0-174 0-191 0-208 


Find the probable values of z when 
(i) #=1-5, y=1-5; (ii) « =2-6, y=2-4, 


SUMMARY OF RESULTS. 


If aa 
boa 7 
then each fraction = 2a T26 te +++ 
pb+qd+rf+... 


=/ PASC as: 
b"+qd"+...4° 
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VARIATION. 


If a man is walking at a uniform rate of 4 miles an hour, 
he walks 1 mile in 15 minutes, 
2 miles in 30 minutes, 
3 miles in 45 minutes, and so on. 
The distance he walks is directly proportional to the time 
taken. 
If he walks x miles in ¢ minutes, we have 
x ee a 
15 Y 15 
In this case, x is said to vary directly as t. 
This is written Tho. 
The result of plotting x against ¢ is a straight line through 
the origin. 
Suppose next there are a number of rectangles each of area 
60 sq. in., but of different shapes. 
If the breadth is 2”, the length is 30”. 
If the breadth is 3”, the length is 20”. 
If the breadth is 4”, the length is 15”, and so on. 
The breadth is inversely proportional to the length. 
If the breadth is b in. and the length is / in., 
b -” or 7-30. 


i 


In this case, 6 is said to vary inversely as l. 
This is the same as saying that 6 varies directly as ; or 
It 


ba =. 


l 


And the result of plotting 6 against ; is a straight line 
through the origin. 

Conversely, if we are given a table of values for x and y, and 
if the graph is a straight line through the origin when y is 
plotted against x, then y« z. 
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If the graph is a straight line through the origin when y 
is plotted against = then yx 2 


Example V. The weights of a number of circular discs of the 
same material and thickness but different diameters are given 
in the following table : 


Diameter incm.=d = 2 3 4 5 6 7 8 9 | 10 
Weight in gr, =w=20] 45 | 80 | 125} 180} 245] 320} 405| 500 


Show that the weight varies as the square of the diameter, 
and plot w against d?. 
The table connecting d? and w is 


26 36 


——|————— | | | 


from which we see that w=5d?. 
. wa 3, 
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The result of plotting w against d* gives a straight-line graph 
passing through the origin, which is the graphical test that 
w is proportional to d?. 


Example VI. It is stated that if the velocity of a stream 
of water is determined by a water-pressure gauge, the velocity 
varies as the square root of the height in the gauge. 


(i) If a speed of 8 feet a second causes a height of 12 inches, 
what is the speed when the recorded height is 4 inches ¢ 


(ii) If the velocity is v feet per second when the height 
recorded is hf inches, find the equation connecting v and h. 


(i) We have va Vh. 


Now v =8, h =12 is one pair of corresponding values; and it 
is required to find the value of v which corresponds to h =4. 
.. when h =4, the value of v is given by 


ED 
Bo 4/12 
weer 
f. Me D2 
*, v=4-62 feet per sec. 
3 v_ wvh 
(ii) Also we have 87/12? 
8 
é v= ioe 


3 v=2-31. bh approximately. 


EXERCISE XIV. c. 


1. A man walking 3 miles an hour travels y yards in x minutes : 


(i) Does y vary directly as x? : 
(ii) What is the effect on y of doubling x ? 
(iii) What is the effect on x of doubling y ? : 
(iv) What equation connects w and y, and sketch its graph ? 


2, « men take y days to level a large field which it would take 
12 men 40 days to level : 
(i) Does y vary directly as x ? : 
(ii) What is the effect on y of doubling x ? 


(iii) What is the effect on x of halving y? 
(iv) Express y in terms of 2, and sketch its graph. 
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3. If y varies as x, (i) what is the effect on y of trebling x? 
(ii) what is the effect on x of halving y? (ili) what is the shape 
of the graph of y ? 


4. If y varies inversely as 2, (i) what is the effect on y of 
doubling x ? (ii) what is the effect on x of multiplying y by 10? 
(iii) what is the shape of the graph of y? (iv) if 2 is the length 
and y the height of a rectangle, what can you say about the area 
of the rectangle ? 


5. A rectangle of area 60 sq. cm. is z cm. long and y cin. 
wide. 
(i) What is the variation-relation between y and a ? 
(11) Complete the table : 


Sy 


(iii) Plot E against y, taking 3” as the unit on the * axis. 


6. If y varies as x, what is the effect (i) on x of dividing y 
by 4; (i) on y of dividing by 42 What is the shape of the 
graph of y ? 


7. Construct a table of values of x and y to illustrate the 
cases where 
(i) y varies as x; 
(li) y varies inversely as a ; 
(ili) y varies as 2°, 


Sketch the graph of y in each case. 


8. To produce a fixed intensity of illumination, the candle- 
power c of a lamp must be increased four-fold when the distance 
x feet from the light is doubled; what is the variation-relation 
between c and a ? 


9. If multiplying x by 10 always produces the effect of dividing 
y by 100, what is the variation-relation between z and y? 


10. If y=x+e!, in what ratio is y increased when z alters from 
(i) 1 to 2, (11) 2 to 4, (iii) 4 to 8? Does y vary as any power of x ? 


11. In the following tables y varies directly or inversely as 
some power of #; find the relation between y and z in each case. 
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What method of plotting must be adopted to give straight-line 
graphs in the various cases ? Carry it out in each case. 


(i) oi eS te a1 0 2 5 
y=-12 -4 0 g 20 
(ii) z= 1 2 3 4 5 
y= 2 8 18 32 50 
(iii) z= 1 2 5 8 10 12 
y= 10 5 2 1} 1 5 
(iv) t= 1 4 9 25 36 
y= 1 2 3 5 6 


12. A number of triangles each have a base 6 cm. long ; if the 
height of any one of them is h cm. and its area is A sq. cm., 
complete the following table; what is the variation between A 
and h? 


14. If y varies as si complete the table : 


z=] 4 10 20 


y= 0-8 


15. A cube of aluminium whose edge is x cm. weighs y gr.; 
complete the table : 


Oe 2 GA, ae Se 
z= 1 2 4 5 
y= 325 


16, If y varies as »/x, complete the table: 


$$ | $$ 
ee EE 
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17. What is the variation between the variables in the following 
statements ? 


(i) A circle of radius r cm. is of area A sq. cm. 


(ii) The side of an equilateral triangle is x inches and its 
area is A sq. in. 


(iii) A train travelling at a uniform rate of 2 miles an hour 
takes ¢ hours to go 100 miles. 

(iv) The simple interest on £2 at 4 per cent. for 3 years 
is Ly. 

(v) If 5 pints of water are poured into a cylindrical vessel 
of diameter d inches, the depth is A inches. 

(vi) In a circle of radius 3 cm., an angle of x° at the centre 
stands on an arc of length y inches. 


18. If yx 2? and if y=3 when x=2, find the relation between 
x and y. 


19. Tf yo and if y=3 when x=5, find the value of y when 


ee 
20. If yx x, what is the effect on y of doubling z ? 


21. If yx zx, what is the effect on y of increasing z in the 
ratio 9:47? 


22. Ifaa ; and if x « z?, what is the effect on y of doubling z ? 


23. In the given graph, Fig. 8, y« 2; find the relation between 
x and y. 


ial er 
FREER eet 
1 ae. 5 
padusaauuadl 
| | 
El a i: SC 
re) Eth CHErrs OoLLLELrtrrss 
e} 1 2 ie) 5 
Fig, 8. Fig. 9. 


24. In the given graph, Fig. 9, y varies inversely as 2; find the 
relation between a and y. 


25. If y varies as x and if y =3 when x =2, represent the relation 
between y and « by a graph. 


26. The area of the surface S sq. in. of a sphere varies as the 
square of its radius r in. ; its volume V cu. in. varies as the cube 
of its radius: (i) what is the effect on V of increasing S in the 
ratio 64:17 (ii) what is the variation-relation between S and V 1 
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27. The pressure on the wind-screen of a car travelling v miles 
an hour on @ still day is P lb. per sq. foot. It is found that 
Pa«v%. Is this consistent with the following measurements ? 


v=5 20 30 
P—0-123 1:97 4-43 


Express P in terms of v as accurately as the data permit. 


28. The range of view at sea varies as the square root of the 
height of the observer above sea-level. At a height of 20 feet 
the look-out can see 5-5 nautical miles; what is the range of 
vision at a height of 40 feet? If a height of h feet commands 
N nautical miles, express NV in terms of h. 


29. Two hot-water cans are the same shape: one is 8” high 
and holds a quart, the other is 2’ high. What does it hold ? 


30. Two candlesticks are the same shape ; it costs 15 shillings 
to gild the smaller which is 6” high; what is the cost of gilding 
the other which is 15” high ? 


31. In what ratio must the radius of a sphere be increased to 
double (i) its surface, (ii) its volume ? 


32. A lodger pays ninepence for a scuttle of coal 9 inches wide ; 
what would he expect to pay for a scuttle of the same shape 
12 inches wide ? 


33. It takes x lb. of paint to paint the hull of a battleship 
400 ft. long; how much will be required for the hull, similar in 
shape, of a battleship 530 feet long ? 


34. The weights of two spheres are in the ratio 2: 1 and the 
densities of the materials of which they are made are in the ratio 
1:2. Compare the radii. 


35. The time of a complete oscillation of a pendulum varies as 
the square root of its length. If a pendulum of length 100 cm. 
makes one complete oscillation in 2 seconds, find the time of a 
complete oscillation of a pendulum of length 25 cm. If the time 
is t sec. when the length is / cm., express ¢ in terms of l. 


36. The danger distance from the muzzle of a gun, within 
which the hearing may be injured by the firing, varies as the 
fifth root of the weight of the charge. For a 5-lb. charge of 
cordite the distance is 10 feet. What is the distance for a charge 
of 187 lb. of cordite ? 

37. A beam supported at its ends carries a fixed load at its 
mid-point ; for beams of the same cross-section and elasticity 
the sag in the middle varies as the cube of the length. What is 
the effect on the sag of trebling the length ? 
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38. (a) The weight of a body above ground varies inversely as 
the square of its distance from the centre of the earth; taking 
the radius of the earth as 4000 miles, make a table showing the 
weights of a body which weighs 100 lb. when on the ground at 
the following heights above the ground: (i) 100 miles, (ii) 1000 
miles, (iii) 10,000 miles. ; ; ; 

(6) Below ground the weight varies directly as its distance 
from the centre of the earth: make a table showing the weights 
of the same body at the following depths under ground: (i) 50 
miles, (ii) 100 miles, (iii) 1000 miles. 


39. If a wire of diameter d mm. fuses when the current in it 


reaches C ampéres, C varies as di, The following results were 
obtained by experiment : 


Diameter of copper wire 
in mm. - - - 0-10 0-51 1-02 1-84 


Current fusing wire in 
amperes - . . 2-55 29-2 82 200 


(i) Find the relation between C and d for copper wires 
as accurately as these data permit. 


(ii) What current will fuse a copper wire of diameter 
1-5 mm. ? 


(iii) Fill up the gap in the following tables 


Diameter Fusing current for Fusing current for 
in mm. copper wire in amp. tin wire in amp. 
0-10. 2-55 0-41 
1-02 82 


40. If a strong arc light is placed at A at the top of a vertical 
lamp-post AB, and if P is a point on the level ground, the 
illumination of the ground at P varies inversely as AP°. 

If AB=15’, BP =20’, the illumination of the ground at P is 
one unit, t.e. is equivalent to the illumination of a surface by 2 
lamp of one candle-power distant one foot from it. What is the 
illumination of a point Q on the ground such that BQ=30' ? 

_ Itis said that ordinary small print can be read if the illumination 
is 0-05 unit. What is the greatest distance from B at which an 
evening paper on the ground would be legible ? 


XIv.] VARIATION 299 


SumMMARY oF RESULTS. 


b 


y is said to be a “ function ’ 
when x is known. 

Suppose that y is a function of x, and that the values 
Yr» Yoo Ys Ys --- Of y correspond to the values 7,, %, 3, XZ; «-- 
respectively of 2 If the ratios y,:Y.:Y3: Y4, etc., are re- 
spectively equal to the ratios 7,: 2, :%3:%, etc., then y is 
said to vary directly as x, or simply vary as x. 

This is sometimes written y « x. 

If the ratios y,: 42:43:44, etc., are equal to the ratios 
2," :%_": 23": 2,4", etc., then y is said to vary directly as the 
nih power of x, or yx x". 

If the ratios y,:Y2:Y3:Y4, etc., are equal to the ratios 
ai : or ae : a tc., then y is said to vary inversely as the 
nth power of x, ory% — 5. 


of x, if y can be determined 


The statement that y varies as 2" may be expressed in any 
of the following ways : 


(i) yo a” 
(ii) ue where 2p, Yp are any pair of corresponding 
q qd 
values of x and y, and 2,, y, are any other pair. 


vest Hes aifatn Ysliw. A2 
(iii) ceehinierstadigtt Via k (say). 


(iv) y=k. 2", where & is a constant number independent 
of the values of x and y. 

(v) If x is altered in any ratio A: 1, then y is altered in the 
ratio A”: 1. 

(vi) The result of plotting y against x” gives 4 straight line 
through the origin. 


JOINT VARIATION. 


First suppose we have a number of circular cylinders each 
of radius 5 in., but of different heights. 
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If the volume of one of these cylinders of height A in. is 
V cu. in., then 


V =25rh. 
For this set of cylinders, V « h. 
Next suppose we have a number of circular cylinders each 


of height 7 in., but of different radii. 
If the volume of one of these cylinders of radius r in. is 


V cu. in., th 
cu. in., then ems 


For this set of cylinders, V « 1°. 
These facts can be expressed by saying that 
V «xh when ¢ is constant 
and V «<r? when A is constant. 

Lastly, if both r and h vary, so that the cylinder may be of 

any height and radius, 
V=mrh 
or V «<r*h when both r and A vary. 
This example illustrates the general statement that: 
if @ varies as y when z is constant 
and & varies as z when y is constant, 
then x varies as yz when y and z both vary, 
or x is said to vary jointly as y and z. 

Example VII. The force necessary to stop a train in a 
given distance varies directly as the weight of the train and 
the square of its velocity and inversely as the distance. A 
force of 10 tons will stop a train weighing 200 tons and travel- 
ling 30 miles an hour in 200 yards. Find the formula which 


expresses the force F tons in terms of the velocity, v m.p.h., 
the distance, d feet, for a train weighing W tons. 


792 
Pie ues ; 
When W =200, v=30, d=600, we have F= 10; 
. Wve? _,,. 200 x 302 
Ww? 
4 Few 
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Note.—The statement F'« We 


d 
3 
TET (oe where k is a constant. 


can be expressed as follows: 


In the above example, k =. 


EXERCISE XIV. d. 


1. The volume, V cu. in., of a circular cone of height 6 in. 
and base-radius r in. is given by V=2nr?. The volume, V cu. in., 
of a circular cone of base-radius 6 in. and height A in. is given 
by V=12rh. For a circular cone base-radius r in., height h, 
volume V cu. in., 

(i) state how V varies if r is constant ; 

(ii) state how V varies if h is constant ; 

(iii) state how V varies if r and h both vary ; 
(iv) find the formula for V in terms of r and h. 

2. One end of a cast-iron beam of rectangular section is built 
intoawall. Fora beam 4” deep, 10’ long, the greatest weight W tons 
that can be suspended from the other end is given by W=0-3b 
where b in. is its breadth. For a beam d’ deep, 10’ long, 8” broad. 
the greatest weight W tons is given by W =0-15d?. 

For a beam 2” deep, / feet long, 4” broad, the greatest weight 


W tons is given by W= a 


State how W varies 


(i 


if d, 1 are constant ; 
(ii) if b, 1 are constant ; 
(iii) if 6, d are constant ; 
(iv) if b, d, l all vary. 
Find the formula for W in terms of }, d, l. 
3. A }-lb. weight is fastened to the end of a string, and is 


whirled round in a circle. If the speed of the weight is 8 feet 
a second and the length of the string is J in., the strain in the 


string is 7’ lb. where T=). If the speed of the weight is v feet 
a second and the length of the string is 6 in., the strain is T lb. 
2 


9 SS 


where 7'= ar" 
State how 7’ varies (i) if v is constant ; 
(ii) if 2 is constant ; 
(iii) if v and J both vary. 
Find the formula for 7’ in terms of v and l. [P.7.0.] 
D.W.A. U 
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If the string breaks under a strain of 5 lb., what is the maximum 


speed for a string of length 15 in. ? How does v vary if T is 
constant ? 


4. A mass W Ib. is fastened to the end of a string / feet long 


and is whirled round at the rate of nm revolutions per sec.; the 
strain in the string is T lb. 


IfW=1, n=4, then 7'=2z%l. 
IfW=2, t=4, then 7’=7%n'. 
If lJ=2, n=6, then T=9r?W. 


(i) How does T vary if 1, n, W all vary ? 

(ii) Find the formula for 7 in terms of 1, n, W. 

(iii) How does n vary if 7 and W are constant ? 

(iv) How does J vary if W alone is constant ? 

(v) What is the effect on 7 of doubling n, halving / and 
leaving W unchanged ? 


5. p varies as ¢t if » is constant, and varies inversely as v if 
tis constant. Complete the given double-entry table, giving the 


values of p. 
Values of t. 
300 | 350 | 400 
40 
Values 50 
of v 
60 240 


6. V varies as x if y is constant and varies as y? if x is con. 
stant ; complete the given double-entry table, giving values of V. 


Values of a. 


5 10 15 
1 
Values 
of y as ee 2 as 
3 


ee eel a ES Be 
ae Ge ohaan 

a Jews if y=2, and S=-— if r=3; what is the simplest 

expression for S in terms of w and y ? 
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8. Write down relations expressing the following facts : 


(i) The area of the curved surface of a cone varies as the 
length of the slant side if the base-radius is con- 
stant, and varies as the base-radius if the length of 
the slant side is constant. [s, 1, r.] 


(ii) The pressure of a gas varies directly as the absolute 
temperature if the volume remains constant, and 
varies inversely as the volume if the temperature 
remains constant. ([p, T, v.] 


(iii) The time taken over a journey varies directly as the dis- 
tance and inversely as the speed (uniform). [t, d, v.] 


(iv) The pressure required to drive x cu. ft. of gas per 
hour through a pipe varies directly as the length 
of the pipe and as the square of , and inversely as 
the fifth power of the diameter. [p, 1, d.] 


(v) The square of the time for pneumatic transmission 
through a tube varies directly as the cube of the 
length of the tube, and inversely as its diameter 
and the pressure. [t, l, d, p.] 


9. On a railway curve the outer rail is raised above the inner 
by an amount which varies directly as the gauge and the square 
of the maximum velocity permitted, and inversely as the radius 
of the curve. If the gauge is 5 feet, the speed 15 m.p.h. and the 
radius 200 yards, the elevation is 1-5 inches. Express the eleva- 
tion d inches in terms of the gauge W feet, the speed v m.p.h. and 
the radius F feet. 


10. Lord Kelvin states that the most economical diameter for 
@ copper wire in an electric circuit varies directly as the square 
root of the normal current and the fourth root of the cost per 
horse-power per annum, and inversely as the fourth root of the 
price of copper per lb. Express this by an equation. In what 
ratio should the diameter be altered if the cost of horse-power 
rises 50% and the price of copper rises 200%, and the current is 
reduced by 25% ? 


11. In steamships of a certain type, if the displacement is 
d tons and if the indicated horse-power is H for a speed of v knots, 
the cube of H varies directly as the square of d and the ninth 
power of v. For a displacement of 1600 tons, the 1.H.P. is 690 
when the speed is 10 knots. Obtain a general formula. 


12. The cost of the coal consumed by a steamer travelling at 
a steady speed varies directly as the distance and as the square 
of the speed. What relation connects the cost, the speed and 
the time taken for the journey ? If the coal consumed for a 
journey of 200 sea miles at a speed of 10 knots cost £80, find the 
equation connecting the cost, £C, the distance, d sea miles, and the 


time, 7’ hours. 
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13. If a mine explodes near a ship, the pressure produced at a 
point D feet from the charge and at the same level is the sum of 
two parts, one of which varies directly as the weight of the charge 
and inversely as the distance, and the other varies directly as the 
weight of the charge and inversely as the cube of the distance. 
A charge of 100 Ib. No. 1 dynamite produces a pressure of 
11,250 Ib. per sq. in. at a distance of 10 feet, and a charge 
of 180 Ib. produces 4 pressure of 12,000 lb. per sq. in. at a distance 
of 15 feet at the same level. What charge must be used to pro- 
duce a pressure of 18,000 lb. per sq. in. at a distance of 5 feet at 
the same level ? 


14. If x varies directly as y and inversely as the square root 
of z, and if x=8 when y=4 and z=9, find the equation con 
necting @, y, 2. 


15. If Aa BOC? and Bacy* and C« Y find the relation 
between A, 2, y. = 


16. If a stone falls in a vacuum, its speed at any moment varies 
directly as the time since it started ; and the distance it has fallen 
varies as the square of the time; what variation-relation gives 
the speed in terms of the distance ? 


17. The velocity of water issuing in a jet varies directly as the 
weight of water delivered per sec. and inversely as the area of 
the jet ; the horse-power necessary to produce it varies directly 
as the cube of the weight of water delivered per sec. and inversely 
as the square of the area. What variation-relation gives the 
speed in terms of (i) the horse-power and the weight, (ii) the 
horse-power and the area ? 

If a 3 H.P. engine can just deliver 20 Ib. of water per sec. in a 
jet of 2 sq. in., what weight of water per sec. is delivered in a jet 
of area 1 sq. in. by a 6 H.P. engine? Find also what weight of 
water per sec. is delivered at a speed of 15 feet per sec. by a 
5 H.P. engine. [Take 1 cu. ft. of water to weigh 1000 ounces. | 


18. The horse-power of a windmill varies directly as the total 
sail area and the cube of the velocity of the wind. If the sail 
area is 1000 sq. ft. and the velocity of the wind 15 m.p.h., the 
horse-power is 9-7. Find the horse-power if the sail area is 


1200 sq. ft. and the velocity of the wind 20 m.p.h. Find also 
a general formula. 


19. The time of pneumatic transmission through a tube varies 
directly as the square root of the cube of its length, and inversely 
as the square root of the pressure and the square root of the 
diameter. If a pressure of 9 lb. per sq. inch drives the carrier 
through a tube 400 feet long and 3 inches in diameter in 3 secs., 
find the pressure required to drive it through a tube 100 feet long, 
24 inches in diameter, in 1 sec. 
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20. x varies inversely as y and z; y varies directly as the 
square root of 2 and the square root of w. If x increases in the 
ratio 3: 2 and z in the ratio 4: 3, how does w alter ? 


SumMMARY OF RESULTS. 


If x varies directly as the pth power of y and inversely as 
the gth power of z, then yP 
t= k a za’ 
where k is a constant, independent of z, y, z. 
If =a, when y=6 and z=c, k is found from the equation 


bp 
Bakers 
ea? _ oP 
a a 22 °cu 


If y is altered in the ratio A : 1, and if z is altered in the ratio 


:1, then _ We 
i z is altered in the ratio aa a 


CHAPTER XV. 
FUNCTIONS OF ONE VARIABLE. 


A. REPRESENTATION OF FUNCTIONS. 


Ir the area of a rectangle is fixed, the lengths of its sides 
cannot be chosen independently of one another; the choice 
of a length for one side depends upon the length chosen for 
the other. In other words, “the length of one side is a known 
function of the length of the other, when the area is given.” 
For example, if the area is 36 sq. inches, and if one side is 
of length « inches, then the other side must be of length 


oe inches. 
a 
Example I. Sketch the graph of the function 


An accurate drawing is not required and it is not necessary to 
make a table of values. All that is necessary is to note a few 
important features of the function as follows : 


(i) If x is positive, “ is positive ; 
FE sc ‘ 36. : 
if x is negative, 738 negative. 


(ii) If x is large and positive, = is small, and by making 


x sufficiently large, we can make 38 as small as we 
please. zs 


In symbols, when 2-0, Soy. which reads in 
words “when x tends to or approaches infinity, 
36 
= tends to or approaches zero,” 
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(iii) If x is small and positive, #4 is large and positive 
[ev. if « =0-1, 0 360 |. je 
In symbols, when «> +0, “ >+o. 
(iv) When = actually =0, 2 has no meaning. 
(v) For a negative value of z, the value of 2 is equal in 


magnitude but opposite in sign to its value for the 
corresponding positive value of 2. 


In particular, when z—> -0, _ >- 0, 


and when x> -o, ae -0. 


The rough shape of the graph can now be sketched (see Fig. 10). 


Fia. 10. 


The graph is also said to correspond to the equation 
36 
Ya Of ty 36. 


EXERCISE XV. a. 


[In the following examples, squared paper should not be 
used. ] 


1. Explain in words how the value of the function (x - 1)(a - 3) 
varies as x varies from 1 to 3. 
For what values of x does the function =0 ? 
For what range of values of z is the function positive ? 


2. Can you find a value of x for which the function 2?— 4x + 4 
is negative ? - 
Construct another function of z which has a similar property. 
3. For what values of x is the function z?+ x —6 zero ? 
For what range of values of x is the function z* + x — 6 negative ? 
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4, (i) What is the greatest value of the function 9 —(x—1)? ? 
(ii) For what values of a is this function zero ? 
(in) To what value does this function tend when >, and 
when 27> — © ? 
(iv) Sketch the graph of this function. 
5. Sketch the graphs of (i) x?, (ii) (x7—3)?, (iii) (x +2)? 
6. Sketch the graphs of a 
(i) 4 4/a,. _ (ii). — «fa, (in) + ve, fiv) 2 Vat ie 
7. (i) Can you find (a) a positive value of a, (b) a negative 


value of x, such that as 0-01? 
(ii) When is this function es >100 ? 
ts 1 
(iii) Sketch the graph of ze 


8. What is the value of the function = 

(i) when a is large and positive, e.g. +1003 ? 

(ii) when 2 is large and negative, e.g. — 997? 
(iii) when 2 is nearly equal to 3, (a) if z>3, e.g. 3-001, 

(b) if «<3, e.g. 2-999 ? 
: 1 
Sketch ——z 

(iv) Sketch the graph of aa 


Vv 
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9. The graph of a certain function of 2 is shown in Fig. 11. 
Describe in words the variation in value of this function of 2 ag 
& varies from —o to + 
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_ 10. ONP is s variable triangle with a right angle at N; ON 
lies along the axis Oz; the length of the hypotenuse OP is 5 and 
ON=a. What is the length of NP ? 

As x varies, what is the locus of P ? 

Of what function of z is this locus the graph ? 


11. The graph of a certain function of z is shown in Fig. 12. 
Describe in words how the value of the function varies as # varies 
from —2 to +4, I the same series of values of the function 
recurs again and again every time 2 is increased by 7, what can 
you say about the value of the function as x>@ ? 


12. The values of a certain function of x can be calculated for 
all values of x, positive and negative. The function never has 
values greater than | or less than — 2, and is zero when equals 
—lor 3 or 4 The function is positive if -l<a2<3 or if 
4<2<o, and for other values of x is negative. 

Sketch the simplest graph of this function. 


13. Sketch the simplest graph of @ function which has the 
tollowing characteristics : 
(i) >+1, when z> +0. 
(ii) >+0, when z> + 1, provided x >1. 
(iii) Is never equal to 1. 
(iv) Is not defined if -l<a< +1 
(v) >-1, when > —-®. 
(vi) >-0, whenzx>-l, provided «< —1}. 


14, (i) Can you find a value of « for which ne is firstly > 100 
and secondly < — 100? 

(ii) For what value of x is this function zero ? 

(iii) For what range of values of x is this function negative 1 
(iv) Can you find a value of x for which the function equals | ? 

(v) For what value of x is the function equal to 1-001 ? 
(vi) For what value of x is the function equal to 0-999 ? 
(vii) Sketch the graph of this function. 
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15. (i) For what values of 2 is the function (x— 1) (#-3)(x—- 4) 
zero ? 
(ii) For what range of values of x is this function positive ? 
(iii) Find the values of the function when x=10, 0, — 10. 
(iv) Can you find a value of 2 for which the function is 
> 1,000,000 ? 
(v) Sketch the graph of this function. 
16. (i) Can you find a value of x between 0 and 10 for which 
the function 
(x —1)(x— 6) 
aa? aoe 
is firstly > 1000 and secondly < — 1000? 
(ii) Can you find the value of the function when z=3 ? 


(i) Describe the changes of sign in the function as 2 in- 
creases from ~1 to +8, stating also where it vanishes. 


(iv) What is the approximate error per cent. in taking the 
function as equal to when x=1000 and when 
x= -1000? 
(v) Sketch the graph of this function. 
17. Sketch the graph of 
(i) (@ — 1) (w - 2) (w —3) (w@ - 4) (w@ - 8); 
(ti) (@ - 1) (@ - 2)*%(av - 4) (w - 5); 
(ili) (@ — 1) (w - 2)3(a - 5). 
18. (i) Find approximately the value of the function 
xz-—1 
(x — 2) (3) 
if x= 1-99, 2-01, 24, 2-99, 3-01. 
(ii) What can you say about the value of this function when 


x is large; about how much, for example, is it if x is 
& million ? 


(iii) What is its approximate value if «= — 1,000,000 ? 
iv) For what range of values of x is this function negative ? 
(v) Sketch the graph of the function, 


_ Sk e—2 
19. Sketch the graph of (@—1)(@=3)° 


-]l 
. Sk ee 
20 etch the graph of (@—2)3" 
. Sketch (x + 1)(e-6) 
21 etch the graph of (e—1)(@=4)° 
a(x —3) 


. Sketch th 2 
22 etc © graph of (@+2)(z -1y" 
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23. (i) For what range of values of x can the value of the 
function + V(1—2)(x+2) be computed ? 
(ii) For what values of x is this function zero ? 
(iii) Sketch the graph of this function. 


24. Sketch the graph of the function +(x- 3) Vx—2. 
25. Sketch the graph of the function +(x —4)V(x— 1)(x-8)- 


SummMARY OF RESULTS. 


A (x —a)(x —b)(x -C)... 
10 = a = 
The function f(z) Seale rere 
vanishes when x=a or 6 or ¢, etc., and tends to infinity when 
x—>p or —g or >, eto. 

The statement that f(x)++0o when zp means that 
f(x) can be made to exceed any number however large, if x is 
given a value sufficiently close to p or any value closer than 
this to p. : 

In order to find the range of values for which a function 
is positive (or negative), it is usually best to factorise it, when 
possible. 


B. CONSTRUCTION OF FUNCTIONS. 


EXERCISE XV. b. 
1. In Fig. 13 the coordinates of A, B, P are respectively (2, 3) ; 
(6, 5); (z, y). Express y as a function of a. 
B 


O H N K x“ 
Fia. 13, 


9, AB is the diameter of a circle APB; PN is the perpen- 
dicular from P to AB; if AB=8, AN=a, PN=y, express y as 
a function of x. 

3. ABCD is a rectangle; P is a point such that the per- 
pendicular PN from P to AB is equal to PC. If BCO=4, PN=2, 
NB =y, express y as a function of «. 

4. PN is an altitude of the triangle APB ; O is the mid-point 
of AB. If PN=y, ON=2, AB=6 and PA*?+PB*=30, express 
y as a function of 2. 
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5. AB is a diameter of a circle; a line AQR cuts the circle 
at Q and the tangent at Bin R; P is a point on AQ such that 
AP=QR; PN, QK are the perpendiculars from P,.Q to AB : 
AB=4, AN=a2, PN=y, QK=z; express (i) 2 as & function 
of x (use the fact that BK = AN), (ii) y as a function of 2. 

Sketch the graph of y. 


6. AOB is a triangle right-angled at O; PWN is the perpen- 
dicular from a point P on AB to OB; if AP=3, PB=4, ON=z, 
PN =y, express y as a function of 2. 


7. A point R is taken on the side AB of a triangle ABC of 
area z sq. inches such that AR=xz.AB, wherex> 4. RQ, RH 
are drawn parallel to BO, AC to meet AC, BC at Q, H; QK is 
drawn parallel to AB to meet BC at K. Express the area of 
QRHK as a function of x and z. (C.8.C.) 


8. AB is a diameter of a circle; CD is a chord parallel to AB 
and at distance 6 inches from it; any chord 4Q cuts CD at R; 
RN is drawn perpendicular to AB; QP is drawn parallel to AB 
and cutting RN at P; if AB=a, AN =a, NP=y inches, express 
y as a function of a. 


9. AB is a fixed diameter of a given circle; the tangent at 
B meets a variable chord AP at Q; AB=d, AP=za, 1a 
express y as a function of x. 


10. ABCD is a straight line and AH, BK, CL are three fixed 
lines perpendicular to it ; AB=a, BC=b, CD=c; a variable line 
cuts AH, BK, CL at P, Q, R and DQ cuts CL at S; if AP=y, 
CR=z, CS=x, express 2 as a function of Ys 2s 


11. Assuming the length, breadth and depth of an ordinary 
match-box are in the ratio 10:7: 3, express the volume of 
the box as a function of the area of match-board used in 
making it, t.e. box and drawer. 


12. Taking Ox, Oy as perpendicular axes, sketch the graphs of 
x? and . for positive values of x; any line perpendicular to Ox 


cuts the graphs at P, Q and Ox at N ; if ON =a, express the area 
of the triangle OPQ as a function of a. 


13. A sector of a circle of unit radius is folded to form a circular 
cone, If the angle of the sector is 2 right angles, express the 
volume of the cone as a function of x, assuming w < 4, 


14. Take a rectangular sheet of paper of unit area and fold it 
in half; then fold it again in half with the second crease per- 
pendicular to the first, so that it is now reduced to a quarter of 
the original size. Repeat this process, taking each time the new 
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crease perpendicular to the last. Suppose the process of folding 
to be repeated « times in all. 


(i) pies the area of the top of the packet as a function 
of x. 

(ii) Supposing a triangular wedge is cut out of the middle 
of the last crease obtained and the paper is then 
unfolded, express the number of holes in the original 
sheet as a function of a. 


15. Two metre rules 4H, BK, whose zero graduations are at 
A, B, lie parallel to each other, and in the same sense, on a table ; 
a third metre rule CL, zero graduation at C, touches them at 
A, B where the graduations on CL are a, 6; a straight edge laid 
across 4H, BK, CL meets them where the graduations are 2, y, 7 
respectively ; express z in terms of @, y. 


16. The triangle AOQ is right-angled at O; the bisector of 
LAOQ cuts AQ at P; OA=a, OP=y, OQ=xz. Draw PN per- 
pendicular to OQ; (i) express PN and ON in terms of y; (ii) 
express y as a function of =. 


17. 4H BK, CL are three lines, graduated in the same way, 
the graduations being that of a 10” slide rule; A, B, C are the 
unit graduations in each case [e.g. the graduation for “7” is 
10 log 7 inches from the unit graduation]. They are placed 
parallel to each other with C at the mid-point of AB. A straight- 
edge lies across them and meets 4H, BK, OL at the graduations 
x, y, 2 respectively ; (i) express z in terms of x, y; (ii) how is the 
expression altered if BK is in the opposite sense both to Afi 
and CL? 

18. With the data of Ex. 17, but supposing that C divides 
AB in the ratio 2: 3, express z in terms of x, y. How is this 
expression altered if C is the “2” graduation instead of the unit 
graduation on CL ? 


19. What is the simplest function of # which is zero when 
x=2andz=3? 

20. What is the simplest function of x which is zero when x=1 
and tends to infinity when 72 ? 

21. Find a function of « which is zero for x=1 and x=3 and 
is positive if 1 <a < 3. 

99. Find a function of x which is zero for «=1 and «= — 1 and 
is never positive. 


93. Find a function of x which can be computed for any value 
of x between 2 and — 2, but for no other values. 
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24, Find a function of x which is equal to 2 when z=1, but is 
never less than 2. 


C. GRAPHICAL SOLUTIONS. 


Example II. ABCD is a rectangle such that AB=4", 
BC =8’; P, Q are points on BO, CD, such that 
CQ =i BP =z inches. 
A a: D 


Fig. 14. 


Express the area of APQD in terms of x. Represent this 
function graphically : and find from the graph the length of 
CQ when the area of APQD is 24 sq. inches. 

Check the result by algebra. 

(i) The area of ABCD=4 x 8=82 sq. inches. 

CQ=a, BP=22; . PO=8—22; 
.. area of triangle ABP =}x 4 x 2x=4~ sq. inches, 
area of triangle PCQ = }3(8— 2x) xx=2(4-—2) sq. inches ; 
é area of APQD=32-—4x-—2(4 —2x) 
=32-—4¢7-—4r+2! 
= 32-8x+27sq. inches. Answer. 
(ii) To represent 2? — 8x +32 by a graph. 


Since CQ does not exceed CD, x is not greater than 4. 
Construct a table of values for x from 0 to 4. 


x 0 1 2 3 4 

= 0 1 4 9 16 

— 8x 0 —8 —16 — 24 — 32 
32 32 32 32 32 39 
x*— 8x+ 32 32 25 20 17 16 


Plotting these, we obtain the required graph. 
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esti; From the graph we see that the function equals 24 if 


. CQ=1-17" when the area of APQD is 24 sq. in. 


5 c 
fo) 1 2 3 aE 
Fia. 15. 
(iv) To solve by algebra, we take the equatioa 
— 84+32=24; 
—82+8=0; 
. _ 8+V64—32 84 +/32 

id ee 2 ve OL, 
845-657 13-657 2-343 
SL Dla eae 


=6-828 or 1-171. 
The value 6-828 is excluded by geometrical considerations ; 
v=1-171. 


EXERCISE XV. c. 
[Examples 1-4 require the use of geometrical instruments.] 


1. AB is the diameter of a circle APB; PN is the perpen- 
dicular from PtoAB; AB=10cm. By taking different positions 
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for P and making the necessary measurements, construct & table 
of values connecting the lengths of AP and AN. Represent 1t 
graphically, and find the length of AN when AP=2AN. 


2. Draw a quadrilateral AKLB having. AKL =90° =. KLB, 
AK=6 cm., KL=12 cm., LB=3 cm.; P is any point on KL. 
Make the necessary measurements for a table of values con- 
necting AP +PB with KP ; represent it graphically, and find the 
length of KP for which AP + PB is least. 


3. B is the foot of the perpendicular from A to a line CBD ; 
AB=12 cm., BO=4 cm., BD=6 cm.; P is any point on AB. 
Make the necessary measurements for a table of values con- 
necting AP with AP+CP+DP; represent it graphically, and 
find the length of AP for which AP + CP +DP is least. 


4. With the notation and data of Ex. 1, make a table of values 
for the relation between AWN and the area of the triangle APN ; 
construct the graph, and find the length of AN for which the 
triangle APN is of maximum area. 

If AN=2z cm., express the area of the triangle APN as a 
function of . 


5. A funnel is made in the shape of a pyramid of height 

a inches standing on a square base of side 2x inches. The funne] 

holds 48 cu. inches of liquid. Prove that (i) a="; (ii) if the 
area of the four slant faces is y sq. inches, y= 42 V2?+a*. 

Tabulate the values of y for x equal to 1, 2, 3, 4, 5, and from 

the graph find the value of x for which y is least. (C.S.C.) 


6. The perimeter of a right-angled triangle is 20 em., and the 
shortest side is # em.; if the area is A sq. cm., express A as a 
function of x. Find from a graph the value of x for which the area 
is @ Maximum. (C.8.C.) 


7. The base of an open cistern is a square of side x feet ; its 
volume is 200 cu. ft. The total area of the base and sides is 
A sq. ft. Express 4 as a function of x Represent A graphically 
for values of # from 4 to 12. Find the depth of the cistern (i) 
when A is least, (ii) when the total area of the base and sides 
is 200 sq. ft. (C.8.C.) 

8. A sheet of tin is 24 inches square ; equal squares are cut 
out at the four corners, and the sides are then turned up to make 
a rectangular box ; if the side of each square is x inches and the 
volume of the box is V cu. inches, express V as a function of 2, 
and find graphically the maximum capacity of the box. (C.8.C.) 


9. CDEF is a rectangular sheet of paper; CD=30 cm., 
DE=5 cm.; A, B are the mid-points of CD, EF; Pisa point 
on CA such that PA=x cm. The paper is folded over with PB 
as crease, and the new position of PD cuts FB at Q; QB=y cm. 
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Express y as a function of x Find grap/ically (i) the least 
value of y, (ii) the length of AP it QB is 7 em. Check the answer 
to (ii) by algebra. [Note that PQ=QB, and draw PN perpen- 
dicular to FB.) (C.S.C.) 


Fig, 16, 


10. In the triangle ABC, AB=AO=12 feet, _BAC=90°; 
DHE, FHG are parallels to AC, AB; AD=AF =z feet ; express 
the area of DHGB as a function of 2, and find graphically the 
value of x for which this is a maximum. (C.S.C.) 


Ti 


B Cc 


Fie. 17. 


11. The base of a box is a square of side x feet, and the length 
of cord (exclusive of knots) needed for binding it once round 
each way is 30 feet. Express the volume V cu. ft. of the box 
as a function of 2, and find from a graph the maximum volume 
of the box. 


12. From a circular cone, height 12 cm., base diameter 12 cm., 
the greatest circular cylinder of radius r cm. is cut. Express its 
volume V cu. cm. as a function of r, and find from a@ graph the 
volume of the greatest cylinder. 

13. Fill in the gaps in the following table, and so construct a 
table of values of the function 4+ 2x -2* for values of x from 
—2to +4: 


Me —2 -1 0 1 2 3 4 
4 4 4 
+ 2x -4 6 
—x? ed. -9 
4427-2? atk I 
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Draw accurately the graph of this function, and from your 
graph answer the following questions : 


(i) For what values of x does 4+ 2x—23=0? 
(ii) Between what values of x is 4+ 2x2 — 2? positive ? 


(iii) What is the maximum value attained by the function 
4 +4 2x —2?, and for what value of x does the function 
have its maximum value ? 


(iv) For what values of x does 4+ 2x4—az2*=1}1 Solve the 
equation 2(4+ 2a —2?)=3. 

(v) If 2a -—a2*= — 2, what is the value of 4+2x2-—2!? For 
what values of 2 does 4+ 2x —2? have this value ? 
Solve the equation 2x —a2*= — 2, 


(vi) Solve the equation 4+2z—2%=-—1 from the graph, 


and solve the equation 2*—2x—5=0 by formula. 
Compare the results. 


14. Construct a table of values of the function }(2x%*+2x-8) 
for values of x from —4 to +4 as follows: 


a ee eet ee ieee 
223 32 8 
22 —8 4 
=3 z3 3 
223 + 2a — 3 21 9 
}( 2x? + 2x — 3) 4-2 1:8 


Draw accurately the graph of this function, and from your 
graph answer the following questions : 


(i) For what values of x is 277+ 22-—3=07? 
(ii) Between what values of x is 272+ 2~—3 negative ? 


(iii) What is the minimum value attained by the function 
pee ane ~3), and for what value of x does the 
unction have its minimum value ? 

(iv) For what values of a does }(2x3+ 2a — 3)=17? Solve 
the equation 2a? + 2% -—3=5, 


(v) If 2x7+22=7, what is the value of 22+2z7—3 and 
of }(2a%+2%-—3)? For what values of x does 
}(2x* + 2a — 3) have this value? Solve the equation 
222+ 22 =7. 

(vi) Solve the equation z?+2=1 from the graph. Check 
your result by solving the equation by the formula. 
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15. Construct a table of values of the function 
3(a? — 3x2 — 4a — 6) 
for values of x from —3 to +5, and draw the graph of this 
function. 
From your graph answer the following questions : 
(i) For what values of x does x? — 3z3- 4x-6=0? 

(ii) For what range of values of x is x*—3x3— 427-6 
positive ? 

(iii) What is the smallest value of the function 

}(x* — 3x* — 4a — 6) 
for positive values of x? For what positive value 
of x does it have the smallest value ? 

(iv) What is the largest value of the function for negative 
values of x, and for what negative value of x does 
it have its largest value ? 

(v) Solve the equation x? — 3x2 -— 4x -6=7 from the graph. 

(vi) Solve the equations: (a) x?—32?—4xr+ 4=0; 

(b) x? —30*-4r74+19=0; 
(c) x? —3x?-—4x7-16=0. 

(vii) Solve the equation x’ — 3x2 — 4x + 12 =0 from the graph, 

and also by factorising x* — 3x?— 4x + 12. 


16. Draw a graph of the function a for values of x from —3 
to +3. Ee 

(i) With the same axes, and to the same scale, draw 

the graph of the function 2—z. For what values 


of x are the functions a and 2—a equal? Hence 


2 
solve the equation x? — 274+ 1=0. 
(ii) Draw the graph of the function x—2 with the same 


: 1 
axes, and solve the equation a od ee 2. 


(iii) Draw the graph of the function 2x +1, and solve the 
equation 2?(27+1)=1. 


17. Draw graphs of the functions 4 and 2?—4 with the same 


axes and to the same scale for values of « from —3 to +3. 

For what values of x are these functions equal ? 

Hence solve the equation z* — 4x%=1. 

18. Draw graphs of the functions z? and x—1 with the same 
axes and to the same scale. When are these functions equal ? 

What does this tell you about the solutions of the equation 
s'-z+1=0?2 


320 ALGEBRA [CHAP. 


D. FUNCTIONAL NOTATION. 


Any expression whose value can be determined when the 
value of x is known, can be represented by the symbol f(z). 

f(x) is shorthand for the words “a function of x.” 

In a particular question f(x) might be used to represent the 
function 524 — 2x +8. 

Then f(2) would mean the value of this function when z = 2. 


.. f(2) would mean 5(2*) —2(2)+8 


=80-4+8 
= 84, 

and f(-1) would mean 5(-1)*-2(-1)+8 
=5+2+8 
= 15, 

and f(0) would mean 5(0)* —2(0) +8 
=8, 


Example III. If f(x)s2%*-3+!, find the value of f(5) 
and f (2a). % 
f(5)=59-34}=25-34}=293, 
f(2a)=(2a)*—3+ 9° =4at—34 2. 
qe IV. If f(x)5x?+2x, find the value of f(x +h) 
—f (x). 
Here S(e@+h)=(x+h)?4+ 2(a+h) 
=23+ 27h+h?+27+2h; 
oo f(a@+h) —f(v)=a294 Qah +h? 4+ 2a 4 2h —2?- Qe 
=22h+h?+2h 
=h(2x+2+h). 


EXERCISE XV. d. 


1. Tf =! 2. fi . ’ 2 : 
f (2a); Pay vt+ nd the values of f(1); (0); f(-1); 
es) If f (x)= 10*, find the values of f(1); f(2); f(0); f(-1); 


Te yea ne x, find the values of f(1000); f(2); f(20); 


xv.] FUNCTIONS OF ONE VARIABLE 321 


) If f(x)=2*-—32+4+65, find the values of f(2); f(x+h); 
fi(-). 


x 
5. If f(x) =2"+ 3a, find the value of ad ete What is 
the approximate value of this when h is small compared with x? 
6. lf f(a)=t, find the values of f(1) and eae 
What is the approximate value of this last expression when A is 
small ? 
7. If f(x)=x*+5, simplify 
(i) f (3x) 5 
(ii) f (w+ 1) +f (@— 1) -2f (2). 
8. If f (x)=, simplify 
(i) f(2*) 5 
(ii) f (x +h) —f (x) — {f (x) — f (x —h)}. 
9. If f(x)=(x+7)(7—2), show that f(—) equals f(x). Con- 
struct another function which has this property. 


a 1423 ING 
10. If f(x)= ae show that t(;)is equal to f(z). Construct 


another function which has this property. 
11. For what values of x does f(x) =0 if f(a) is (w7—1)(x-2)? 
12. If f(x) =2x2—«, solve the equation f(x) =f (x — 1). 


13. If f@=—— simplify f (f(z). 


Find simple functions which have the following properties : 

14. f(3)=0, f(4)=0. 15. f(3)=0, f (4) =8. 

16. f(3)=0, f(z) +2 when zl, and also f(1,000,000) ia 
approximately equal to 3. 


17. f(x)=f(-2), f(I=3. 18. f(x) + f(y) =f (oy). 
19. f(x) xf (y) =f (x+y). 20. f (x)= —f (-2), f(1)=0. 
a1. f (1) =f (3) =f (5) = - 1, f(2) =f (4) =f (6) = +1 


CHAPTER XVI. 


LIMITS AND GRADIENTS. 


Ir has already been noticed, in connection with the graphical 
representation of functions, that a function may have no 
meaning for one or more special values of the variable 


(eg. eu has no meaning when z=0, see p. 307). We shall 


now examine more closely the behaviour of a function in the 
neighbourhood of such values. Examples I. and II. illustrate 
the meaning of a “Limit” of a function: a more formal 
discussion will be found in the Introduction. 


Example I. Plot the values of the functions : 


@A-3; Gy1+4; Gy 14-1} 


for positive integral values of n. 
: 1 
qi) 1- ef 


We have the following table of values : 
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(ii) 142. 


We have the following table of values : 


n=1 2 3 4 5 6 7 8 


1 
bey OM TN) et ee Se fee a 


(iii) eat 


We have the following table of values : 


which are represented in Fig. 20. 


amin cI c 
PA fal CT 


fs) 1 sae AL eS PHOT) BY 
Fia@. 20. 


Either from the graphs or from examining the functions 
direct we note that 


(i) 1 = is always less than 1, and that, as n increases, the 


function steadily increases and approaches the value 1. 
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(ii) 1 vi is always greater than 1, and that as n increases 
n 
the function steadily decreases and approaches the value 1. 
(iii) 1+(-1)" < is alternately less and greater than 1, and 


that as n increases the function increases and decreases alter- 
nately, but approaches the value 1. 

In each case it is possible to find a value of n for which and 
for all greater values the function differs from 1 by less than 
a given amount, however small. 

E.g. each function differs from 1 by less than 0-001 if 
n> 1000. 

But it is impossible to find a value of n for which any of 
the functions actually equals 1. 

Under these conditions we say that : 


The Limit of 1 - as n tends to infinity is 1 [but the limit 


is not attained in this case]. And we write it as follows: 


Lt (1+5) it 
ees n 


Similarly Lt (1 ~ *) = 1 and Lt E + ( =" ] 5 


Example II . What is the limit of eS as h tends to 0? 


(1+h)?—1_ 142h+h*-1 Qh+aAs 
h = a — — 


h h 
2h +h? 
Ith=0, =F * becomes si which is a meaningless expression. 
3 
TE Ae: 0) een ahs 


h 


The smaller h becomes, the closer 2+h approaches to 2. It 
never attains the value 2, for A is never actually 0. But we can 
choose h so that 2+h differs from 2 for that and all smaller values 
of A by less than any given amount, however small ; 


*, its limit is 2; 


(1+hA)?-1 


& Lt ind hae 2 (limit not attained). 


a—0 
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Note.—The x-coordinate of a point is sometimes called the 
abscissa, and the y-coordinate is called the ordinate. 

For example, in Figure 21, ON is the abscissa of P and PN 
is the ordinate of P. 


EXERCISE XVI. a. 


1. (i) Plot the values of & + 


3 to 10. 


(ii) Can you find a value of n for which 
2 by less than 0-001 ? 


(iii) Can you find a value of n for which 


sae 

+1 

2) (1) Lisi ses, — 1-24; is a 8=1+44+}+}h, etc, 
plot the values of s, for values of n from 1 to 5. 


(ii) Can you find a value of n for which s, differs from 2 
by less than 0-001 ? 


(iii) Can you find a value of n for which 3, equals 2 ? 
(iv) What is the value of Lt s,? 


m—> 0 


for integral values of n from 


a 3 differs from 


me 
+1 


as n tends to infinity? 


equals 2 ? 


(iv) What is the limit of 


3. (i) Express as a decimal to 3 figures the value of oa aa 
when n=5 and n= 10. n+ 


(ii) What is the limit of when n tends to infinity ? 


n? 
2n*+1 
(iii) Is this limit attained ? 
(0-1)" 


1+(0-1)" for integral values of n 


4. (i) Find the values of 
from 1 to 4. 


(ii) What is the value of Lt ror ? 


5. (i) Plot the values of rao for integral values of n from 


1 to 4. ; 
n 
(ii) What is the value 2. Lt T+ gn 


Phe ; 
(iii) For what integral value of n does 142" differ from J 
by less than ;}) ? 
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a 
6. (i) Find the values of 2)—* for 2=2, 1-5, 1.1, 1-01. 
gi_l 


> Is this limit attained ? 


than 0-001. 


7. Fig. 21 shows part of the graph of y= 32°. 
ON=1, NM=A. 
PN, QM are ordinates and PR is perpendicular to QM. 


(i) Express oo in terms of h. 


(ii) What is the limit of a Rs as h>0O? Interpret this 


result geometrically. 


8. If a stone is dropped in a vacuum, it falls s feet in t seconds, 
where s = 16¢?; the graph of this is represented in Fig. 22. 


ON=%t, NM=h. 
PN, QM are ordinates and PR is perpendicular to QM. 


(i) Express Ae in terms of h. 


(ii) What is the limit of we R 8 h+02 Interpret this 
result. P 


Ss). Q 
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9. (i) Draw the graph of 54-2 from z=0 to 5. 


(ii) Draw the ordinate corresponding to =1-5. What is 
its length ? 


(iii) Take any point A on the x-axis and call OA=a. Give 
@ geometrical meaning to the ratio 


[5(a+h) —(a+h)?] —[5a —a?] 
Se ee ee 
(iv) What is the limit of this function when h>0? 


(v) For what value of a is this limit equal to 0? Interpret 
this result geometrically. 


10. (i) Draw the graph of : from 2=4 to nt 


eel 
(ii) Give a geometrical meaning to the ratio 2+h _ 2. 
h 


(iii) What is the limit of this ratio when h>01? Interpret 
this result. 
1 1 
(iv) Give a geometrical meaning to the ratio a+h a 
h ; 
evaluate its limit when h— 0; and find the value of 
a for which this limit equals — }. 


11. (i) What is the average of the numbers TR QRS ease 5) (70 — be 


(ii) Prove that their sum is nines): 


(iii) Find the value of Lt “ Ci a AaSit tt (n= 1)].- 


12. ABC is an isosceles right-angled triangle; BC=10 cm.; 
BC is divided into n equal parts, and a 
through each point of division a line is 
drawn parallel to BA to meet C4, and 
rectangles are completed as in the figure. 

By using Ex. 11, 

(i) find the sum of the areas of 
all the rectangles in terms 
of n; 
(ii) find the limit of this sum when 
n tends to infinity ; 
(iii) what is the area of the triangle B 
ABC? 


oO 


Fig. 23. 
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13. It can be proved that the sum of the series 
n(n+1)(2%+ 1) 

6 
(i) Find the value of Lt a (124 224 37+...+n'). 


124 224 334474 ...4n%= 


(ii) Fig. 24 gives the graph of y=xz?; OA=1; OA is 
divided into n equal parts, and through each point 
of division lines are drawn parallel to Oy, and 
rectangles are completed as in the figure. Express 
the sum of the areas of all these rectangles in terms 
of n, and find the limit of this sum when n tends 
to infinity. 


y B 


Fig. 24, 


14. (i) Use the result given in No. 18 to find the value of 
J U4 284 384+ (n— 1)"). 


(ii) If the rectangles are drawn so that each ends below the 
graph of y=2* (the arrangement in Fig. 23), find the 
sum of the areas of the rectangles in terms of n; and 
find the limit of this sum when n>o, 


(iii) By comparing this with the result in Ex. 13, what can 


you say about the area of the figure bounded by 
OA, AB and the curve OB in Fig. 24 2 


CALCULATION OF RATES OF CHANGE FROM 
STATISTICS. 


Example III. The following table gives the height of the 
mercury barometer at intervals of two hours during a day: 


Time - |8a.m./10a.m.| Noon |2p.m.|4 p.m. 6 p.m. | 8 p.m. 

inches - | 28:57 | 28-65 | 28-85 | 29-10 | 29-22 | 29-12 | 29-0 
| 

a ee ie 
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Find the average rate at which the barometer was rising 
(i) between 10 a.m. and noon ; 
(ii) between noon and 2 p.m. ; 
(iii) between 4 p.m. and 6 p.m. 
Draw the barograph for the day, and find the rate at which 
the barometer was probably rising at noon. 
(i) Between 10 a.m. and noon the barometer rose 0:2” in 2 hours; 
“. the average rate of rise was 0-1” per hour. 
(ii) Between noon and 2 p.m. the barometer rose 0-25” in 
2 hours ; 
‘, the average rate of rise was 0-125” per hour. 
(iii) Between 4 p.m. and 6 p.m. the barometer fell 0-1” in 
hours ; 
“.. the average rate of rise was — 0-05” per hour. 


Figure 25 gives the required barograph. 


i Q Zo 
29:25 a - 
[Tp [a A oe 
+. t + CI] ~ = ric 
29:0 Sales alalmelaetalst i. 
» - A at ial 
<= ji ia) ah ‘a { 
> CI a wale fa 
y Zi a |_| 
x= i = 
i 
28'5 L Dy 
8am. 10am. 12 2p.m. 4p.m. 8p.m. 
Time 
Fig. 25. 


It is a curve and not a straight line, because the rate is 
altering throughout the day. If it continued to rise at the 
same rate after 12 o’clock as it is rising at 12 o’clock, the 
barograph would be the straight line formed by drawing the 
tangent APQ at the point A, which corresponds to 12 o'clock 
on the graph. In the figure, this tangent is drawn by eye, 
and cuts the 2 o’clock and 4 o’clock lines (or any other con- 
venient lines) at P and Q. Now the difference in heights 
registered by P, Q is 0-30”. 

.. the rate of rise at A is 0-30” in 2 hours, 
or 0-15” per hour, 
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EXERCISE XVI. b. 


1. The following table gives the population of the United 
Kingdom for various years : 


Year - - | 1840 | 1850 | 1860 | 1870 | 1880 | 1890 | 1900 
Population 
(in millions) | 27-0 | 27-7 | 29-3 | 31-8 | 35-2 | 38-1 | 42-0 


[Give answers in thousands per year. } 


(a) What was the average rate of increase of population 
in the period 1840 to 1850 ? 

(b) What was the average rate of increase of population 
for the whole period 1840 to 1900 ? 

(c) During what period of ten years was the population 
increasing most rapidly, and what was the rate per 
year then ? 

2. At the end of a minutes a car has travelled x miles, and 
at the end of 6 minutes it has travelled y miles. What was its 
average speed 

(a) for the first a minutes ? 
(6) for the first 6 minutes ? 
(c) during the period a minutes to b minutes ? 
If in the above question a=3 and b=4, what was the average 
speed of the car during the 4th minute ? 


3. The following table gives the distances a car travels, 
starting from rest : 


Time in 
minutes - 5 107) Vhale20 25 30 35 40 | 45 


Distance in 
miles - - 0-7 | 2-6 5:2 | 8-3] 11-4] 14-2] 16-7] 19 | 20-5 


{Give answers in the form miles per hour.] 

(a2) What was the average speed of the car for the first 
5 minutes ? 

(6) What was the average speed for the first 20 minutes ? 

(c) What was the average speed for the whole period, 
45 minutes ? 

(2) Draw a graph to illustrate the motion of the car, and 
by drawing & tangent to the graph at the point 
determined by ¢=35, find the probable speed of the 
car 35 minutes after it started. 

(e) By drawing a tangent to the graph where it appears to 
be steepest, find the greatest speed attained by the car, 
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4. A lift ascends 90 ft. in 40 seconds, and its height h feet 
at intervals of 5 seconds is given by the following table: 


t 5 10 15 20 25 30 35 40 


h + 15 30 45 62 77 86 90 


Draw a graph to illustrate the motion, and draw tangents to 
the graph at the points determined by t=10, t= 20, t=30. 
(i) What is the average speed of the lift for the first 
10 seconds ? 


(ii) Estimate from your graph the speed of the lift after 
10 seconds ? 


(iii) What is the average speed of the lift for the first 
20 seconds ? 


(iv) Estimate its speed after 20 seconds. 


(v) What is the average speed of the lift for the last 
10 seconds ? 


(vi) Estimate its speed after 30 seconds. 
5. The weight that can be carried by a certain type of bridge 


varies with the diameters of the spars used in accordance with 
the following table : 


Diameter of spar in inches - 3 5 7 9 11 


Load carried in tons - - 0-1 0:7 2-4 6 12 


[Give answers in the form tons per inch.] 
What is the average rate at which the load carried increases 
when the diameter is increased from 
(a) 3 inches to 5 inches ? 
(6) 7 inches to 9 inches ? 
(c) 9 inches to 11 inches ? 
(d) 7 inches to 11 inches ? 
Estimate the ‘rate’ of increase of the load when the diameter 
is 7 inches by drawing a graph. 


6. Water runs out of a bath, and the volume that runs out 
is given by the following table : 


Time in seconds - - 5 10 15 20 25 


| S| | ————___ |———“—— 


Volume in cubic feet - - 6 9 10-5 | 11-2 | 11-6 


en ae 
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Draw a graph and find the rate of flow at the end of each 
period of 5 seconds. Show from your results that the rate of 
flow is proportional to the volume of water remaining in the 
bath, there being 12 cubic feet of water in the bath originally. 


SuMMARY OF RESULTS. 


(i) It is possible to have a function of x to which, for one 
or more special values of x, no meaning can be given. 

x?-] 

E.g. ext 

(ii) In such cases, the function may tend towards a definite 

limit as x tends to that value ; but the limit is not attained. 


has no meaning when z=1. 


ie 
E.g. Lt s 22, but no value of a exists for which 
r—>1 — 
— equals 2. 


xz-l 

(iii) If a function of x is represented by a graph, the rate 
at which the function is increasing for any value of z is repre- 
sented by the slope of the tangent to the graph at the point 
corresponding to that value of zx, provided that the units 
used in drawing the graph are taken into account. 


CALCULATION OF RATES OF CHANGE FROM 
FORMULAE. 


Example IV. Draw the graph of y=2+4+32+22, and find 
the change of y per unit increase of x, when (i) 2 =2, (ii) z=a. 


JK i Tt 
if ct 
i Sezasaesesaees 
30H ma t 
ata a to 
20 naaem a 
a Te Satal 
| cia 
Hae falls >| 
10 R 
Et cere 
<2 Mal aN ial 
(a) 1 2 3 os 
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We have, by calculation, the table : 


x=0 1 2 3 4 


y=2 6 12 20 30 


which is represented in Figure 26. 
(i) When ON =2, PN=2+3x2+2?=24+6+4=12. 
When OM =2+h, QM=243 (2+h)+(2+h)?=124+7h+h!; 
*, when & increases by h, y increases by QM —PN or QR=7h+h’'; 
Th+h3 


*, the average increase of y per unit increase of x= nna 7T+h 
QR _ : 
or ppaith: 
QR _ 
or al 


*, at x=2, the rate of increase of y with respect to z is 7. 
(ii) When ON =a, PN =2+3a+a3, 
When OM =a+h, 
QM =2+3 (a+h)+(a+h)?=2+4 3a+4+ 3h+a?+ 2ah+ hi; 


“. QR=QM —-PN =3h+ 2ah+h?; 
_ QR_3h+2ah +h 
ee Pr= h 
J. at x=a, the rate of increase of y with respect to a, 
= Lt (3+ 2a+h) 
h—o0 


=3+2a+h; 


=3+ 2a. 


Definition. In Figure 26, a R is called the average gradient 


of the graph over the interval VJ. 
The limit of p QR pe When h tends to 0 or Lt a is called the 


h—0 
gradient of the a, at P 
Figure 27 illustrates the way in which the * average 
gradient’ changes as the point Q is taken nearer and 


nearer to P. 
Q,, Q2, Qs are successive positions of Q, whilst P remains 


fixed. _ QR 
The average gradient over the interval MN is PR’ 


D.W.A» ¥ 
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The limiting position to which the chord PQ tends as 
arc PQ — 0 is indicated by the tangent TPT". 

it OF _ gradi jent of the tangent PT'=4~,. 

Ty eee ient at P =gradient of the tang UT 

The gradient measures the “ rate of change of y with respect 
to x,” or the change in y per unit increase in 2. 


EXERCISE XVI. c. 
1 What is the gradient of the slopes shown in Figs. 28-30 ? 


Fi@. 28. ‘ Fig. 29. Fia. 30. 

2. Figure 31 represents a hill; horizontal scale z-axis is 
1 inch : 100 yards; vertical scale y-axis is 1 inch: 10 feet. Find 
(i) the average gradient from A to B, (ii) the average gradient 
from P to Q, (iii) the gradients at CG, D, Q. 


Fig, 31, 
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8. Draw lines of gradients (i) }, (ii) - 4. 


4. Find the coordinates of a point on the curve in Fig. 31, for 
the scale given in Ex. 2, where the slope is jy. 


5. (i) Draw the graph of y= 22 +3. 

(ii) Show that the points (1, 5) and (4, 11) lie on it. 

(ili) What is the average gradient of the graph between these 
two points ? 

(iv) What is the average gradient of the graph over the 
interval x=2 to r=6? 

(v) What is the value of y when x=a and when x=a +h, 
and what is the average gradient of the graph over 
this interval ? 


(vi) Why does the average gradient of the graph not depend 
on the values of either a or h? 


6. (i) Draw the graph of y=7 — 5a. 
(ii) What is the average gradient of the graph over the 
interval x=3 to 7=7 ? 
(iii) What is the gradient of the graph when z=a ? 


7. What is the gradient of the straight line joining the points 
(2, 5) and (7, 8) ? 


8. A marble rolling down an inclined plane travels s feet in 
¢# seconds, where s = 32?. 


(i) How far has the marble travelled in 1 second ? What 
is its average speed for the Ist second ? 


(ii) How far has the marble travelled in 2 seconds? 
What is its average speed for the Ist two seconds ? 
What is its average speed during the 2nd second ? 


(iii) How far has the marble travelled in 2-1 seconds ? 
What is its average speed in the interval 2 seconds 
to 2-1 seconds ? 


(iv) How far has it travelled in (2+h) seconds ?_ What is 
its average speed in the h seconds between 2 seconds 
and (2+h) seconds ? 

(v) What does your answer to Question (iv) become when 
h=0-1 second, when h=0-01 second and when 
hk =0-000001 second ? 

What is its speed exactly 2 seconds after it begins 
to move ? 

Draw a graph to illustrate the motion from t=0 
to t= 3, and find its speed after 2 seconds by drawing 
e tangent. 
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9. The distance d ft. that a stone has fallen after ¢ seconds is 
given by the formula d= 16¢?. 


(i) How far has the stone fallen after 3 seconds ? What 
is its average speed for the first 3 seconds ? 


(ii) How far has the stone fallen after 2 seconds ? What 
is its average speed during the third second ? 


(iii) How far has the stone fallen after 2-9 seconds ? What 
is its average speed during the interval from 2-9 
seconds to 3 seconds ? 


(iv) How far does it fall in (3—h) seconds 2? What is its 
average speed during the h seconds from (3—h) 
seconds to 3 seconds ? 


(v) What does your answer to Question (iv) become when 
h=0-1 second, when h=0-01 second and when 
hk=0-000001 second ? 

What is the velocity of the stone 3 seconds after 
it is dropped ? 


10. In the same way as in Ex. 9 work out the speed of the 
stone 1 second after it is dropped. 


11. In the same way as in Ex. 9 work out the speed of the 
stone a seconds after it is dropped. Evaluate your result for 
a=1, 2 and 3, and compare with previous results. 


12. The distance in feet travelled in t seconds by a body moving 
in @ straight line from a fixed point A is given by the formula 
AP=3t?+5t+1. Find AP when t=2 and when t=2+h. Find 
the average speed of the body P for the h seconds commencing 
with the end of the 2nd second. What is this speed when 
h=0-1 sec., when h=0-01 sec., when h=0-0001 sec. and when 
h= —0-0000001 sec. What is the speed of P 2 seconds after the 
motion starts ? 


13. Draw a line AB of length 10 cm. and describe a semicircle 
with AB as diameter; P is any point on the semicircle and PN 
is the perpendicular to AB. Let AN=a and PN=y. Find by 
measurement or calculation the average gradient of the semi- 
circle over the intervals (i) e=0 to 1; (ii) e=0 to 2 ; (ili) <=3 
to 7; (iv)*=8to 10. Interpret your results geometrically. 


14, The area of a circular blot of ink is increasing at a steady 
rate of 2 sq. em. per sec. ; if the radius is 2 em. after t sec., find 
the average rate of increase of x over the interval (i) #=5 toe 
t=10; @i)#=5 tot=6-1, assuming that 2=0 when ¢=0 
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15. The perimeter of a rectangle is 24 inches: if its area is 
y Sq. in. when one side is of length @ in., find 


(1) the average rate of change of y over the interval «=3 


to 5; 

(ii) the average rate of change of y over the interval z=3 
to 3+h; 

(iii) the average rate of change of y over the interval «=a 
toa+h; 


(iv) the rate of change of y when z=a ; 
(v) the value of x when the rate of change of y is zcro ; 
what does this mean ? 
(vi) Express y as a function of x and draw its graph. 
16. If y=3x2+2%, find (i) the average rate of change of y over 
the interval x=1 to 1-1; (ii) the gradient at x=1; (ii) the value 
of x when the gradient is zero. 


17. Calculate the gradient of the graph of : when (i) «=2, 
(ii) z=a. od 

18. Calculate the gradient of the graph of 2x* when x=c. 

19. A marble rolling down a groove travels s feet in ¢ seconds 
where s=}t?; find (i) the average rate of change of s over the 


interval t=1 to t=2, (ii) the rate of change of s whent=1. What 
does this mean ? 


20. The graph of y=ma-+c is a straight line, m and c being 
any constant numbers. Find its gradient. 


21. Find the gradient of y=ax*+ba+c when x=2. 


22. Find the gradient of y=ax*+ba+c when x=2,. For what 
value of x is this gradient equal to zero 2 What is the geometrical 
significance of a zero gradient ? 


23. Give geometrical meanings to the following, taking x to be 
the 2-coordinate of a graph (do not simplify the expressions) : 


.. (x+h)t—a . np (a+h)*—2* | 
ee ae a, SE 
(iii) BT aay (iv) Lt ete V2} 
m(r+h)t—7r? | .. 4a (r+h)®?—4ar* 
iva it Sy GEOL NR amt yam aa 
24, If f(z)=23, evaluate Lt ACE ADEA and interpret the 
kh +0 


result. 
25. ff f(xz)=6, what is the gradient of the graph of f(z) ! 
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SumMMARY OF RESULTS. 


Draw the graph of any function y=f(x); see Figure 32. 
Suppose ON =x and OM =x+h, so that PR=NM =h. 
Then PN =f(x) and QM =f(x +h). 


-. QR=f(x+h) —f(zx). 


4 
O S$ N 
Fia, 32, 


The average gradient of PQ is Lad efi) : 


And the gradient at P is Lt Aca edd 
h—o0 


The gradient at P is the slope of the tangent at P to the 
curve. 


CHAPTER XVII. 
DIFFERENTIATION. 


NOTATION. 


FiauRE 33 represents the graph of any function y=f(z). 


If ON =z, then PN =y =f (2). 
Q is any point close to P on the curve and QJ its ordinate, 


The length of NM is represented by the symbol 6x, which 
means “a small increment of the variable x,” or colloquially 
“a little bit of x.” 

And dy represents the consequent change in y; 8o that 
sy=QM -PN =QR. 

Thus ON=xz; OM=2x+52; 

PN =y=f(x); QM =ytoy=f(et5x) 5 
“. by =f(a+8x) -f (2), 


QR sy _f(x+6x) -f(r) 
and Pho Sa : 
339 
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Now we =the gradient of the chord PQ. 


*, the gradient of the tangent at P 
4 Wo 14 fe+8) =f) 
go> 002 bz > 0 


=rate of change of f(x) with respect to z. 


oe is written dy or ie and is called 


dx dx 
the differential ee sc of y with respect to x. 


The expan if 


The expression Lt Heo is written —o or 


d éz—>0 


We f(z), and is called the differential coefficient of f(x) with 


respect to 2. 

The process of finding this limit is called “ differentiating 
with respect to x,” and the result is sometimes called the 
derived function ” of f(x) and written f’(z). 


SUMMARY. 


@) Epa) = Le HEP Le), 


(ii) If y=f(e), ty _ rp SY py Se t5e)-f (2) 


$a—>0 te 3x0 oa 


Example I. Differentiate 3x2+7 with respect to x 


4 (got tym ta [e+ 5z)*+7]— [324+ 7] 
fe sa—>0 dx 
wit EMRE Oe bent (80) 9) TONG 7 
ba 
= Lt 82% 80 + 3(8x)? 
ba 


=Lt[6r+ 3 dx], provided Sz #0, 
= 6x, 
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Lend Al 
Example II, Find w(z): 


( 2 
d/l r+5n 2 
| ee 
dx (3) ’a—>0 8x 


—Tt 2 (e+ 8) 
Lbs (e+ os). &@ 


6x 
a ak EE 


1 ; 
= Lt _ z*4+0.02" provided 6a fe 0, 


El 


EXERCISE XVII. a. 
1. (i) Simplify 5(z+8x)-—5z2. (ii) Find 4 (52). 


2. (i) Simplify (e+4x)'—2%. (ii) Find e (x), 
8. (i) an (5 (a + Sa)? — 3(x + dx) + 7] — [5x3 — 38x + 7]. 
(ii) Find 7, d [624 — 3x + 7]. 
4, (i) eae +2)3, what is f(~+ 6a)? 
(ii) Find ae +x)’. 
5. Differentiate 2(1+2). 
6. Differentiate (i) 27; (ii) 322; (iii) 7a?, and write down the 
value of 4 (1002"). 
ds icra te (i) vs (11) 4233 (iii) 5a; and write down the 
value of & (2904). 


Me 
8. Given that Lt ite eee 7 2 write down the values of 


bx—>0 6 


(i) Z (324); Gi) $ (1x). 


9. Given that ia 5a, write down the values of 


(i) (Tas): (ii) £ (a* +7). 
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10. Given that ue x* = 6r5, write down the values of 


wae; Gi Z6-2); (iy £e-20%, 
11. Express in the limit form the fact that ee eta 
12. Use the facts that 
ry Ot ons ana est 
pec dar dr—>0 
to writo down the values of 
[(a + dx)? + 2(% + dx)*) — [x2 + 227] | 
ba , 


(x +dx)*—2* _ogiy 
(i) | cae 
(ii) 4 $ (3x4 + lee thi) So (jx*+ Jo" + 5), 
18. Express as limits 
@ tres i) toes — di) Ztap@)-54@. 
If 4 fa)=u and 4 (x) =0, what is — 4 [af(z) +5(x)]? 
14. Find 
ae ae! rau 
(i) ae Gi) 4 7, (Ox) 5 (iii) eh (iv) = (3x + 5x), 
"de Cane 5x) equal tog = t (3x) x=- 4 (52) ? 


Is & (3 +52) equal to e(Sa yao 7, (5x) ? 


. ewer, PU! d d 
15. (i) Express as limits oe (S08): a (5a) ;s me (323+ 5x); 
) 


a (52? +323), 


d 
ag (82" — 5x’) ; (82% x 52° a Ber, 


(ii) Is me z (Be*) = 35 = 7 (e) ? 
(iii) ls @ (ax + 5a) = ae > ze?) + Dae (x3) 
(iv) Is < (3a? x 5x3) =3 f (at) x 5a 7) ? 


(v) Is 3 ond ey eee ? 
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16. What general formula covers the following facts ? 


= 2x; 4 a30; D hx; ys = 5x4, 


oe 
dx dx dx 
17. What general formula covers the following facts ? 


d d d d d (93 d/l 
enol SN lly ee a). bands — ees . are at 
2 (Int) =1 (25 (ata F (4); g(s)- 93-2 (- i 

18. What general formula covers the following facts ? 
d d d d d d 
Fp lge ale Noe ph ee) +5 a) q aphieea 11x) = 5 (72?) ~— gq (ile). 
r 19. Take simple functions for f(x) and ¢(x) to show that 

: d d 

as Lf(x) x ¢(x)] is not equal to agt(*) <q a2 = (a). 

20. Write down special cases of the ree formula 

a = (aM) = nan 

when n equals (i) 8; (ii) 50; (iii) -1; (iv) —33 (v) 15 (vi) 0; 
(vii) 3 > (viii) 4; (ix) —3; , (x) —m. 

21. If y=z', find dy when x=2, dx=0'1. 

22. If y=}, find dy when z=3, da=}. 


23. If y=’, find dy when (i) v=1, da =0-1; (ii) e=1, dv=0-01. 
24. If y= 32, find da when v=2, dy=0-1. 
25. If y=a2+z2, find dy when x= 10, da=—1. 


SuMMARY OF RESULTS. 
d 


(i) RE (a") =nx-1, where n is integral or fractional, positive 
or negative. 
(ii) a ¢ (0) = =0, if CO is any constant, fe. a number 
independent of x. 
(iii) $ (cx) = oy he") 


koma where C is at constant. 


(iv) a £ (f(a) + $(2)1= 4 y@ eg lOO} 
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alld d/l\. a 
Example III. Find qe (*)3 zz) da (V2) 


Since be (a”) = nar 
(i) Butia=I5~ 5S. Gpalzt=2°=1, 
or, more simply, f (a)= Lt Shireen +r 1. 
(iy ke ne ae 2(4)-20= pa ee 8 ee 
Lp eel aut i 


iii) Put n=}, LF 2) = 4 (x4) =}a2t=4a-t 


ond rs 8 ea 
gt 2 Ve lV/a 


dx 


The expression = @ (324) — a (72) Reem t (5) = a5) 


Heample IV. Find 23 ies 


= 35, (0) -7 1 (x) 40-24 (erry 


= 3(4a5)—7(1)+0-2(- 1) (a@-4-") 
= 1223 -— 7+ 27-8 


= 1208-743, 


After a little practice, most of the intermediate steps in 
the working can be omitted. 


SUCCESSIVE DIFFERENTIATION, 
d 


3 ct a ee 
ff y=aA, Pa 4z3; 


zs te ()- “5 Geet S (x) =4 x 322 = 1228, 


For the sake of brevity, ES i )i is written $4: 2: this symbol 


is called the second differential coefficient of y with respect to x. 
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ds d /ds 
Similarly We is short for at\ rr 
2 
Rannplavae Find sf (324 +42 —17). 


@ (3244 40—1)= 2 (32) + 2 zea (1) = 62 +45 


a3 


EXERCISE XVII. b. 


Differentiate with respect to x the expressions in Examples 
1-30. 


1 1 
1. 2. 2. 102%. 8. 0+. ee 
pues qree 7. 302 — 2x. 8. fot 2, 
x x 
9.a1x2% 10. (52). 11. (1—2)*. CHE, 
18, az. 14, «*. 15. <,. 16. bz. 
17. /2*. 18. a 19. 2°. 20. Ya. 
2, 2 2 10 4 
a1. 2°, 9. oP. 88, Tat 2-5. 24. gra 
1 6 1 
25, dat — at — = 26, bt-+302++_ 7 
2 x a 


2 
27, (a+1)(c+2). 28. («+ s)« 29. 2%, 80. a 


$1. If y=3a+ 5, find as when «=1. 


32. If y=1+ 2x —2*, find a when 2= — 2. 


sak 
33. If y = 2a* — 9x? + 122, find tho values of x for which fA =0. 
d? d? 
34. If y=7x*— 9x, find ae 85. If yt=a, find 5%. 
36. If y=6x?, prove that x uh = 21s 


dy 2 
87. If y=a (1-2), prove that 1+ = 2. 
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eS dty _ 


38. If y=’, prove that le = 18y. 
39. If s=100¢ — 162, fina di > and aS when ¢=1 and t=0. 


a0 . 
40. If y=7«‘, express (i) ay 44 (ii) 7 (y?) in terms of a. 


2 A Poe 
41. If y=2z’, z=3+ 52, express in terms of g, (i) 3 (ii) rat 
dy _dy dz 
(iii) y; (iv) & ; hence show that Uti Hee 
42. If y=z+z2', z=1+2", express in terms of 2, (i) 3 (ii) a 
dy dy dy dz 
(iii) y 3 (iv) ae hence show that Fae oie oe 
43. The cubical elasticity of a fluid is equal to 0. 2 where 


the volume v and the pressure p are connected by the equation 
pv=c (a constant). Simplify this expression. 


44. The radius of the circle which approximates most closely 
2 


to the shape of the curve y= = at any point is 


dy\*}3 d 
[i de Malet 
find its value when x=1. 
TURNING POINTS. 

A function f(x) is called an “increasing function ” of x for 
any range of values of x in which, as x increases, the value of 
f(x) also increases. 

It is called a “‘ decreasing function” of x if, as x increases, 
the value of f(x) decreases. 

y 


=f (x) 


O x“ ox x O x“ bx ge 
Fie. 84. Fie. 35, 


Figure 34 represents an increasing function. 
Figure 35 represents a decreasing ; function. 
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If x is positive, then dy is positive for an increasing function 
(Figure 34), and dy is negative for a decreasing function 


(Figure 35). 


sae Ou éy dy. ad : A 
Since Pim Loge we see that dn 8 positive for an increasing 


function, and is negative for a decreasing function. 


Fia. 86. 


Figure 36 represents a function which is an increasing 
function for some ranges of values of x, and a decreasing 
tunction for others. 

Thus f(x) is a decreasing function from A to B, and an in- 
creasing function from B to C. 

The separating point B is called a turning point, and the 
value of f(x) corresponding to the point B is called a turning 
value of the function. 

There are two kinds of turning points. 

A, O, E, ... correspond to values of x for which the function 


is greater than at any other point near it: at these points 
the function is said to be a maximum. 
B, D, F, ... correspond to values of x for which the function 


is less than at any other point near it: at these points the 
function is said to be a minimum. 


At a turning point, oY =0, for the function is neither in- 


creasing (ive positive ) nor decreasing (ie 3 negative ). 
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EXERCISE XVII. c. 
1. Fig. 37 is the graph of y=z*. Is y an increasing or decreas- 
ing function (i) from A to O, (ii) from O to B? Is - positive or 


negative («) from A to O, (8) from O to B? Has y a maximum 


or minimum value anywhere ? 
yk 4 B 


y 
A B 
O es 
O x A 
Fie. 37. Fie. 388, 


2. Fig. 38 is the graph of y=2*. Answer the same questions 
as in Ex. 1. 

3. Fig. 39 is the graph of y=4+3xr—23._ Is y an increasing 
or decreasing function from (i) A to B, (ii) B to OC, (iii) C to D, 


(iv) D to E, (v) Hto F? What are the signs of = for these five 


portions ? Has y &@ maximum or minimum value anywhere ? 


Fie. 39. 


4. Draw freehand the graph of a function y=f(x) which starts 
from the origin O, and is such that 


(i) from O to A, y is @ decreasing function ; 

* dy. RY, 

Gi) from A to B, i 1S positive and y is negative ; 
(iii) from B to O, y is a positive increasing function ; 
(iv) from C to D, is negative and y is positive ; 


(v) from D to #, - is negative and y is negative ; 


(vi) from # to F, a is positive. 


Has the function any maximum or minimum values ? 
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5. Draw freehand the graph of a function y=f(x) for which 


(i) z is negative, y is negative, 2 is positive ; 
(ii) x is negative, y is negative, = is negative 3 


(iii) x is negative, y is positive, 2 is positive 5 


(iv) x is negative, y is positive, 2 is negative. 
6. (i) Draw freehand the graph ABCDE of a function y=f(z) 


such that the values of (or the gradients of the 
graph) at A, B, C, D, E are respectively 1, 4, 0, — 3, 
-i. 


(ii) What kind of a point is CO ? 


(iii) Is - an increasing or decreasing function for the arc 


AC and the are CE ? 


2 
(iv) What is the sign of Pefay or ay for points on the are 
dx\da dx? P 
AC and the arc CH ? 


7. (i) Draw freehand the graph ABCDE of a function y=f(zx) 
such that the values of ae (or the gradients of the 
graph) at A, B, O, D, E are respectively —1, —4, 0, 
als 
(ii) What kind of a point is 0 ? 


(iii) Is . an increasing or decreasing function for the are 
AC and the arc CE ? 


2 
(iv) What is the sign of ee for points on the arc AC and 
the arc CH ? si 


8. (i) Draw freehand the graph ABCDE of a function y=f(x) 
such that the values of td (or the gradients of the 
graph) at A, B, C, D, H are respectively 1, 4, 0, 4, 1. 

(ii) Is C a turning point ? 


(iii) Is Ee an increasing or decreasing function for the arc 


AC and the are CH 2? 


(iv) What is the sign of a for points on the are AC and 
the arc CH? 


D.W.A- Z 
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9. Answer the various questions in Ex. 8, taking the values 


of w at A, B, CO, D, E to be respectively —1, —4, 0, —4, —1. 


10. AB, CD, EF, GH are portions of the graph of y=f(z). 
y in NS a fe 
A D > G 
vo 


Fie, 40. 


3. 
What can you say about the signs of = and for the arcs 


(i) AB; (ii) CD; (iii) HF; (iv) GH ? 


11, Can one of the minimum values of a function be greater 
than one of its maximum values ? Illustrate by a figure. 


12. Can a function have (i) exactly one minimum and two 
maximum values, (ii) exactly one minimum and three maximum 
values ? Ilustrate by a figure. 


13. Part of the graph of the function y=/(x) is represented by 
the curve ACBDPQ in Fig. 31, p. 334; copy this freehand, and 
underneath it draw roughly the corresponding portions of the 


dy dty 
dy 
dx 


e) 
re 


Fig. 41. 


14. Fig. 41 represents part of the graph of as draw roughly 
the corresponding portions of the graph of y and of ae 
By 


15, Part of the graph of the function y=f(z) is represented by 

the curve ABCDEF in Fig. 36, p. 347; show in tabular form the 
; d d? ‘ ‘ 

signs of = and oa for the various portions of the graph, and 


2 
state at which points either wu or ae is Zero, 
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16. Fig. 42 shows the graph of y=a?; the tangent at P meets 
Ox at T'; PN is perpendicular to Ox; ON=a, NP=y; prove 


that (i) ee slope at P=2zx; (ii) OT =TN. 


J, / 
Ay 
, P 
O en “ O N lp 68 
£IG, 42, Fig. 43. 


17. Fig. 43 shows the graph of y=); the tangent at P meets 
Ox at T; PN is perpendicular us Oz; ON=a2, NP=y; prove 
PN 
that (i) ND —the slope at P= x (ii) ON=NT. 
18. If Fig. 42 represents the graph of y=3.2? and if P is the 
point (2, 12), find the length of OT. 


19. If Fig. 43 represents the graph of y=5 and if P is the 
point (2, 2), find the length of OT. 


20. If Fig. 42 represents the graph of y=<*, prove that 
OT =30N. 


21. If Fig. 43 represents the graph of Ye as i prove that 
ON =3.0T. 


SuMMARY OF RESULTS. 
For the function y =/(z), 


(i) es =0, both at a maximum and a minimum, 
et ba ba ; ; 
(il) qa 8 negative at a maximum } 


dy . tic le 
pari positive at a minimum. 


da? 
dy 
ae : 
ay ay 4. Ae 
ax dx? ax 
7 ‘ \, A 
ay 2 ae 
ax ZY = ax ay . 
dx? PE: 


352 ALGEBRA [oHaP. 


(iii) & changes from + to — in passing through a maximum ; 


a changes from — to + in passing through a minimum ; 

or dy is a decreasing function in passing through a 
da maximum ; 

= is an increasing function in passing through «a 
minimum ; 


(iv) If 4Y 0 but does not change sign, there is neither a 
* maximum nor a minimum. 


dy 


ax 


Fia. 45. 


MAXIMA AND MINIMA PROBLEMS. 


Example VI. The strength of a beam of uniform rect- 
angular section varies as the breadth and the 
square of the depth. Find the breadth of the 
strongest rectangular beam that can be cut 


from a cylindrical tree-trunk of diameter 20 
inches. 


Let the breadth be 2 inches and the depth z 
inches ; 


~ @+2%=20? (Pythagoras) 
= 400. 
Now the strength varies as xz? 


=kxz*=kax(400-—2x*), where k is a constant, 
=k(400x — a) ; 
A the function y= 4002 —2' is to be a maximum. 


d 400 
a 0 if 400-3240 or at= “9 133:3; 
Aim a 1154, 
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ay _ = 
Also at 7, (400 — 3x?) = — 623 
d*y 
4. os is negative if x is positive : 


2. x=11-54 gives a maximum value for y ; 
*, the required breadth is 11-5 inches. 


Note.—Sometimes it is necessary to find the maximum or 
minimum values of expressions which are not in a form that 
can be differentiated by the rules already considered. It 
may be possible however, either to change the form by sub- 
stituting or to avoid the difficulty in some other way. 


Example VII. Find (i) the value of x Ah eine V/ x2 — 82 +21 


is a minimum, (ii) the value of x for which — = she is a maximum. 


(i) Vz*— 8x +21 has its least value if x? — 8x + 21 is a minimum ; 


—8r+21)=0; 


. 2 
re da 
2. 2a-8=0 or w=4. 


2 
It is a minimum because Be (a? — 8x +21)=2 and is therefore 


positive. 
(ii) Let y= rc (cay and put 2+ 1=23 
2—2.1 2 
& y= 2 ab 
TS TAI 
ends a et. ee 2 
a Yao ifz=4 or w+l=4 or w=3. 
d 2 12 22-12_ —4 F 
Also ot=5-aA a qu if z=4; 


d*y : 
2 for z=4, y is a maximum, since 7; AP y is negative; 


2 for <=3, ea @ Maximum. 
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EXERCISE XVII. d. 


1, Find the values of x which correspond to turning values 
of the following functions ; determine whether they are maxima 
or minima ; and sketch roughly the graphs of the functions : 


Gi) 2? — 2a ; (ii) w7+424+3; (iii) 3+ 8x—10x?; 
: 1 1 : ou 
(iv) w+ x3 iv) es (vi) a—4z ; 
(vii) af—a?; (vili) @—a2?-—27+1; (ix) c§-—323?-9x4+7; 


(x) 2° -3224 32-1. 


2. Find the area of the largest rectangular piece of ground 
that can be enclosed by 200 hurdles each 4 feet long, 


3. The parcel post regulations require that the sum of the 
length and girth of a parcel shall not exceed 6 feet. Find the 
volume of the largest box with a square base that can be sent 
by post. 


4. A closed rectangular cistern is to be constructed to contain 
80 cu. feet. It is to be 5 feet long. Find the breadth when the 
total area of its surface is a minimum. 


5. The strength of a rectangular beam varies as the breadth 
and the square of the depth. Find the breadth of the strongest 
rectangular beam which has a perimeter of 4 feet. . 


6. Find the area of the largest rectangular piece of ground 
that can be enclosed by 200 hurdles each 4 feet long, if an existing 
fence is utilised to form one side. 


7. A box without a lid is to be made from a sheet of metal 
of negligible thickness and is to have square ends; it is to hold 
4} cu. feet. What is the least area of metal required ? 


8. For a steamer travelling v knots, the cost of the coal is 
2 
£ ia per hour, and other expenses amount to £8 per hour. What 
is the most economical speed for a journey of 200 nautical miles ? 


9. An open gutter of rectangular section is formed out of a 
long rectangular strip of sheet iron 9 feet wide. Find the maxi- 
mum area of the cross-section. 


10. 4 is 8 miles north and B is 6 miles east of a point O. Two 
men, starting at the same time from 4 and B, walk towards O 
at 4 miles an hour. If their distance apart is 2 miles after ¢ hours, 


prove that 2? = 32¢?—112¢+100, and find when they are nearest 
together. 


11. A rectangular sheet of cardboard is 8” long and 5” wide. 
Equal squares are cut out at each of the corners and the remainder 
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is folded so as to form an open box. Find the maximum volume 
of the box. 

12. Given nr2h =5, find the value of r for which 2nr?+ 2xrh is 
& minimum. What geometrical problem corresponds to this 
question ? 

13. A particle projected in a resisting medium is finally brought 
to rest: it travels s feet in t seconds, where s=6t—4¢®. How far 
does it go ? 

14. Using the data of Ex. 3, find the volume of the largest 
circular cylinder that can be sent by parcel post. 


15. If a very thin rod one foot long swings like a pendulum, 
the expression « (1-2)? measures the tendency to break at a 
place x feet from the point of suspension. Find where the rod 
is most likely to break. 

16. The perimeter of a sheet of metal in the form of a circular 
sector is 1 foot. For what radius is the area a maximum ? 


17. From a circular sheet of paper a sector is removed and the 
remainder is folded to form a circular cone. What fraction must 
be removed in order to give the cone of maximum volume ? 

18. A rod one foot long is cut into two pieces to form the 
hypotenuse and one side of a right-angled triangle. How must 
it be cut to give the triangle of greatest area ? 

2 

19. The efficiency of a screw of certain material is a , where 
h is the tangent of its pitch. What is the greatest efficiency ? 
[Put 3+ 4h=2.] 

20. Assuming that the rigidity of a rectangular beam varies as 
its breadth and the cube of its depth, find the breadth of the most 
rigid beam that can be cut from a cylindrical trunk of diameter 
3 feet. 

21. A cylindrical vessel is open at one end and closed at the 
other ; for a given surface, prove that the volume is greatest if 
its height equals the radius of the base. 

92, A skeleton box with two square ends is formed with 12 
pieces of wire, and four other pieces of wire form an equal square 
round the middle of it. The total amount of wire available is 
one yard. What is the maximum volume of the box ? 


23. A piece of wire 2 feet long is cut into two parts, one of 
which is bent to form a square and the other a circle. If the 
gum of the areas is a minimum, find the radius of the circle. 


24, If 2x +y=5, what is the greatest value of «*+ 3xy +y"1 
25. What is the greatest value of moeat 


26. What is the greatest value of cialp ? 
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27. Find the minimum value of | = +2. 


28. Find the radius of a circular cylinder which is cut from a 
sphere of radius 10 inches so that 
(i) the volume of the cylinder is a maximum ; 
(ii) the curved surface of the cylinder is a maximum. 


29. P is a variable point on the line ABC; AB=2", BO=3". 
Find the position of P for which PA?+P8*— PC? is a minimum. 


30. ABC is a triangular field right-angled at A; P, Q are points 
on AB, AC such that a fence from P to Q bisects the field. If 
AB=a, AC=b, AP=a#, PQ —y yards; 
express y as a function of z If A ‘ 


a= 625, b=800, find the length of AP 

in order that the fence may be as 
=o 
\ 


short as possible; find also the length 
\ \N sie | 


of the fence. (C.S.C.) 


31. ABCD is a rectangular sheet of 
cardboard (see Fig. 47) from which the 
shaded portions are removed. The 
remainder is used to make a closed 


box, as shown in the figure. If Ln pS = 

AB=a, BC=b, AP=z inches, find FIa, 47, 

the volume of the box in terms of a, b, x; if a=6, b=12, find 

the value of x for which the volume is a maximum. (C.S.C.} 
APPROXIMATION. 


Figure 48 represents the graph of y=f(z). 


Fig. 48, 


With the usual notation, 
the slope of the chord PQ is a 


the slope of the tangent PZ is ee 
These are obviously not equal to each other, 
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But dy does equal the limit of ° x when da > 0, 


dx 
And we may say that 
dy __°y 
ae the? when 62 is small, 
dy 
or oy= Tn * dz, when 6z is small. 


The smaller 6x is, the nearer the slope of the chord PQ is to 
the slope of the tangent PH. 
Example VIII. If y=<x*, what is the error in the approxi- 


mation dy a2 x dx 4 


Om y + 8y=(x 48x)"; 
3% yt dsy=x24 2x. 844+ (Sz)', 
* Sy=2x. 8u+(dzx)* 
dy_d hall 08. 
But a= A Ja (0) = 2m 5 


Ab a x du + (Szx)*5 
4. by VY da * $a with error (8x)% 


The relative size of the error may be seen in a figure. 
If y =x?, ysq. inches is the area of a square of side a inches. and 
‘y +y) sq. inches is the area of a square of side (x + 6x) inches. 


Fig. 49. 


d ae 
In taking Sy equal to x 6a or 2” 5x”, we are supposing its 


value is the sum of the two rectangles and neglecting the 


small shaded square in Figure 49. 
Suppose x is 1” and 62 is 0-1”, the error is 0-01 sq. in. 
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EXERCISE XVII. e. 


1. Find the error in the relation dy = a“ dx if 
(i) y=62"; (ii) y=2'. 
2. The area of an isosceles right-angled triangle of side z inches 
is A sq. ins. 
(i) Find geometrically the value of 34 in terms of 82. 
A 


(ii) Express A in terms of x, and evaluate 5A ios x Sa. 


Fie. 50, 


8. (i) Find an approximate expression for the increase in area 
of a circle when the radius increases from r to r+ 8r. 
(ii) Illustrate the result geometrically. 
(ii) Find approximately the difference in area of two circles 
of radii 10” and 10-01”. 

4. The radius of a spherical soap bubble increases from 1” to 
1-01”; find approximately its change of volume. 

5. A body travels s feet in ¢ sec., where s=10¢—}#8; find an 
approximate expression (i) for $s in terms of 8¢, (ii) for the distance 
it moves in the interval of time t=2 to t=2-1. 

6. A gas at constant temperature under a pressure of p lb. 
per sq. inch occupies v cu. inches, where pu=c (a constant); if 
the pressure is increased from p to p+ Sp, find an approximate 
expression for the change of volume. 


7. Two telegraph posts of equal height are at a distance 


Fia. SI. 


21 feet apart. When the sag at the mid-point is x feet, the length 
of wire exceeds the distance between the poles by y feet, nari ae 
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4x3 F : 
Y=ar Find an approximate value for $y in terms of 8%. What 


does this mean? If the distance between the poles is 30 yards, 
what is the effect of increasing the sag from 10 inches to 11] inches ? 


8. At sea-level, water boils at 212° F. At a height h feet 
above sea-level, the boiling point is lowered t degrees, where 
h=520t+¢?; find approximately the difference of heights of two 
places where the boiling points are 200° and 201° F. respectively. 


9. The perimeter of a circular pond is measured as 1321 yards ; 
assuming this is correct to the nearest yard, what error may 
be expected in the area of the pond when calculated from this 
result ? 


10. A beam AB 30 feet long supported at each end is just 

strong enough to carry a load of M tons placed at a point P on 

1 al TALE 

the beam such that M= AG ay 4 +5) where PB 

8M in terms of k and 8%. What does this mean? Find 

approximately what change in the load may be necessary when it 
is shifted from a point 5 feet from A to a point 6 feet from A ? 


=k. Express 


11. Fig. 52 represents the graph of y=z*, unit 1” on each axis. 
If ON =z, it can be proved that the area bounded by ON, NP 
and the arc OP is A=}? sq. in. Find approximately $A in 
terms of 3x, and interpret the result geometrically. 


Ay 


O N x 
Fie. 62. 


12. In Fig. 53 OP is the graph ot y=}2; 4 circular cone is 
obtained by revolving OP about Or. If ON=% and the volume 
of the cone is V, prove that V=,,na*. Find approximately 5V 
in terms of 5x, and interpret the result geometrically. 


13. The bow] of a wine-glass is formed by revolving the graph 
of y=? (see Fig. 52) about Oy. It can be proved that when 
the depth of wine in the glass is y inches, the volume is V = $ry* 
cu. in. Find approximately 8V in terms of dy, and interpret the 
result geometrically. 
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14. If the depth of water in a hemispherical bowl of radius 
a in. is x in., the volume of the water is V=nz'(a-3) cu. in. 


Find approximately 8V in terms of 8x, and interpret the result 
geometrically. 

15. If y=z' and z=1+3z, (i) prove that dy5z*. 8z; (ii) 
express $z in terms of 5x; (ili) express dy in terms of x and $2; 


; dy d 
(iv) hence find ain and ae (1+ 32). 


16. If y= +/z and z=1+2?, (i) express dy in terms of 8z and 
3z in terms of $2, and so find a relation between dy, dz, x; 


(ii) hence find (VI ae"): 
17. If y=z* and z=2'—a+7, (i) find a relation between 8y, 
3x, x; (ii) hence find i [(a* —a2 + 7)§}]. 


18. li y= ‘ and z= 32 — 5, (i) find a relation between Sy, dz, x; 


ig 1 
(ii) hence find ae Fessok 

19. If #«=y?, and if y is a function of 2, (i) find a relation between 
a sy, ys bay hence express I in terms of a ; (ili) prove that 
ae (y?) =2y es . 

oe If V cu. in. is the volume of a sphere of radius r in., then 

= gr. The radius of a sphere, which is expanding, is r in. after 
t sec.; (i) express 8V in terms of r and $r; (ii) find a relation 


ms 
between di’ dt and r; (iii) interpret this result. 


RATE OF CHANGE. 


Example IX. A vessel is in the shape of a circular cone of 
semi-vertical angle 45° Water is poured into it at the rate 


Fie. 64. 


of 10 cu. in. per sec. At what rate is the level rising after 
4 seconds ? . 
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When the depth is h in., the surface of the water is a circle of 
radius h in. ; 


¢. the volume of water in the vessel is 
V =hrh? x h=}rh! cu. in.3 
dV 
é. ah 
*, SV=Th?. dh. 
Suppose the volume increases from V to V+ 8V in & secs. 
Then 8V =10. &; 
& th?. Sh-~10. 53 
3h 10 
** St hi” 
Now, when t=4, V=40; 
& inh =40; 


=t1r x 3h? =Th*; 


92 
oe 1207 0°4971 
w% 8/1°5821 
0°5274 

DL Ree eeeR 
0°5274 
ye ged O55 | 2 
* 8¢ 7(3:368)3 1:0000 10548 
15519 04971 
= 0-2806 ; 14481 1°5519 


& the level is rising at 0-28” per sec. approximately. 


EXERCISE XVII. f. 


1. The temperature of a metal cube is being raised steadily 
so that each edge expands at the rate of 0-01 inch per hour. At 
what rate is the volume increasing when the edge is 2 inches ? 


2. The cross-section of a trough is an isosceles right-angled 
triangle: the trough is 10 feet long. Water is poured into it at 
the rate of 5 cu. feet per sec. Find the rate at which the level 
is rising after 8 seconds. 


8. The area of a circular ink-blot starts from zero and grows 
at the rate of 4 sq. inches per sec. ; at what rate is the radius 
increasing (i) when the radius is | in., (ii) after 3 seconds ? 


4. A man 6 ft. high walks towards an electric arc street light 
at 33 miles an hour; the light is 24 feet above the level of the 
street. Find the rate in feet per sec. at which his shadow 
diminishes in length. 
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5. A certain quantity of gas is contained in 4 spherical 
envelope of volume v cu. in.: the pressure is p lb. per sq. inch, 
where pv=25. The radius of the envelope increases at the rate 
of 2 in. per minute; find the rate at which the pressure is altering 
when the radius of the envelope is 5 inches. 


6. A wine-glass is shaped so that when the depth of wine in 
it is y inches, its volume is }7 cu. in. ; wine is poured in at the 
rate of 2 cu. in. per sec.; at what rate is the level rising when 
the depth is 2 in. ? 

?. Thecandle-power C of an incandescent lamp and its voltage 

6 
V are connected by the equation ono. Find an expression 
for the rate of change of candle-power per unit increase of voltage, 
and evaluate it when V = 100. 


8. ABC is a triangle right-angled at C; P is a point on AB; 
PNCM is a rectangle with its corners N, M on CA, CB; CA=3, 
OB=4, AP =z inches ; P moves from A to B at 2 in. per minute ; 
at what rate is the area of the rectangle increasing after (i) 60 sec., 
(ii) 75 sec., (111) 90 sec. ? 


9. A cube is expanding so that its volume after ¢ minutes is 
1000 + 0-2¢ + 0-01¢? cu. inches ; at what rate is its edge increasing 
in length after 10 minutes ? 


10. Sand is dropped on the ground at a steady rate of 10 cu. in. 
per sec. and forms a conical pile whose height remains equal to 
the radius of its base; at what rate is the height increasing after 
5 seconds ? 


11. A bowl 5 inches deep is shaped so that when the depth of 
water in it is x inches, the amount of water is 8x +2? cu. inches. 
Water is poured into it at the rate of 4 cu. in. per sec.; at what 
rate is the level rising when the depth is 3 inches ? 


12. The volume of a spherical envelope is increasing at the 
rate of 2 cu. cm. per sec. ; at what rate is the area of the surface 
of the envelope stretching when the volume is 100 cu. cm. ? 


18. The volume of a circular cylinder is constant and equal to 
150 cu. cm.; its height increases at the rate of 1 mm. a sec.» 
at what rate is its radius altering when its height is 3 cm. ? 


14, The heat required to raise the temperature of 1 gram of 


. Sem : 2 3 
water from 0° C. to #°C. is Q units, where Q=tt ost t+ 757! 
The specific heat is the rate of increase of the quantity of heat 
per degree rise in temperature. Find the specific heat at 60° C. 
15. Water runs out of a bath at a rate proportional to the 
amount in the bath at any moment. Originally the bath contains 
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30 cu. feet of water; if ¢ sec. later Q cu. feet have run out, 
express the data of the question by an equation. 
Summary or REsutts. 
(i) An approximate value for 
ee! 
f(x+8x)-f(x) is dg 4 (*) x 8a. 


(ii) If in calculating the value of f(x) there is a small error 
dx in the value substituted for x, the error in the result is 


approximately fs f (x) x 8a. 

(iii) If a distance x feet is described in ¢ seconds, the speed 
is i feet per second 

diepone 


If y is a function of z and z is a function of ¢, the rate at 
which y increases is given by 


dy _¢y , dx 
dt dx” dt’ 
dy __ da 
for by==7 x on and é¢== 7a * ét. 
(iv) The formula oY y x is used to differentiate 


complicated functions ; 
eg. ify=1/x and x=3?-6, 


then y = V 30 —5, 
d a _dy dx 
and qv 32-5 5) = mar aK 8 


-- (\/x) x F (30% 5) 


CHAPTER XVIII. 
INTEGRATION. 


Example I. If - =2x7+7, express y in terms of & 


d Y oe a. 
We know that dat = 3a%3 


be (yes) = 7, 


d 
Also dg @)=7 3 


4 o (at + 7x)=29+7 3 
. one value of y is given by y=i4a°+7z2. 


But (yx + Te 99) is also 2447, 


or (jot + Tx + 2}) is also x4+7, 
because ue (any constant) is 0. 


“. y=}x'+7x+c, where c is any constant, satisfies the given 
equation, and is called its general solution. 


Note.—An equation involving dy or ce etc., is called a 
mata sll 

differential equation: and the process of expressing y as a 
function of x is called solving or integrating the differential 
equation. 

Whenever a differential equation is integrated, an arbitrary 
constant enters into the result. 
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EXERCISE XVIII. a. 


1. Prove that y =x‘ — 5 is a solution of the differential equation 


4Y _ an What is the general solution ? 


2. Prove that y=}05 + 4x72+3 is a solution of the differential 


equation ee =a‘+a. What is the general solution ? 


8. The graph of a curve y=f(x) is such that its gradient is 
everywhere equal to 2x. (i) What is the differential equation for 
the curve? (ii) Prove that y=2*, y=a?+2, y=a?—1 are each 


possible solutions, and interpret this result geometrically by 
drawing the graphs. 


4. Prove that y =7,2*+ 97x — 13 is a solution of the differential 


equation CY oa What is the general solution ? 
5. Solve wy a, 6. Solve ay _ 3x? — 2a. 
dy d*y 
7. Solve ae 8. Solve Tan 0 
9, (i) What ia 2 of? hee ae 
da aan ae 
(iii) Solve oy Bae 
10. (i) What is i ceLY (ii) Solve ty a, 
(iii) Solve - = 5x72, 
afl ze dy _ 
11. (i) What is als \t (ii) Solve SY =—. 
4 
(iii) Solve 4 = 5. 
1 dy \ 
12. (i) What is © ia)? (ii) Solve 94 =. 
acd d 3 
(iii) Solve = =a 
: fad dy 
13. (i) What is dn) V™) ? (ii) Solve a a 


3 
(iii) Solve - =2+ Ve" 


D.W.A. 2A 
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d 
1a Salve ker oo 15. Solve oy =2'—2°+3. 
dx ae 
d 
1h soled oY aa! s ea 17. Solve 94 =5 yz. 
! d 
IS Solve ghee 3eee 19. Solve © =(x —2)(x— 3). 
dx dx 
a d 5 
20. Solve se =27?-2, 21. Solve = 371004 zioo 


22. Tf ov 22, prove that y=4a2*—2x+¢c, and find c if y=5 


when «=6. 
23. If “ 50 — 32t, and if s=48 when t=, find s in terms of #. 
24. If Os At, and if, when t=0, 5 and s=8, express 8 in 
terms of ¢. 


25. If a body travels s feet in ¢ seconds, its velocity after ¢ 


seconds is equal to = Given that oo 3+ 41, and that it passed 
a point A after 5 seconds from the start, find its distance from 
A after another 5 seconds. 

26. The gradient of the graph of the function in Fig. 55 is 


given by wy 3x?— 1, and the graph cuts Oy at a distance 3 units 


from O. Find the function. 
BN of 
We O = 

> a 
H 
2 
' 
aT 

= ’ 

Oo Br \? 
Fia. 55. Fig. 56, 


27. Fig. 56 represents @ uniform lathe OA 20 feet long sup- 


ported at its ends, which are at the same level. Bending slightly 
under its own weight, its form obeys the law d*y =0-0001 (a? — 202); 
unit 1 foot on each axis. dx 


(i) State from first principles the value of dy at the mid- 
point C where x= 10. dx 
(ii) What is the value of y when x=0 ? 
(iii) Find y in terms of x, and then put 2 = 20 in the result ; 
what should be the value of y ? 
(iv) What is the slope of the lathe at each of its ends t 
(v) What is the sag of the lathe at its mid-point ? 
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28. A chain OA, 100 feet long, hangs vertically from O. Its 
weight per unit length steadily diminishes from O to A, and at 
any point x feet from O is (4 — 0-032) lb. per foot. If the work done 
in winding it up on a drum at O is W foot-lb., then ae = 47 —0-0323; 
find the work done in winding it up. 

29. A stone is thrown horizontally with a velocity of 12 feet 
per sec. from the top of a tower O, 100 feet high ; Oz is horizontal 
and Oy vertical (see Fig. 57). If P is its position ¢ seconds 
after starting, and if ON=a feet, PN=y feet, then a2, y obey 

Pe ee ea oe ; : A 
the laws ry a 0; aa 32, neglecting air resistance. 
(i) Express x and y each in terms of #. 

(ii) Express y in terms of a. 

(iii) How long does it take to reach the ground ? 

(iv) How far from the foot of the tower does it strike the 
ground ? 

(v) What is the gradient of the path of the stone where 
it strikes the ground ? 

(vi) A man is standing on the ground 50 feet from the foot 
of the tower; where is the stone when it appears 
to him to be coming straight at him ? 


N O 


Fig. 57. 


30. An elastic spiral spring attached to A, and hanging verti- 
cally, supports a body at O. The body is pulled down 3° and 
let go. It now oscillates backwards and forwards. If its velocity 
is v inches per sec. when its distance from O is x in., v and x obey 


the law a ($v?) = — pan. 


(i) Find its velocity when it passes O. 
(ii) How far must it be pulled down in order to have a 
velocity of 2 in. per sec. when passing O ? 


31. The rate at which a body cools # proportional to the 
excess of its temperature above that of the atmosphere. The 
temperature of a body is T° C. at x minutes past one in @ room 
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of temperature K° C. Express the law of cooling by « differential 
equation. 


32. In climbing a mountain, the rate at which the atmospheric 
pressure p lb. per sq. in. decreases per unit increase of the height 
x feet is proportional to the pressure. Express this law by a 
differential equation. 


Notation. The relation . =f(x) is usually expressed in the 
form y-| fe) dx. 

In other words, | f(x)dz represents the function which when 
differentiated with respect to x gives f(z). 

For example | edx=—+¢, 


where c is a constant, because 


AREAS AND VOLUMES. 


Example II. Figure 58 represents the graph of ematy 
unit }” on each axis, : 


If ON =z in., and if the area bounded by CO, ON, NP and 
arc OP is A sq. in., express A in terms of a, 
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With the usual notation 
8A represents the area bounded by PN, N M, MQ and arc PQ; 
«. 54> rectangle PNMR; 
. 34> y8x2 or = >Yy; 
and $A < rectangle SNMQ ; 


é 8A <(y+dy) de or SA <y+ ays 


5A 
& y+dy> se 


. A=, ete +c, where c is constant. 


~. when d5y>0 


But when x=0, of te area A=0; 


c=0; 
hod 


Would there be any difference in the above argument if the 
graph sloped downwards instead of upwards ? 


Example III. Figure 59 represents the graph of y== = i Li 


not drawn to scale; if OH =2, OK =7, find the area Lorne 
by AH, HK, KB and the are AB. 


B 
J 
P 
A 
C 
O HOON K * 
Fie. 59. 


It is proved above in ee II. that if ON=2, the area 


of CONP is A, where % a = 41; 


£ A= |(0) 


“is a x+c, where c is a constant ; 
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3 
PU the areaol COR B= = +T+6, 


3 
and the area of COHA = 4 24e3 
3 93 a 
3. the area of AHKB=[ 7; - 7 | ais +2] 
15 15 “ 


343 —8 BOO Soe Od 

Ip t+ eet es awe | +5 = 27}. 
Note the disappearance of the arbitrary constant c, owing 

to the subtraction. 


J 
Notation. The symbol | f(x) dx is used to express the value 


of | f(a)de when z=b minus the value of {fla dx when x=a. 
Thus 


epee © a _T? 23 343-8 335 
fiz =lr\- le hae ats 3 ion 3 ¥ 3 . 


; 7 287 
and we often write | x dre| "5 | x 
2 2 


Looking back at Example III. we see that the area of 
AHKB can be written in any of the following forms: 


| yar= Ke +1) dee E ae 
The expression | f(x) dx is called an indefinite integral because 
its value contains an arbitrary constant. 
The expression 1 f(x) dx is called a definite integral because 


a 


the arbitrary constant of integration disappears automatically. 


6 
Examples II., III. show that | f(x) dx is the area bounded 


by two ordinates x=a, x2=b, the z-axis and an arc of the 
graph of y =f(x). 
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EXERCISE XVIII. b. 


1. Fig. 60 represents the graph of y=z?; ON=z2; (i) find in 
terms of x the area bounded by ON, NP, arc OP; (ii) find the 
area AHKB, where OH=1, OK =2; (iii) express this area as a 
definite integral. 


7 p 
h 
' 
' 
Oo HNK « oO N a 
Fia. 60. Fig. 61. 


2. Fig. 61 represents the graph of y7=a2; ON=-; find the 
area ONP. 


8. Interpret geometrically da and evaluate it (i) by 
direct calculation, (ii) geometrically. 


4. Fig. 62 represents part of the graph of y=(x—1) (4-24); 
(i) find OA and OB ; (ii) find the area between Ox and the portion 
of the curve above Oz. 


AY 


—> 
x 
Fia. 62. 


6. Draw the graph of S and find the area (i) between it and 


the ordinates x=1, «=2 and the z-axis; (ii) between it and the 
lines y=1, y=2 and the y-axis. 


6. If Fig. 60 represents the graph of y=2*; prove that the 
area BLO is three times the area BAKO. 


9, Find the values of 


(i) [(@t+5) des ai) [S: 


(iii) [o@-ayaes (iv) ft (1+a)*da. 
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8. Fig. 63 represents a solid formed by rotating part of the 
graph of y=2? about Oz. 
ON=a2, NP=y, OM=x+ 8a, QM =y+ Sy, OW =}, OK =. 
The figure shows cross-sections perpendicular to Oz. 


Fie, 63. 


V is the volume of the solid between O and the cross-section 
through P. 
(i) What is the area of the cross-section through P ? 
(ii) What is the area of the cross-section through Q ? 
(iii) Interpret my? dx geometrically. 
(iv) Prove that (y+ dy)?. d@ > SV > my?. dz. 


(v) Prove that Ver| y? dx. 


0 
(vi) Express V in terms of 2. 


(vii) Find the volume between the cross-sections at 4 and 
B, and express it also as a definite integral. 


(viii) If the graph of y=f(zx) is drawn, interpret geometri- 
cally [ “my? da. 
(ix) If the graph of y=f(z) is drawn, interpret geometri- 
cally C max dy. 
9. (i) Draw the graph of y= 42; take a point P on it and draw 
PN perpendicular to Oz. 


(ii) What solid is formed by revolving OP about Ox ? 


(iii) Find, by the method of Ex. 8, the volume of the solid 
between O and the section through P perpendicular 
to Ox, in terms of a. 


10. The graph of y=) is rotated about Oy; find the volume of 


the solid between two planes perpendicular to Oy and at distances 
1 and 2 from O. 
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11. Fig. 64 represents a section of a hemisphere of radius of 10 in., 
centre O; ON=z2 in. 
A O B 


Fic. 64. 


(i) Find PN in terms of a. 
(ii) Find the area of the cross-section of the hemisphere 
at N perpendicular to ON. 


(iii) Find an approximate expression for the volume of the 
hemisphere contained between two parallel planes 
at distances x and «+ dx from O. 


(iv) If the volume between the sections through O and 
through N, perpendicular to ON, is V cu. in., express 
V in terms of a. 


(v) Express as a definite integral the volume of the 
spherical segment between C and the section 
through N; and simplify it. 

(vi) Find the volume of the hemisphere. 


12. A basin is formed by revolving the graph of y=50 about 


the vertical axis Oy ; how much water is in the basin when the 
greatest depth is 4 inches 2? [Unit for each axis, one inch. ] 


13. (i) Sketch the graph of y=,(2x + 3) (9 — 2x) from z=0 to 
fi ah 
(ii) A beer barrel is formed by rotating this portion of the 
graph about Ox. [Unit for each axis, one foot.] Find 
the capacity of the barrel in cu. feet. 
14. (i) Sketch the graphs of y7=a and «*=8y for positive 
values of a. 
(ii) Show that they cross each other at the point (4, 2). 
(iii) Show that the area of the portion common to both is 


4 ae a? 4 
[ ( V2 — =) dx, and evaluate it. 
0 


15. rt fiay= | (1-2) dy, find the value of [4 eyae. [This 


may be stated more shortly as follows : find the value of 


hf -4)aven 
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16. Using the notation explained in Ex. 15. find the value of 
1 2% 
[| ya-y)dyar. 


17. Show that [(w+2)(2+8)de= [' (w+1)(@+2) de. In- 
terpret this result geometrically. 


18. A lathe of length 10 feet is built into a wall horizontally 
at one end and is deflected by a weight fastened at the other end. 


The deflection at x feet from the wall is [fe).d0 feet, where 
0 
f(v) =| 0:0005 (10— wu) du ; [or more shortly, 


{Mi 0-0005(10 —t) du dv}. 
0 JO 
Find the deflection (i) when x= 10, (ii) when 2 =5. 
19. A lathe of length 10 feet is supported at its ends and toaded 


at the middle. The deflection at x feet from one end is [ ; Sf (v).dv 
5 

feet, where fw)= | 0-0005u(10—)du. Find the deflection at 
the mid-point. si 

20. The moment of inertia of @ cylinder, radius r in., height 

hin., about its axis is 2rph l x*.dx, where p lb. is the mass per 


cu. inch. If the mass of the cylinder is W lb., express the moment 
of inertia in terms of r, W. 


21. The moment of inertia of a sphere, radius r in., about a 
diameter is mp |, (r* —x*)*dx, where p lb. is the mass per cu. inch. 


If the mass of the sphere is W lb., express the moment of inertia 
in terms of r, W. 


22. A plane area is enclosed between the curve y?=2z5 and 
the line a=3. The distance of the centre of gravity of this area 
measured along the axis of « from the origin is given by the 


3 3 
formula S = | ya dx + i y.dzx. Evaluate this expression. 
23. A solid is formed by the rotation of the portion of the 
2 2 
ellipse xt ‘Coal. lying between the lines x=0 and x=5 about 


the axis of « The distance of the centre of gravity of this solid 
measured from the origin along its central axis is given by the 


5 ‘5 
formula S$ = h my*x dx + fe my*.dx. Evaluate this expression. 
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24. A gas is compressed in a cylinder by a piston. If the face 
of the piston is initially a inches from the inside end of the cylinder, 
and if the piston travels forward until this distance is b inches, 


rb 
the work done is — i a dx ft.-lb. If a=10, find the work done 
in compressing the gas to half its volume. 


25. A new cure for chilblains was tried on 8 peuple. It suc- 
ceeded in 5 cases and failed in 3 cases. The chance that it 
succeeds in the next two cases is 


1 1 
i x7(1—«x)?dx = x§(1—«x)'dax. 
Find what the chance is. 


26. Two points are taken at random on a line 12 inches long. 
The chance that the distance between them does not exceed 


18 12 
3 inches is i: (aw — 3) dx +f adx. Evaluate this chance. 


27. The portion of the parabola y = }2? (the y-axis being drawn 
vertically downwards) above y=5 is taken and submersed in a 
liquid in a vertical plane with its vertex uppermost and 1 unit 
distance below the surface. Then the depth of the centre of 
pressure below the surface is 


5 5 
if (1 gay Vado +f (1+a) Va da. 
Evaluate this expression. 


28. The density of a spherical body of radius a feet varies 
directly as its distance from the centre. If p is the density (te. 
the mass in lb. per cu. ft.) at the surface, (i) prove that the mass 


of the spherical shell whose inner and outer radii are x and «+ dx 


8 

feet, is approximately ae . ba Ib.; (ii) find the total mass of 
the body. Me 

29. The density of a chain AB varies as its distance from A 
(i.e. at a point x feet from A, the material weighs ka lb. per foot 
length) ; its length is 20 feet ; the lighter half weighs 301b. Find 
the weight of the heavier half. 

30. The velocity of a body after ¢ sec. from its start is v feet 
per sec., where v is a given function of t, viz. v=f (t); (i) what 


meanings can you give to {vdt? (ii) Given the time-velocity 


graph of a moving particle, how could you find the distance 
travelled in a given time? 


31. Fig. 65 represents a mound with the rectangle ABCD as 
base and with its sides sloping up to the ridge HF, which is 
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situated symmetrically. AB=30’, AD=18’, HF=10’; and the 
height of HF above the base is 12 feet. 
(i) Prove that the area of the section of the mound 
parallel to the base and h feet below HF is 
8h (h+ 6) sq. ft. 
(ii) Find the volume of the mound. 
A B 


D Cc 
Fig. 65. 


2 
82. (i) Sketch the half of the ellipse 
between x=0 and z=18. 
(ii) This portion is rotated about Ox to form the explosive 
head of a torpedo; unit on each axis, 1 inch. Find 
the volume of the explosive in the head. 


+y?=81 which lies 


DUFTON’S RULE FOR APPROXIMATION OF AREAS. 


PQ is an are of a curve; PA, QB are the perpendiculars 
to a line AB, 


in 


AB is divided into ten equal parts AA,, A,A,, A,A,,... A,B. 

Through the points A,, Ay, Ag, A, perpendiculars A,P,, 
A,P,, A,P,, A,P, are drawn to meet the curve. 

Then the area contained by PA, AB, BQ, and the are PQ is 


=}.AB.[A,P,+4A,P,+A4,P, +A,P]. 


Xvitt.] INTEGRATION 377 


SIMPSON’S RULE FOR APPROXIMATION OF AREAS. 


PA, QB are the perpendiculars from P, Q to a line AB. 

AB is divided into any even number, say 2n, equal parts, 
and the ordinates y,, Yo, Ys; --- Yen41 are drawn from each point 
of division and from the beginning and end of the line to the 
curve, 


P 
Q 
Y,| %| 2) % 
ae 
A B 
Fig. 67 
Let gab 
2Qn 


Then the area contained by PA, AB, BQ and the arc PQ is 


5h [Yr + Yanga + 2(Ys + Ys +Y7 + +++ + Yon-1) 
+4(Yg+Y4+Yot ++ +Yen)]- 

Dufton’s rule is obviously quicker to apply than Simpson’s 
rule, as the numerical computation is less. The relative 
accuracy of the two rules depends on the nature of the curve, 
but in general Dufton’s rule gives as high a degree of accuracy 
as is required. 


EXERCISE XVIII. c. 


1. (i) Write down the values of «* for x=0-l, 0:4, 0-6, 0-9, 
and then use Dufton’s rule to find the area bounded 
by the a-axis, the graph of y=«* and the ordinate 
through #=1. 


(ii) Evaluate this area by calculation, and find the error per 
cent. in the result obtained from Dufton’s rule. 


(iii) Divide the area into 4 strips and apply Simpson’s rule 
to find the area. 
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2. (i) Draw the graph corresponding to the following table of 


values : 
z-0/1|2|3| 4 | 6|7| 8] 9 | 10 
15 18 21 | 18 | 14 6 | 0 
] 


y=0/ 7] 8 [11 | 


77 


(ii) Find its area by ‘“‘ counting squares.”’ 

(iii) Find its area by ‘‘ Dufton’s rule.” 

(iv) Find its area by “ Simpson’s rule.” 

8. Draw a semicircle, diameter 10 cm., and find its area 
(i) by Dufton’s rule, 
(ii) by Simpson’s rule (ten strips), 
(iii) by formula. 
Give the approximate error per cent. of (i) and (ii). 


4. Find the area bounded by the graph of y=", the x-axis, 
and the ordinates x=5 and x=10 
(i) by Dufton’s rule, 
(ii) by Simpson’s rule. 
Assuming that the area is 41-6, find the approximate error per 
cent. in each case. 


5. The velocity of train after leaving a station is shown in the 
following table : 


t, time in 
minutes |0|2| 4 6 Selo | U2 lea Le Tsai so 


v, speed in 
yards per 
minute - | 0 | 50/110 


160 230| 290 360 | 410| 470| 530) 570 


Find in miles the distance travelled in the first 20 minutes 
(i) by Dufton’s rule, 
(ii) by Simpson’s rule. 
6. In finding the volume of earth in a cutting between two 
sections 4 and &, the following measurements were obtained : 


Distance from 4 in yards Area of section of cutting 
3 in sq. feet, 

Ata - - 0 2000 
8 3000 

12 3420 

19 3900 

24 3900 

30 3700 


EEE RSnneeneeeeeeeeeeeeeee 
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(i) Represent these results graphically. 
(ii) Find the volume of earth in the cutting in cu. ft. (a) by 
Dufton’s rule, (b) by Simpson’s rule. (C.8.C.) 


7. The speed of a car, v miles per hour, was noted at intervals 
of 12 seconds over a period of 2 minutes. 


Time in seconds 
= 0 |12| 24 | 36) 48 60 |72| 84 96 | 108 | 120 


v= 5 | 3 | 2-5) 3 | 5-7} 10-3)14) 10-5) 5-6; 2 | 0 


Find the distance travelled in feet by two methods. (C.S.C.) 


8. Use Dufton’s rule to find an approximate result for the 
volume of a hemisphere, radius 10 cm., taking sections parallel 
to the base of the hemisphere. Compare this with the result 
given by Simpson’s rule and by the formula 3zxr* for a hemisphere. 


9. (i) Sketch the graph of y=log x from =1 to x= 10. 
(ii) Interpret geometrically . log x. dx. 


(iii) Use Dufton’s rule and Simpson’s rule to find an approxi- 
mate value of this definite integral. 


10. By using Dufton’s and Simpson’s rules, find an approximate 
10 
value ot | V1+2? dz. 


CHAPTER XIX. 

SIMPLE SERIES. 
Example I. The following sequence of numbers obeys a 
simple law ; find (i) the 15th term, (ii) the nth term in the 


sequence Li el G 19528527 Blew 


We see that each term exceeds the term before it by 4. 
The 2nd term=15=11+44. 
The 3rd term=19=114+4+4+4=1142x4., 
The 4th term = 23=11+44+4+4+4=114+3x4, 


and so on; 
“. the 15th term=11+14x4=11456=67, 
and the nth term =11+(n—1)x4=114+4n—4=4n47. 


Example II. Find the nth term in each of the following 
ences : : 
rere (DFT 21 esi eg 
(i) & % fd) Hh 
(i) We see that each term is three times the term before it. 
The 2nd term =21=7x 8. 
The 3rd term =63=7 x 3x 3=7 x 33. 
The 4th term=189=7x3x3x3=7x 335 
and so on; 
*, the nth term =7 x 3”-1, 
(ii) We notice that the numerators are Bh Oey Be BES Hee 
., the numerator of the nth term is 3”. 
The denominators are 4, 4+ 3,4+2x3,44+3~x Osteo s 
-. the denominator of the nth term is 
4+(n—1)x3=443n-3=3n4] 3 
n 
«. the nth term = 
380 


3n4+1° 
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EXERCISE XIX.a. 


1. The following sequences of numbers obey simple laws ; 
write down in each case the 6th and the mth number in the 
sequence : 


(i) 2, 4, 6, 8, =. 3 (a) BS OG 25-8. 
(iii) 4, 4, 4, 4, oe $ (iv) 10, 200, 3000, 40000, ... ; 
(VRS, Goil2, 2457-03 (vi) 45 $y By alas Sas oo 3 
(van)icb, 12519) 26,33, ... 3 (vili) 10, 7, 4, 1, —2,...3 
(ix) 0-1, 0-02, 0-003, 0-0004,...3 (x) -—1,1, -1,1, -1....; 
(xi) 8, 27, 64, 125, ... ; (xii) 14, 108, 1012, 10016, ... 


2. Write down the first three terms of the sequence in which 
the nth term is 


i . i ria see n+ ] . 
(i) 2n ils (ii) 18’ (iii) Pei ty 
(iv) n? +n; (v) 3.10"*+5n, (vi) n?-1. 
3. The sum of the first n terms of a sequence is Meso 


(i) what is the first term ? (ii) what is the sum of the first twa 
terms ? (iii) what is the second term? (iv) what is the 10th 
term ? (v) what is the nth term ? 

4. The sum of the first n terms of a sequence is nds: mals as) ; 


find (i) the first term, (ii) the 4th term, (iii) the nth term. 


5. What is the average of the following 14 numbers ? 
3, 7, 11, 15, 19, 23, 27, 31, 35, 39, 43, 47, 51, 55. 
Is it necessary to add them all up ? 
When you know their average, how can you find their sum ? 
What is it ? 
6. Find (i) the average, (ii) the sum of the following sequences : 
(i) 8, 11, 14, 17, 20, 23, 26, 29, 32, 35, 38, 41, 44, 47, 50. 
(ii) 60, 55, 50, 45, 40, 35, 30, 25, 20, 15, 10. 
(iii) 20, 13, 6, —1, —8, —15, — 22, —29, —36, —43, — 50. 
(iv) 34, 43, 6, 7}, 84, 92, 11, 123, 133, 143%, 16. 
7. How many terms are there in the following sequences ? 
(i) 7, 9, 11, 18, 15,..., 58, 55, 57, 59 5 
(ii) 22, 29, 36, 43, 50, 57, ..., 155, 162, 169; 
(iii) 100, 97, 94, 91, 88, ..., 46, 43, 40; 
tiv) 34, 44, Sto» Ops +» 20705 2175. 
D.W.A. 2B 


382 ALGEBRA [cHAP. 


8. Find the least number of three digits which belongs to the 


sequence : 
(i\ 6: 192 20027 = 


(Cr 1 a CE IGE eae 
(iii) 3, 14, 25, 36, .... 
Find also the nth term in each case, 
9. In a sequence the terms increase by & constant amount 


(positive or negative) [as, for example, in 6 (i), (iii)]; find the 
second term if 


(i) the first term is 8 and the 10th term is 71 ; 
(ii) the first term is 3 and the 15th term is 4; 
(iii) the first term is 14 and the 8th term is —7; 
(iv) the fourth term is 25 and the 12th term is 97. 
10. Find the sum of the following: 


(i) 25+ 284314+34+4+...4+944+974100+97+94+4+91 +... 
+524+49; 


Gi) 4-54+6-—74+8-9+...4+40—41+4 42. 


ARITHMETICAL PROGRESSIONS. 


Definition. A sequence of numbers in which each term 
exceeds the preceding term by the same amount, positive or 
negative, is called an Arithmetical Progression or, for short, 
an A.P. 


Eg. (i) G2, 10, 96990 
or Gi) 10-On Gad 
or (iii) 6}, 72, 94, 103, .... 


In (i) each term exceeds the term before it by 7. 
This amount 7 is called the common difference. 
In (ii) the common difference is 2-10= -8, 

or -6- 2=-8, 
In (iii) the common difference is 7? — 6} =1}4. 
If three numbers are in arithmetical progression, the middle 

number is called the arithmetic mean of the other two, 
Eig. 21, 29, 37 are in ap. ; 
.. 29 is the arithmetic mean of 21 and 37. 

The arithmetic mean of two numbers is simply their average, 
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Example III. Find the sum of 24 terms of the sequence 
—41, -—33, —25, -17,.... 
The common difference = — 33 —(—41)= —33+41=8; 
*, the 24th term = — 41423 x 8= —414184=143; 
*, thesum s= —41—33-—25...4+ 1274 1354143. 
— 41+143 102 
2 2 


The average of this sequence is = sip 


é& 8=24~x5l 
= 1224. 
Another method. 
s8= —4]—33-25-...4+1274+1354 143. 
Write the sequence backwards ; 
*, 8=1434 1354 127+... 25-33-41; 
*, adding 2s= 102+ 102+4+102+...+ 102. 
But there are 24 terms ; 
Se LOZ oe 24> 
pape 102 x 24 
2 


Example IV. The 10th term of an a.P. is 17 and the 25th 
term is 41 ; find the second term. 
Let the first term be a and the common difference d ; 
*, the 10th term is a+ 9d; 
* a+ 9d=17. 
Similarly, a+24d=41; 
& —1l5d=—24; 
Sa ak fed dao 
A a=17-9d=17-72=17- 142=233 
.. the second term =a+d= 23 + 13 
= 4}, 


=61 x 24=1224. 


EXERCISE XIX. b. 
1. The first term of an A.p. is 10 and the third is 11; find 
the 20th. 


2. The first term of an A.P. is 11 and the 10th term is -4: 
find the 3rd term. 


3. The first term of an A.P. is 21, the last term is 193, and the 
eommon difference is 2; find the number of terms. 


4. Find the arithmetic mean of 23 and 90. 
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5. If 12, x, y, z, 41 are in A.P., find x, y, 2. This question 
might be worded as follows: “insert three arithmetic means 
between 12 and 41.” 

Sum the series in Ex. 6-15: 

6. 7+8+9+4+...+100. 

9, 224+19+416+4... 20 terms. 

8. 5-347-24+9-1+... 25 terms. 

9. 8k +63+54+... 18 terms. 

10. 3+7+114+15+... n terms. 

ll. a+(a+d)+(a+2d)+(a+3d)+... 12 terms, 

12. a+(a+d)+(a+2d)+... n terms, 

18. 114133+...4+36. 

14. 23+...+67 (12 terms). 

15. a+...+1 (n terms). 

16. In the sequence 

[1]; (2, 3];. [4 5, 6]; [7, 8 9, 10}; Til, 12, 18, 14, 15], ...;5 

what is the first number in (i) the 8th bracket, (ii) the nth bracket ? 

17. Find the sum of all numbers less than 100 which are not 
divisible by 7. 

18. The first two terms of an A.P. are a, x; what is (i) the third 
term, (ii) the nth term ? 

19. In the sequence 

Pits #(3, OLs 07.0, tlle. Liss bo, L% do) sees 

what 1s the first number in (i) the 10th bracket, (ii) the nth 
bracket ? 


20. The nth term of 8 sequence is 5n— 11; what is the common 
difference and the sum of the first n terms ? 


21. (i) Each term of an A.P. is multiplied by 7; is the result 
an A.P, ? 
(ii) Each term of an a.P. is multiplied by itself; is the 
result an A.P. ? 


22. What is the sum of all numbers divisible by 12 between 
1000 and 5000 ? 


23. In a sequence of n terms, the last term is / and the common 
difference is d ; what is the first term ? 


24. If a, b are integers, find the sum of all integers from a to 6 
inclusive, assuming a< 6, 
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Summary oF RESULTS. 
Any arithmetical progression can be written in the form 
a, at+d, a+2d, a+3d, ...; 
(i) the nth term =a+(n-1)d; 
or, if 1 =the last term and n =the number of terms, 
l=a+(n-l)d; 
(ii) the sum of n terms =s =n x average term } 


or 8 =5 (a +l) 
and 6=5 [2a +(n—1)d)}; 
(iii) the arithmetic mean of a, 6 is ee 


GEOMETRICAL PROGRESSIONS. 
Definition. A sequence of numbers in which each term 
bears a fixed ratio to the term preceding it is called a 
Geometrical Progression or, for short, a G.P. 


Eg. (i) 4, 42,736, 108, 324, ..., 
or iy yee Paes) 6 A112, F 
or dat Ny NPR Tea hs sk ee 


In (i), the ratio is 12 =3 =$5 ="s5° =---- 
This amount 3 is called the common ratio. 
In (ii) the common ratio ==74 = —2. 
In (iii) the common ratio = 74 =3- 
If three numbers are in geometrical progression, the middle 
number is called the geometric mean of the other two. 
E.g. 4, 12, 36 are in G.P. ; 
- 12 is the geometric mean of 4 and 36. 


If a, x, 6 are in G.P., ine, by definition ; 


s. v2=ab; 
2 = Vab. 
Therefore the geometric mean of a, 6 is + Vv ab. 
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Example V. Find the sum of 10 terms of the sequence 
187 12s 845... 
The common ratio= 12 =33 [3-3 and a ; 
*. the 10th term = 18 x (2)*. 
8=18+124+8+...+18 x (3)7+ 18 x (4)§+ 18 x (2)*; 
©. 38 =12484+544... +18 x (3)®+ 18 x (3) + 18 x (2)!% 
The terms from 12 up to 18 x (%)® are the same in both lines. 
*, g—%8=18—18 x (2)!9=18[1 —(%)!°]; 
. 33—2s=54[1 —(%)!]; 
. 8=54[1 — (2)!°]. 
An approximate value can be found by logarithms, 
2 =0-6667 = 10'8%e ; 
we (#)29=10*-*4°9— 0.0174 s 
-. 8=54 x 0-9826 
= 63-1. 


EXERCISE XIX. c. 


1. Write down, using the index notation, the nth terms in 
geometrical progressions which start : 


(GY 175 BYs5 5 li) 1, -—2; (iii) 8, 4; 
(iv) —10, 6; (v7) aGs acs (vi) 24, 3; 
(vii) —a, v3; (villi) a, 6; (ix)ras ie 


2. Simplify (i) 8 (— 4)"; (ii) (—1)3*-(- 1)", 


3. What is the first term in the sequence 1, 3, ,%, 34,.., 
which is less than 0-001 ? 


4. If s=3+64+12+4+24+4+48 + 964 192+ 3844768, write down 
2s in full; then subtract, and so find s. 


5. If s=54+18+6+2+3+24+ 3+ 4 +945, write down fs in 
full ; then subtract, and so find s. 


6. If s=a+ar+ar?+ar’+art+ar'+ar‘, write down rs in full 3 
what is rs—s? Hence find s. 


7, Sum the following sequences; do not multiply out the 


result : : 
(i) 4, 4x 3, 4x 34, 4x 38, ... to 10 terms ; 
(ii) 5, 5x g, 5 x (2), 5 x (2)3, ... to 12 terms ; 
(iii) $, 4, 4, ... to 8 terms ; 
(iv) 7, —14, 28, —56,... to 11 terms ; 
(v) 27, —12, 54, ... to 20 terms. 
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8. (i) Divide 1—r* by l—r. 
(ii) What is the quotient when 1 —r!° is divided by l1—r? 
(iii) Express l+r+r?4+r8+...47r1%+719+77° as a simple 
fraction. 
(iv) Express a+ar+ar?+ar?+...+ar?° as a simple fraction. 


9. If s=a+ar+ar?+... to n terms, 
(i) what is the nth term ? 
(ii) what is the last-but-one term ? 


(iii) write down the value of rs, putting in the first three 
and the last three terms ; 


(iv) what is the value of rs—s? Hence find s. 


9 Os 

(ii) What is the value of this answer to 3 places of decimals ? 

(iii) What is the approximate error per cent. in taking the 
sum of these 8 terms as 1 ? 

(iv) What is the sum of 50 terms of the same sequence, and 
what is the approximate error per cent. in taking the 
sum as 1° ? 

(v) What is the meaning of 1-1, and what is its value ? 


: 1 1 10 1 
10. (i) Prove that 1+70t+toot to 8 terms =— (1 aa 


11. AB is a straight line, one inch long. Bisect AB at C,; 
bisect C,B at O,; bisect C,B at O,; bisect C,B at Cy; and 


80 On. 
(i) What are the lengths of AQ,, O,C;, C:C3, CC. 


C.Cs, ... 2 
(1) What are the lengths of AO, AC,, ACy, ACs, AC, 
? 
100 

(iii) What is the limiting value of the length of AC, when 
n—> ©, and what series is this associated with ? 

(iv) What is the difference between the sum of the first 
10 terms and the sum of the first 50 terms of the 
sequence 8, 4, 2, 1, 3,... ? 

(v) What is a fair approximation for the sum of the first 
10 terms of this sequence ? 

(vi) What meaning would you give to the expression “ the 
sum to infinity”? of this sequence? Why is it 
better to call it the “limiting sum”? ? [This name 
is due to Prof. T. P. Nunn.] 


12. Which of the following geometrical progressions can be 
“summed to infinity” or in other words has a * limiting sum Ns 
(i) 1, AP, (42)2s CAP )%s ee 5 (ii) 100, 90, 81, ... ; 

(iii) 4, —6, +9, 3 (iv) 1, —4, $+. 
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13. Sketch freehand a graph (it will consist of a set of dis- 
connected points) representing the sum of the first 1, 2, 3, 4, .. 
terms of the sequence as a function of the number of terms 


(i) Uo es da te ees (ii) 15 274-68; use 
14. Express 0-43 as a geometrical progression, and then find its 
‘limiting sum.” 
15. Find the “limiting sum ”’ of the following 1 
(i) 500 + 400 + 320 + 256+... ; 
(ii) 10, —2, 0-4, —0-08,... ; 
(iii) a+ar+art+ar+..iulor> —-1. 
16. Find, using logarithms, an approximate value of 
(i) 50 +50 (1-05) + 50 (1-05)? +... to 10 terms ; 
(i) 8+124+18+... to 18 terms. 


SumMMARY OF RESULTs. 


Any geometrical progression can be written in the form 
a, ‘ar, art, carpe. : 
(i) the nth term =ar"-! ; 


(ii) the sum of n terms sa(r = 1) Pa(h\ 9) 


r—l l-r ’ 
(iii) if 1 >r> —1, the “limiting sum ” or “sum to infinity ” 
a 
l-r’ 


(iv) the geometric mean of a, b is + Vab. 


MISCELLANEOUS EXAMPLES ON SERIES, 
EXERCISE XIX. d. 


1, A train travelling 12 m.p.h. gathers speed uniformly till 
five minutes later its speed is 40 m.p.h.; what was its speed at 
the end of the first minute, and how far did it go in the five 
minutes ? 


2. Thirty concentric circles are engraved at equal distances 
apart on a metal plate; the radii of the inner and the outer 
circles are 4-5” and 7:3”; find the distance between two con- 
secutive circles correct to 4/59 inch. 
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8. A ball thrown vertically upwards from the floor in a vacuum 
returns to the floor in 2 seconds ; the times of successive rebounds 
are 1} sec., 11 sec., #3 sec., ...; how long elapses before the sixth 
bounce ? Find also the time from the start till the ball comes 
to rest. 


4. A man starting business loses £240 the first year, £160 the 
second year, £80 the third year; if the same improvement con- 
tinues, what is his total gain or loss after 12 years ? 


5. Potatoes are planted in parallel rows in a field, each row 
containing 3 more than the row before; the first row holds 32 
and the last 149. How many potatoes are there in the field ? 


_ 6. The height of a tree is 20 feet and one year later is 24 feet ; 
its growth each year is ? of its growth the previous year. What 
is the limiting height of the tree, however long it lives ? 


7. Find the sum of 0:7+0:71+0:-72+0-73+... to 100 terms. 
8. Find the sum of 2+ 22+ 222+... to 8 terms. 


9. A square is divided into 25 equal squares, and the numbers 
1, 2, 3,... up to 25 are arranged in these squares so that the sum 
of the numbers in each row and each column is the same; what 
is the sum of the numbers in each row? [This arrangement is 
called a magic square. ] 


10. In a potato race, ten potatoes are placed in a line with 
the starting point at intervals of two yards, and the nearest is 
20 yards from the starting point to which each potato must be 
brought separately. How many yards must a competitor run 
if he can reach one yard both picking up and putting down the 
potato ? 


11. A pendulum is set swinging ; its first vibration is through 
20°, and each succeeding vibration is ;% of the one before it. 
What is the total angle through which it swings before coming 
to rest ? 


12. What is the sum of the first n odd integers ? 


13. Postal orders are issued for all multiples of sixpence from 
6d. to 21s. inclusive, except for 20s. 6d.; the commissions are: 
6d. to 2s. 6d., one penny ; 3s. to 15s., three halfpence ; 15s. 6d. 
to 2ls., twopence. Find the cost of one complete set of postal 


orders. 


14. In a group of n people every one writes once to every one 
else; how many letters are written altogether ? [Count them 
as follows: how many letters does A write and receive ? how 
many letters does B, not counting correspondence with 4? how 
many letters does C, ignoring A, B ? and so on.] 
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15. A starts with a salary of £500 a year and receives a yearly 
increase of £20 a year; B starts at the same time at £300 a year 
and receives a yearly increase of £50 a year. After how many 
years will the total sum received by B exceed that received by 4, 
neglecting interest ? 


16. A starts at a salary of £500 a year and receives a yearly 
increase of £100 a year; B starts at £500 a year and receives a 
half-yearly increase of £50 per half-year. How much has each 
received altogether after 10 years, neglecting interest ? 


17. A gramophone record has a spiral line cut on it winding 
from the outer edge, which is a circle of 6 inches radius, to the 
inner edge, which is a circle of radius 2 inches. The record 
revolves 80 times a minute and takes 4 minutes to play. Assum- 
ing that the spiral path is equivalent to a number of equally 
spaced concentric circles, find the total length of the path in 
yards. 


18. (i) To how much will £100 amount after 10 years at 5 per 
cent. compound interest, reckoned yearly ? 

(ii) On January Ist, 1900, a man invested £100 at 5 per 
cent. compound interest, reckoned yearly. He invested 
in the same way £100 on January Ist of each year 
up to 1910 inclusive. What was the value of his 
investments on January Ist, 1911? 


19. (i) How much must be paid now in order to receive £100 
at the end of 10 years, allowing 5 per cent. compound 
interest, reckoned yearly ? 

(ii) What lump sum was paid on January Ist, 1900, in 
order to secure a payment of £100 a year for ten 
years, starting on January Ist, 1915, allowing 5 per 
cent. compound interest ? 


_ 20. What single payment was required on January Ist, 1900, 
in order to secure a payment of £100 a year on every succeeding 
Ist of January for ever, allowing 4 per cent. compound interest ? 


21. If s=1+2v+3a'+...+na"", what is s—as equal to? 
Hence find s. 


22. The series 1+$+($+4)+(4+44+444)+... is obviously 
greater than 


P+ e+(E+3)+(E+3+9+9) +... or 14+44+(2)+(§)+.... 
How many terms of the first series will gi 
rRaern date give &® sum greater 


23. Show that the sum of any number of terms of the series 
1-$+4-2+}-... always lies between 1 and }. 
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24. Prove that the sum of any number of terms of the series 


er ee ea ; , 
I+ 52+ 93+ gitpat-. is less than a sufficient number of terms 
of the series 1+4+}4+4+..., and therefore is < 2. 


[Group the terms of the first series as in Example 22 above.] 
25. Find the sum of 20 terms of the series 


1 it 1 1 


3x3'°3x4'4xB 5x6 
ae | 


xg a7 37 Cte ; 
26. Find the sum of 30 terms of the series 
+ + cee e 


Hewe 


[Note that 


1 
3x5 '5x7'Tx9 
[See hint for No. 25.] 
27. The sum of n terms of the series 1? + 27+ 32+ 42+ 57+... is 
of the form an? + bn?+ cn, where a, b, c are constants ; find a, b, c. 


28. The sum of n terms of a series is n*; find the first four 
terms. 


29. Verify that 134274 3°+...+n%=(1+2+3+...+)* for the 
case n= 5. 
30. Find the sum of 10 terms of the series 
1+1x2?4+1x2x3?+1x2x3x4'+.... 
[Note that 
1x2x3x4?=1x2x3x4 (5-1) 
=1x2x3x4x5-1x2x3x4.]J 
81. If all rational numbers are written down as follows : 
1,34,33%443672%8%328-> 
(i) how many terms in the sequence are there before 14? 
(ii) what will be the 100th term ? 


32. Find the sum of 198 terms of the series 
log 14+log 14+log 1} +log lf +0 


GROWTH FUNCTIONS. 


Example VI. If £1 is invested at 3 per cent. compound 
interest, find its amount at the end of a years. 


The interest on £100 is £3; 
“, the interest on £1 is £0-03 ; 
% £1 amounts to £1:03 at the end of 1 year. 


392 ALGEBRA {cHaP. 


We therefore start the second year with £1:03. 
This amounts to £(1:03) (1:03) at the end of the second year; 


_ the amount at the end of the second year is £(1-03)’. 


Similarly, the amount at the end of the third year is £(1-03)*, 
and so on ; 
+. the amount at the end of x years is £(1-03)*. 


Such a function as (1-03)? is called a Growth function, because 
it represents the magnitude of a quantity which increases in 
such a way that its growth over a definite period (in the above 
case one year) is proportional to its magnitude at the beginning 
of that period. 


EXERCISE XIX.e. 


1. (i) Draw the graph of the growth function (1-5)” as x varies 
from 0 to 4. 


(ii) A plant grows so that its height is (1-5)* inches after 
10x days, as long as x <4; what is its height (1) to 
start with, (2) at the end of 4 days, 8 days, 12 days, 
16 days ? 

(iii) In what ratio does its height increase (1) from the end 
of the 4th to the end of the 8th day, (2) from the 
end of the 8th day to the end of the 12th day, (3) 
from the end of the 12th day to the end of the 16th 
day ? 


2. Assuming that the population of a country is a growth 
function of the time, find the population in 1900, given that the 
population in 1880 was 23-6 million and in 1890 was 27-4 
million. 


8. The excess of the temperature of a liquid cooling in a room 
of fixed temperature above that of the room is a growth function 
of the time. If the temperature of the room is 30° C., and if at 
1 p.m. the temperature of the liquid is 70° C. and at 1.10 p.m. 
it is 60° C., what is its temperature at 1.30 p.m. ? 


4. A merchant finds that his capital is a growth function of 
the time. After 10 years’ work his capital is £50,000, and after 
20 years’ work it is £80,000; what will it probably be after 
25 years’ work ? 


5. If r*=10 and r*+*= 20, what is r*+* and what is r ? 


6. In an influenza epidemic it was found that the number of 
cases was @ growth function of the time. In ten days the 
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number had increased from 320 to 480; what was the daily 
increase per cent. ? 


7. (i) Uf (xz) is a growth function of x, prove that 
f(a) _ f(z+a) _flwt2a) 9, 


fl@+a) f(a+2a)~ f(z+3a)’ °° 


(ii) Given a graph of a function, how would you test whether 
the function is or is not a growth function ? 


CHAPTER XX. 
PERMUTATIONS AND COMBINATIONS. 


PERMUTATIONS. 


Example I. Given five different letters a, 6, c, d, e, how 
many different arrangements are there if each arrangement 
consists of two different letters ? 


One way of answering this is to write down all the possible 
arrangements in a tabular form as follows: 


Initial letter = - a | b | Cc | d | e 
Arrangements - ab ba ca da ea 
ac be cb db eb 
ad bd cd dc ec 
ae be ce de ed 


This shows that there are 5 groups each containing 4 arrange- 
ments ; 


.. the total number of arrangements is 5 x 4 = 20. 
Note.—This number is called the number of permutations 
of 5 things taken 2 at a time, and is written wd Bap 
The argument can be put more concisely as follows, without 
writing down all the possible arrangements. 
Imagine two compartments thus : 


Initial Second 
Letter. Letter. 


Into the first compartment any one of the 5 letters can be 
put ; .e. it can be filled in 5 ways. 
394 
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And then, whatever letter has been put first, there are 
always 4 letters left, any one of which can be put in the second 
compartment. 

Therefore the total number of possible arrangements is 


5 x4=20. 


Example II. How many different arrangements can be 
made with the 26 letters of the alphabet, if each arrangement 
is to consist of three different letters ¢ 


Imagine three compartments : 


First 


Second Third 
Letter. 


Letter. Letter. 


The first can be filled in 26 ways. 
The second can then be filled in 25 ways, however the first has 
been filled. 

*. there are 26 x 25 ways of filling the first two compartments. 
The third compartment can then be filled in 24 ways, however 
the first two have been filled. 

*. there are 26x 25x24 ways of filling the three compart- 
ments, i.e. the number of permutations of 26 things taken 3 at 
a time, or *°P, is 26 x 25 x 24. 


Similarly, it could be shown that the number of permuta- 
tions of 5 things taken 5 at a time is 5x4x3x2xI1. 

This product is usually written | 5 or 5!, and called “ factorial 
five,”’ so that 5P, =|5, 


and nP_ =n(n—-1)(n-2)...x3x2xl=|n, 
where vn is any positive integer. 


EXERCISE XX. a. 


1. Write down in tabular form all the different arrangements 
that can be made with the six letters a, b, c, d, e, f, if each arrange- 
ment is to consist of two different letters. How many arrange- 
ments are there ? What is *P, ? 


2. How many different arrangements can be made with six 
letters, if each arrangement is to consist of three different letters ? 
What is the number of permutations of six things taken three at 


a time ? 
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8. What is the value of (i) ‘P., (i1) 1°P; ? 


4. In how many different ways can six books be arranged on 
a shelf ? 


5. How many different numbers between 100 and 1000 can 
be formed out of the digits 2, 3, 4, 5, 6, 7, 8, if no digit may occur 
twice in the same number ? 


7 
6. What is the value of (i) 7P,, (11) i ? 
9. (i) There are ten people, each of whom sends a Christmas 
card to each of the others; how many cards are 
required altogether ? 


fii) Ten houses play in a league competition, each house 
playing every other house; how many games are 
played altogether ? 


8. In how many different ways can the algebraical expression 
abcd be written ? 


9. There are 8 stations on a local line; how many different 
kinds of single third-class tickets must be printed in order that 
it may be possible to book from any one station to any other ? 


10. One pound notes are numbered as follows: a 803407. 


How many differently numbered pound notes can be issued if 
any one of the 26 letters of the alphabet may be used, if the 
number under the letter may be any number from 1 to 99 inclusive 
and the number following may be any number from 1 to 999999 
inclusive ? 


11. In how many ways can the order of batting of a cricket XI. 
be arranged if a particular batsman is to go in last and it is 
immaterial which of the first two batsmen is put down first ? 


12. How many terms are there in the expansion of the products 
(i) (a+b) (~+y4+2z) ; 
(ii) (a+b)(c+d+e)(f+g+h+k); 
(iii) (1+a)(14+6)(1+c)(1+d)(1+e) ? 
18. There are 12 houses on an open plain, no three of which 
are in a straight line. A man starts from one particular house 


and ends at another particular house; what is the number of 
possible routes followed if he calls at 2 other houses on the way ? 


14. A railway carriage has 8 seats; in how many ways can 
8 people arrange themselves (i) if there is no restriction, (ii) if 
three people have to sit on the side facing the engine, (iii) if two 
people have to sit mm corner seats *. 


/ 
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15. How many numbers greater than 5000 can be formed out 
of the digits (i) 3, 4, 5, 6, 7, (ii) 0, 3, 4, 5, 6, if no digit is repeated ? 


__16. In how many ways can five people sit at a round table 
(i) if there is no restriction, (ii) if two particular people insist on 
sitting together, (iii) if two particular people refuse to sit together ? 


17. In how many ways can 8 people be arranged in a row of 
8 chairs if two particular people occupy the end seats ? 


18. In how many ways can 6 men and 3 ladies be arranged 
at a round table so that no two ladies sit together ? 


19. Six letters are written and the six corresponding envelopes 
are addressed ; in how many different ways can the letters be 
put one into each envelope so that (i) exactly two go wrong, (ii) at 
least two go wrong ? 


20. In how many ways can five Latin books, four Greek books 
and four French books be arranged on a shelf so that the books 
in each language are together ? 


21. How many even numbers between 100 and 1000 can be 
formed of the digits 2, 3, 4, 5, 6? 


22. The guests at a dinner party consist of six ladies and six 
gentlemen : the host and hostess sit at opposite ends of an oblong 
table, the guests sit 6 on each side. In how many ways can the 
table be arranged if ladies and gentlemen sit in alternate places 1 


ou Wa 
23. (i) Show fbabgrgend basil) 6 ped ate 


14 
(ii) Show that 14 x 13 x a 


i" 
24. Express in factorial form as in Ex. 23 (ii) : 
(i) 20x 19x 18x17x 16; (ii) 7°P.: 
(iii) *°Pis; (iv) "Pass (v) "P,. 
25. Simplify (i) |m+|n—1; 
(ii) [n—|n-1. 
[an 


26. Simplify 737377-9... (@n—3)(2n—1) 


27. Use logarithms to find the value of 7°°Pj_ to two significant 
figures. 
28. If |20 is expressed in prime factors, to what power will 
(i) 2, (ii) 3 occur ? 
D.W.A. a6 
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SUMMARY OF RESULTS. 


The number of permutations of n things taken r at a time 


n 
is written "P, and is equal to Le 7 oF 


n(n —1)(n-2)... (n-r +1). 


COMBINATIONS. 


Example III. Find the number of ways in which from the 
seven letters a, b, c, d, e, f, g, a selection of three letters can be 
made, no regard being paid to the order. 

Any selection of 3 letters can be rearranged in | 3=6 ways; e.g. 
the selection b, c, f yields the 6 distinct arrangements bcf, bfc, 
cbf, cfb, foc, feb. 

The total number of arrangements of 7 things, taken 3 at a 
time, is 7 x 6x 5. 

But each selection yields | 3 arrangements ; 


.. the number of selections = 7x6x5 = 35. 


1s 

Note.—This is called the number of combinations of 7 things 
taken 3 at a time, and is written 7C,. 

A difference in order makes a new arrangement, but does not 
alter the selection. 

The number of different ways of selecting r things from 
n different things is called the number of combinations of 
n things taken r at a time, and is denoted by "C)\. 

The argument in Example III. shows that 


"O,="P,+|r=_1% 
Tw=rlr 


EXERCISE XX. b. 


1. In how many ways can 2 men be chosen from 5 men ? 
What is the value of 50, ? 


2. In how many ways can a football eleven be chosen from 
14 men 2? What is “C,, ? 
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3. In how many ways can 3 cards be chosen from a pack of 
52 cards ? 


4. How many different hands is it possible for a player to 
have at bridge if his hand consists of 13 cards chosen from a 
pack of 62? Evaluate this number by logarithms to two sig- 
nificant figures. 


5. There are 12 points in a plane, no 3 of which are collinear ; 
(i) how many lines can be drawn joining pairs of points ? (ii) how 
many triangles can be drawn each having 3 of these points as 
vertices ? 


6. What is the greatest number of points of intersection of 
(i) 12 lines with each other ; 
(ii) 12 circles with each other ? 


7. How many different sums of money can be made up if one 
of each of the following coins is available: a halfpenny, a penny, 
@ sixpence, a shilling, a florin ? 


8. In how many ways can a committee of 4 men and 2 ladies 
be appointed from a society of 12 men and 8 ladies ? 


9. (i) £12 is distributed among six people so that two receive 
£3 each, two receive £2 each, and two receive £1 
each ; in how many ways can this be done ? 

(ii) In how many ways can six people be divided into three 
pairs ? 
Why are the answers to (i) and (ii) different ? 


10. (i) In how many ways can two sides of six players each 
be chosen from 12 men ? 
(ii) In how many ways can three sides of four players be 
chosen from 12 men ? 


11. In how many ways can the partners at a dance be arranged 
if there are 6 ladies and 6 gentlemen ? 


12. (i) Four people play a game in which 13 cards are dealt to 
each of them. How many different distributions of 
the cards are possible ? 

(ii) In how many ways can a pack of 52 cards be arranged 
in 4 hands of 13 cards each ? 


13. A cricketing party on tour consists of 19 men, of whom 12 
are primarily batsmen, 5 primarily bowlers, 2 primarily wicket- 
keepers: in how many ways can an eleven consisting of 7 bats- 
men, 3 bowlers, 1 wicket-keeper be selected ? 


14. In how many ways can a committee of 5 be chosen from 
10 candidates so as to include both the youngest and oldest ? 
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15. In how many ways can 5 dots and 3 dashes be arranged 
in a row ? 


16. In how many ways can 6 dots and 4 dashes be arranged 
in a row if no two dashes are together ? 
1%. Prove that (i) 70,="0,; 
(ii) "C,="C,_, 
18. Prove that (i) ?°Cy+1!°C;="0,; 
(ii) "0, +"C,,13="TO,,16 
19. Simplify (IRC =" Ose 
(list OR =P AO 
Prove that "C,+2."0,1+"0,.="t%0,. 
20. (i) If n is a positive integer > 2, prove that n (n—1) (n—2) 
is divisible by 6. 
(ii) If n is a positive integer > r, prove that 
n(n—1)(n—2)... (n—r4+1) 
is divisible by |r. 
21. If n=a+b-+c, and if n, a, b, c are positive integers, prove 
that |n is divisible by |ax|bx|c. 


22. A selection of r letters is made from the n letters, a,, a3, 
@3,...@,; (i) how many of these include a,? (ii) how many of 
these do not include a, ? (iii) hence deduce that 


N=1() 2 B=t() 3 = °C, % 


MISCELLANEOUS EXAMPLES 
(INcLUDING SimeLe PROBABILITY). 


Example IV. There are 10 tickets in a bag which are 
numbered 1, 2, 3,... up to 10. Two are drawn out at random. 
What is the chance that at least one of these is greater than 5 ? 


The number of ways in which 2 tickets can be selected from 


10 is °C, = ae Bah 


The number of ways in which 2 tickets can be selected from 
those numbered 1, 2, 3, 4, 5 is 'O,=10; 


.. the chance that both tickets are not greater than 5 is 12 =3; 
*, the chance that at least one ticket is greater than 5 is 
1-§=]. 
Note.—The odds that at least one ticket is greater than 5 are 
7:2. 
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When it is said that the probability of an event is, say, 3. 
this does not mean that in every four trials the event will 
occur exactly 3 times ; nor does it follow that in four million 
trials, it will occur exactly three million times. But it does 
mean that if it occurs r times in v trials, it will usually be found 


that the fraction approaches closer to ?, the larger n becomes. 


If the probability of an event occurring is ., then the 
probability against it occurring is 1 -* or “— aes 
and the odds on it occurring are r:(n —7r) on it, 


or (n—r):r against it. 


EXERCISE XX. c. 


1. Two cards are drawn from a pack of 52 cards. 
(i) In how many ways can this be done ? 

(ii) What is the number of ways if none of the four aces 
are chosen ? 

(iii) What is the number of ways if at least one of the two 
cards is an ace ? 

(iv) What is the chance that at least one of the two cards 
is an ace 7? 

(v) What are the odds against one of the two cards being 
an ace ? 

2, Two Americans and four Englishmen toss up to decide 
which four shall play in a set of tennis. 

(i) In how many ways can the four players be chosen ? 
(ii) In how many of these ways will both Americans be 
chosen ? 
(iii) What is the chance that both Americans play in the 
first set ? 

3. Twelve boys are chosen at random from a division of twenty 
boys, which includes three boys from a particular house. What 
is the chance that these three boys are all among the chosen 
twelve ? 

4. You are one of 15 boys from whom an eleven is picked at 


random. : 
(i) In how many different ways can the eleven be picked ? 


(ii) In how many of these ways will you yourself be picked ? 
(iii) What is your chance of being picked ? 
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5. Work out the general case of which Question 4 above is 
a particular example, and show that the method of Question 4 
gives your chance of being one of m boys picked at random 
from a total of n boys as "-!C,, ;+"C,,, and that this simplifies 


to the result ™ which ordinary common sense would lead you to 
expect. 


6, (i) Two coins are put down on a table. What is the chance 
that they both show ‘ heads’ ? 
(ii) Three coins are put down on a table. What is the 
chance that they all three show ‘ heads’ ? 


(iii) n coins are put down on a table. What is the chance 
that all the coins show ‘ heads’ ? 


7. Three coins are put down on a table. 
(i) What is the chance that they are either all three heads 
or all three tails ? 
(ii) What is the chance that they show either two heads 
and a tail or two tails and a head ? 


(iii) What is the chance that they show two heads and a 
tail ? 


8. Two people each draw a card from an ordinary pack of 
52 cards ; what is the chance that their cards form a pair ? 


9. The six faces of two dice are numbered from 1 to 6. The 
dice are thrown on the table. 


(i) What is the chance that 1 is the upper face on both 
dice ? 


(ii) What is the chance that the sum of the numbers on 
the two upper faces is 9 ? 


10. There are ten entries for a mile race, and numbers are 
drawn at random for the starting positions. What is the chance 
that the slowest runner is one of the inside three ? What is the 
chance that the slowest runner is One of the inside three and also 
the fastest runner one of the outside three ? 


11. Six boys, including yourself and a friend, are arranged at 


random in a line. What is the chance that you are next to your 
friend ? 


12. Two sides of eleven are picked at random from twenty-two 
people. What is the chance that A and B are on opposite sides ? 


18. How many different arrangements, using all five letters, 
tan be made of the letters 


(i) Gy, Gg, As, by, by; 
(ii) Gy, By, ds, b, b; 
(ili) a, a, a, b, OY 
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14. (i) In how many different ways can fifteen differently 

coloured beads be arranged on a straight thread ? 

(ii) What is the number of ways if five of the beads are all 
red and exactly alike ? 

(iii) What is the number of ways if also the other ten are all 
blue and exactly alike ? : 

(iv) What is the number of ways if the thread is circular 
nae of being straight and the beads all of different 
colour ? 


15. Three prizes are awarded to a division of twelve boys, and 
eny boy may win all the prizes. In how many ways can each 
of the three prizes be awarded separately ? What is the total 
number of ways in which the three prizes can be awarded ? 


16. How many numbers of three digits can be formed with the 
digits 1, 3, 5, 7, (i) if no repetitions are allowed, (ii) if the digits 
may be repeated ? 

17. How many numbers of not more than four digits can be 
formed with the digits 1, 3, 5, 7, if repetitions are allowed ? 


18. A certain periodical announces a competition, in which a 
prize is awarded to the reader sending in correct results to sixteen 
different football matches. If the result may be either a win, a 
loss or a draw in each match, what is the total number of different 
forecasts that may be sent in? Use logarithms to evaluate this 
number to two significant figures, and state the chance of a reader 
hitting upon the correct solution if he fills up the results at 
random. 


19. A cricket XI. is being photographed. Five of the eleven 
sit on chairs, four stand and two sit on the ground. How many 
different arrangements can be made, disregarding difference of 
order in standing or sitting, if the captain is to sit on a chair ? 


20. In how many ways can 6 different books be distributed 
between A, B and C, so that A has one book, B has two and C 
has three ? 

21. In how many ways can 6 people be divided into three 
groups, if there need not be more than | person in @ group ? 


22. In how many ways can 2n people be divided into n couples ? 


28. A golfer wants to buy three golf balls at the professional’s 
shop, and says that he wants either “ Silver Kings,” “* Dunlops,” 
‘Colonels ” or ‘‘ Why Nots.” The professional has only 3 Silver 
Kings, 2 Dunlops, 1 Colonel and 1 Why Not left in stock. In how 
many ways can the golfer choose 3 balls from these ? 


24, Compute the chance that a player at bridge who has 13 cards 
dealt to him from a pack of 52 in the ordinary way holds all four 
aces in his hand. 
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25. A man has 3 pennies and 4 half-crowns in his pocket, and 
he pulls out 3 coins at random. How many different sums can 
he pull out, and which of these is the most likely ? What would 
you be prepared to give him for the three coins before learning 
what they were ? 


26. A pessimist went during the war to France as one of a 
draft of 120 men. He calculated that in 3 months’ time ;)th of 
the draft would be dead, {th would be in hospital and ,4th would 
be captured. At what amount should he have fixed the prob. 
ability of his being still on active service in 3 months’ time ? 


CHAPTER XXI. 
THE BINOMIAL THEOREM. 


Ir we multiply out (x +a)(x +6) we obtain various terms, each 
of which has two factors, one from the first bracket and the 
otker from the second bracket. 


Thus (x +a)(x+b)=a? +ax +bx +ab. 


In the same way, if we multiply out (x+a)(x+b)(x+c) we 
get various terms, each of which has three factors, one from 
each bracket. These terms can be conveniently grouped 
according to the number of x factors chosen in each term. 

If the x is chosen from each bracket, we get the term 2°. 

If the x is chosen from two brackets and the remaining 
letter from the third bracket, we get °C, terms, namely the 
terms ax? + ba? + cx. 

If the z is chosen from one bracket and the remaining letter 
from the other two brackets, we get °C, terms (the number 
of ways in which the other two letters can be chosen), and 
these terms are abx + bex + cax. 

Finally, if no « term is chosen, we get one term abe. 

Thus (x +a)(x+6)(« +c) can be written down by inspection 


BS a +a2(a+b +c) +x(ab +be + ca) + abe. 
Note that if we now make 6 and c equal to a, we find that 
(a+a)(w+a)(x+a)=x°+a(a +a+a)+az(a?+a?+a*)+a3 


= 23+ 3ax + 3a2z + a3, 
405 
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EXERCISE XXI. a. 


1. Write down the expansions of 
(i) (w+a) (x+b) (x+c) (x+d); 
(ii) (vw +a) (w+a) (@+a) (u@ +a); 
(iii) (7 +1) (v +1) (v@ +1) (e +1)3 
(iv) (x—1)*. 
2. (i) How many terms are there in the expansion of 
(x +a) (x+b) (w+c) (wv +d) (w+e) (x +f) ? 
(ii) How many of these terms have a factor x and not x* 1 
(iii) How many of these terms have x’ as a factor and not x* ? 
8. What is the coefficient of x? in the expansions of 
(i) (w+a) (v+b) (w+c) (x+d) (w@+e) ; 
(ii) (v@+a)*; 
(iii) (x—1)5 2 
4. How many terms in the following expansions contain 2° 
but not z* as a factor : 
(i) (w+a) (w+b) (w+c) (x+d); 
(ii) (+a) (w+a4) (w@ +44) (w@ +44) (w +44) (x +44) (x +a,) 
What is the coefficient of #8 in (x7+1)7? 
5. Expand in descending powers of x : 
(i) (w+1) (w+ 2) (x +8); 
(ii) (vw +1) (w+ 2) (w+ 3) (w+ 4). 
6. Expand in descending powers of x: 
(i) (w+ 1) (2a+1) (8a+1); 
(ii) (v+1) (2x41) (8@41) (4a 41). 
The examples of the last exercise show how to write down 
the expansion of any expression of the form 


(z +a,)(%+@,)(x% +a,)(~+a,)... (a +a,). 
It is, in fact, 
a” +a"-1 (ay +g +Ay +...) +2"-2(a1a, +40, + 2,0, +...) 
+a"-3 (410.0, +40.0, +...) +.... 
The coefficient of x"~* is the sum of the products, taken two 
at a time, of the n letters a,, a9, ..., @,. 


The coefficient of x"-8 is the sum of these products taken 
three at a time, 
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The coefficient of x”~4 is the sum of these products taken 
four at a time, and so on. 
Therefore, there are n terms in the coefficient of 2"-}, 


and OO Ree araccrttecectisosesescersss: aes 
and oP Sa i Chae ey 
and so on. 


Suppose now 4@,=d,=a,=4a,=...=a, =a. 
Then each term in the coefficient of x”! equals a, 


CMTS SR Be Gan See Eee Sa Eee Ga ores a’, 
SINCERE es Scie does eratecemabuasuciaret on Tees Da a ER a’, 
and so on 
., the coefficient of xis n.a, 
AEs pr ier eit es ee INT Wad ORE 
aCe BSB ee al AGO aga SP 


and so on. 
.. if nis any positive integer, 
(2+a)*= a +n. 2° 104-7C, 27707 +-"0,. 2a? +... 
PO an ar Fe., Fa", 
or 
N= on -1 n(n —1) —2 72 n(n —1)(n -2) n—8 73 
(x7+a)"=a"+n.a"I1a+ 1.2 en-2qQ% + (oC eee at 
n(n —1)(n—2)...(n-1r+1) 
wae 1208 Gar 
This result is called the Binomial Theorem. 


ara" +... +a" 


EXERCISE XXI. b. 
Write down the expansions of Nos. 1-8. 
1. (1+a)% 2 (1+). 8. (1-2) 4. (x —2)*. 
Bowie 6 («+2)" 7. (2a—3y)% 8. (a*— 2b). 
9. What is the coefficient of x in (i) (e©—1)75 (ii) (1+ 2a)" ? 
10. What is the 4th term in the expansion of (2—)°? 
11. What is the term independent of « in the expansion of 


2\ 
(=+3) ? 
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12. How many terms are there in the expansion of (2x — 3y)** ? 
13. What is the middle term in the expansion of (x—y)* ? 


14. What is (i) the 4th term from the beginning; (ii) the 4th 
term from the end in (x+y)?° ? 


15. What is the rth term in the expansion of (i) (1+ 22)"; 
(ii) (1 — 2a)" ? 


16. What is (i) the rth term from the beginning; (ii) the rth 
term from the end in (x+y)"? Are the coefficients equal ? 


17. Simplify (v—1)?+3 («#—1)?+ 3(x-—1)+1. 

18. Simplify 1-4 (w+1)+ 6 (w+ 1)?-4 (+ 1)8§ + (e+ 1)% 

19. In the identity 
(l+a)"514+"C,.27+"0,.u9+...+"C,a7+...+2%, 

what results are obtained by putting (i) z=1; (ii)w=-1? 

20. What is the coefficient of at in (l1—az) (1+a)7? 

21. What is the coefficient of 27 in (l1—2) (1l+a)"? 

22. Expand (1+2a+.2*)”" as far as terms involving 2°, 

28. Simplify (V2+4+ 1)#+ (72-1) 

24. Use the binomial theorem to evaluate 101‘ and 995, 


25. Use the binomial theorem to evaluate to 5 significant 
figures 1-02° and 0-97°. 


APPROXIMATION, 
The binomial expansion 


(l+a)"=l + nar MO Day... 


n(n—1)(n-2)...(n-r+]l) . 
4 aaa Mal + 
has been proved, if is a positive integer. 

If n is fractional or negative, this result still holds good, 
provided that x lies between +1 and -1. The general proof 
is, however, beyond the scope of this book. 

If n is a positive integer, the expansion contains n +1 terms. 

But if n is fractional or negative, the expansion in this form 
does not terminate : in this case, if x is small compared with I, 


the first few terms of the expansion may give a useful approxi- 
mation. 
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EXERCISE XXI. c 
1. Prove by long division that 
av? 
Tog! 


ee 1 x 
a 2 a3 e 
(ii) iin ee 0 eer 


@) ph arte+ 


eee 1 x 
pee SSS a 3 4 
(iil) ore ec tuk pee 


Sl+e4+aui+a?+at+ Rh. 


2. Find Rif 
1-2 
3. Assuming the binomial theorem, if a is a positive fraction 
less than 1, write down the first five terms of the expansion of 
1 
a cs -1 
i —=0 Dees 
4. If x=0-1, what is approximately the error in taking sks 
equal to (i) 1+a; (ii) l+a+a7? 1-2 


6. Find R by long division if 
eb ay ; 
(i) jaz 1 —z+R + 


no lpia f ; 
(ii) slaty saree lo +R; 


1 
cisy ea ee ples 
(iii) Te l-v+a*—2°+R. 
6. Assuming the binomial theorem, if x is a positive fraction 
less than 1, write down the first five terms of the expansion of 


1 e 

Lax (1 + z) Le 

If x =0-01, what is approximately the error in taking = equal 
to (i) l—a; (ii) l-w+a7? aad 
: eure 1 
: 1 

(ii) (ES a een 
§. Assuming the binomial theorem, if x is a positive fraction 
less than 1, write down the first four terms of the expansions of 


1 sa 1 
lisse and (+2) 
What is approximately the error in taking (1—a)*=1+ 2a and 
(l+2)?=1-~-22i2=0-017 


=(1+2)-*. 
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9. If z is a positive fraction less than 1, prove that 
(i) (1-3e)?> 1-2; = (ii) (l-44-42")? < 1-2; 
(iii) 1-4a—4a29 <V1-2 <1-h; 
(iv) the error in taking V1—2=1- 4 is less than 42". 
10. (i) Find by the square root rule the value of V1—z as far 
as terms involving 2°. 
(ii) What are the first four terms of the binomial expansion 
for V1 —a2=(1—z)', assuming the Binomial Theorem? 
(iii) If e=0-01, what is the approximate error in taking 
V1l—-x=1-}42? 
11. (i) Find by the square root rule the value of V1+z2 as far 
as terms involving 2°. 
(ii) If x is a positive fraction less than 1, what are the first 
four terms of the binomial expansion for 
V1+zx=(1+z2)4 
assuming the Binomial Theorem ? 
(iii) If.2=0- de what is the approximate error in taking 
(1 +2) =l+a? 
12. (i) Prove that —4=2(1+2)". 
rth «x 
(ii) If oe small compared to 2, find an approximation for 


xz+h 


(iii) Express approximately ae as a decimal. 


i\ al h\-+ 
18. (i) Prove that ——— (1 =) : 
eee Vath a” 


(ii) If h 7 small compared to 2, find an approximation for 
Vath | 


(iii) Express approximately ¥, £ 01 88 decimal. 


(iv) Express approximately 606 as a decimal. 


SumMARY oF RESULTS. 
I. If x is small compared with 1, 
(l+2)"~1+na, 
(1l-ax)"=1-—-nz. 
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In particular, =(l1+z2)-1~1-a, 


l+2 

BLS eee war 

ioe —2) ened onde. 
V1l+25(l+x)? ~1+}2, 
VI-x=(1-2)t ~1-}. 


II. If h is small compared with z, 
tabaee eg es nh 
(a+h)"=a (dee) ~a (a +), 


Example I. If h is small, find an approximation for 


1-h)? 
CF a , and deduce an approximate value of wae 

1—h)? 

Cae (- me (1+a)4 
~(1—2h)(1—4h)=1-2h—Hh 
bet ih 
— Dir 


If h=0-02, we have 
(0-98)? , 5x 0-02 
02 5) or 1—0:05 
== 0-95. 
Example II, The cost per hour of an electric lamp varies 


where V is the voltage and R& is the resistance. Find 


p2 
R’ 
the approximate percentage change in the cost if the voltage 
is increased by 2 per cent. and the resistance is decreased by 


3 per cent. 
a 
If the original cost per hour is ee pence, the new cost is 


as 


B(x 1-02)" pence = "1 (1 +0-02)8(1 — 0-03)" 


Rx0-97 © 
a 
at? (1 +0-04) (1 +0-03) 
A a 
= £0" (1 40-04 + 0:03) or sees pence ; 
0:07kV? 


4 the increase of cost is R Pence: 


& the increase is 7 per cent. 
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EXERCISE XXI. d. 


1. (i) Simplify (1+a@)(1+6)—-(1 +a+b). 
(ii) What is the error in taking 1-01 x 1:02 equal to 
1+-014+-02 or 1-03? 
(iii) Write down the approximate value of 1-03 x 1-05. 


2. (i) If h is small, what is an approximate value of (1+ h)3? 
(ii) Write down an approximate value of (1:02)°. 


3. Each linear dimension of a rectangular block of steel 
expands 0-:000,011 of itself for every 1° C. rise of temperature. 
In what ratio does the volume increase if the temperature rises 
(1) 12 C. Gis Cat 


4. If an error of 1 per cent. is made in measuring the length 
and breadth of a field, what may be the approximate error per cent. 
in the calculated area ? 


5. A man estimates the dimensions of a room, and makes an 
error of 1 per cent. in the length, 2 per cent. in the breadth and 
3 per cent. in the height ; what may be the approximate error 
per cent. in the calculated volume ? 


6. (i) If the diameter of a sphere increases by 1 per cent., 
what is the approximate increase per cent. (a) in its 
volume, (6) in its surface ? 


(ii) If the superficial area of a spherical soap-bubble increases 
by 1 per cent., what is the approximate increase per 
cent. in its volume ? 


9. If h is small, 
; 1-h 
(i) show that 5 oan —2h; 
1-01 


(ii) find an approximation for WEA and hence for 0-99" 


1-hA 
8. Find approximations for 
: .% nee 1 
i) (1-002)5 ; -98)8 ; ro} x: 
liv 1-008 ; 8/1-015 ; Nees 
liv) V (v) 41-0 (vi) gone. 
9. If A is small, find approximate values of 
(i) (1+ 3h)(1+ 4h), a (1+ 3h) (1+ 4h) 
1+5h  ” 1+12h °° 
1-03 x 1-04 


What is the approximate value of See ee ? 
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10. The time of oscillation of a pendulum of length 1 feet is 
approximately 1-11+// seconds. Find approximately the increase 
in the time when the length is altered from (i) 4 feet to 4-1 feet, 
(11) 2 feet to (J+A) feet, where h is small compared with 1. 

11. A given mass of gas at constant temperature obeys the law 
pv=constant, where p is the pressure in Ib. per sq. in. and »v is 
its volume in cu. in. 

(i) If the pressure is increased by 2 per cent., what is the 
approximate change in the volume ? 

(ii) If the pressure alters from p to p+ p,, what is approxi- 
mately the change of volume if p, is small compared 
with p ? 

12. (i) What are the roots of z'—xz?=0? 

(ii) One root of #'—x?=0-01 is nearly equal to 1; by 
putting x=1+h and treating h as small, find a closer 
approximation to this root. 

18. If h is small compared with x, find approximate values for 


i aD capone 9 AN Ce ang 
teens re 
(ii) 4, (iv) ELE S 


14. The maximum deflection of a beam of length | feet and 
4 
depth d inches, supported at its ends, is ae in., where k& is a con- 


stant ; in what ratio is the deflection altered if J increases from 
20 to 20-1 and d increases from 4 to 4-1 ? 


15. A given mass of gas, absolute temperature 7°, volume 
v cu. in. at pressure p lb. per sq. in., obeys the law a = constant. 
Find the percentage change in p if v increases by 2 per cent. and 
T decreases by 3 per cent. 

16. The sides containing the right angle of a right-angled 
triangle are of lengths x in. and h in.; if h is small compared 
with x, find approximately by how much the hypotenuse exceeds 


the longer side. ; 93 
eonet ~ 6 

17. If 0 is small, find an approximation for ——7;- 
pa 
2 


18. The time of pneumatic transmission through a pipe / yards 
long of diameter d inches under a pressure of p lb. per sq. inch 
8 


1k} 
dip? 
DW.A. 2D 


What is the approximate percentage change in 


varies as 
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the time if J increases by 1 per cent., d increases by 2 per cent. and 
p decreases by 1 per cent. ? 


19. In the Michelson-Morley experiment for the determination 
of the velocity of the earth relative to the ether, the effect to be 


observed was measured by 2(/; +/,) { ai - sa=a}: where vis 
= c?—v 


the velocity required and c the velocity of light. Prove that 


2 
if © is small, this expression ~(+1s)-5. 


CHAPTER XXII. 


EMPIRICAL FORMULAE. 


AN experiment was made to determine the extension produced 
in a spiral spring by weights of various amounts attached 
to its extremity and the results were tabulated as follows : 


Length of spring in cm., J 28:3 | 29-5 | 31-5 | 35-6 | 39-7 


Weight attached in gr., W 10 25 50 100 | 150 


These observed results can be shown to obey approximately 
the law 1=0-081 W + 27:5. 

A law obtained in this way is called an empirical formula. 

If the result of plotting y against x gives a straight line, 
y and x are connected by an 
equation of the form y=ax+b 
where a, b are constants. The 
following example shows how 
these constants are found, if the 
straight-line graph is given. 


Example I. Two points ona 
straight-line graph which repre- Fic. 68. 
sents the relation between two 
variables 2 and y, are found to be x =1, y =8, and x=6, y =12. 


Find the equation connecting x and y in the form y =aa + b. 


A, B are the points (1, 8) and (6, 12). 
Denote the coordinates of any other point P on the line by (2, y). 
415 
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Through A, B, P draw lines parallel to Oz, Oy forming the 
triangles AHB, BKP, which are similar. 


KB PK. 

HA BH’ 
5 2-8 y— lee a OS ee 
a PS) Ih 6 hey 7: 


. do —-24=5y-60; ©. By=4e4+36; ©. y=O-8x+7-2, 
which is the functional relation required. 

By exactly the same method, it may be shown that if (x, 1) 
and (x;, y,) are the coordinates of any two points on 4 straight 
line graph, the relation which the graph represents is 

Cee Yes 
y—%, Yi-Ya 

Example II, The observations made in an experiment 

were tabulated as follows : 


x=1 1-5 2 2-5 3 3-5 4 


y=2-50 | 2-20 | 1-92 | 1-65 | 1-32 | 0-94 | 0-60 


Find the most probable relation which expresses y in terms 


of x. 
Ad HH T Wy | 
mI lever 4 = 
4 s HH 
EEE H aesueeedtoctect 
~ SUGRSUSRSERESeuas 
etetctiey anaaee HoH f 
A asrtinsieiceeeitaeerinieitite 
im i lL i mt 
ae H+ CT as ms 
fy Pet Ne i NE ct 
Wisnaas im HH HH PCH 
1 4 } 
EEE 
Hitt Sites : 
1 2 3 4 «me 
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First plot the observations. We see that the points obtained, 
although not on a straight line, do not differ much from the 
straight. Now use a fine black thread to determine the “ best- 
fit line’ and read off the coordinates of two points at opposite 
ends: é.g. c=0°3, y=3 and x=3'9, y=0-7. 

The relation is therefore 

z-3:9 y-0-7 
3:9-0-:3 0-7-3 
2-39 y-0-7, 


ca 367 23! 
2°3 
A y-0-7=—3 5 (v-3-9); 
3 2-3 2:3 x 3-9 
ee cage iw tdi rai Wee das 


“. y= —0-64x + 3-2, 
where each constant is calculated correct to two significant figures. 


Example III. A load of 100 lb. is fastened to one end of 
a rope which passes round a rough circular peg and measure- 
ments are made of the least pull which must be applied at 
the other end of the rope in order to raise the load slowly. 
The magnitude of the pull required depends on the amount 
of the rope in contact with the peg. Suppose the least pull 
is P lb. when the portion of the rope in contact with the peg 
is 9 right angles. The following observations were made : 


6=right angles 1 2 4 6 8 
P \bs. - . 140 181 359 | 672 | 1190 


Find the most probable relation expressing P in terms of 0. 


If we plot these results as they stand, the graph will be a curve. 
If, however, we plot log P against ¢ we see that the points do not 
diverge far from a straight line. The table is 


d= 1 2 4 6 8 


logP= 2-1461 | 2-2577 2-5551 | 2-8274 | 3:0755 


These results are plotted in Fig. 70: and a fine thread is then 
used to discover the ‘“‘ best-fit line.” We see that two points on 
this line are 

6 =7-6 eae] g=1°3 d 
log P =3-038 log P=2-179 J’ 
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aes log P—3-038 6-76 . 
# the relation is 3.038 22179 ~76—1°3° 


log P—3-038 6-7-6 0-859 0-859 x 7-6 : : 
ee or log P=—— 6 — —,—_ + 3038; 
NS S59 63 cae ge 6-3 
345 im TH on 
i em Ht sessses aaeeee seeunee 
: pusd asasseeet ressssetesestatiei 
2-9 t Ht t = 
ais He 
ao seensesrascaes: 
tt : seeeeet rH tt tt 
panseeietrar <7 aH 
! Hetere rtf 
iad tsecitcitistecsesitiasee scatter H 
oat suseeecescocessss! puss cesceessed sastses 
2:3 ange) ZoesSeseSEEEeSnea aan eeceees gesseasesse 
Suatuere’ #asseGueteess SuSeSGsSEEEEReeneSoasaarad 
Peet reeee srrseipninningassrereninniiti: 
2-1 + tt ane ae aessoeees HH t 
1 2 3 a 5 a. By 3 
Fia. 70. 


3. log P=0-1369 +2-002; 2, P= 10°2860+? 008 , 
T PelO, ow lGs ee ~ P=100x 10°23 
This approximate formula is the required relation. 


EXERCISE XXII. a. 
1. The following observations were made: 


Pe | 2 4 5 7 


y=0:95 | 28 | 5:8 | 7-7 | 10-7 


Find the best fit equation for y in terms of a. 


2. The length of a spiral spring is measured when different 
weights are suspended from its end; the results, when tabulated, 
are as follows: 


Weight in gr., W 10 16 30 50 75 


Length incm.,l- | 22-1 | 24-1 | 30-2 | 38-4 | 43-7 
Find the best fit equation for / in terms of W. 
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8. The following results were obtained with a screw jack: 


Load in lb., W - 10 20 30 50 75 


Effort in lb., P - | 3-28 | 4:51 | 5-72 | 8-11 | 11-12 


Find the best fit equation for P in terms of W. 


4. Ify “Ti make a table showing corresponding values 
of x and y between x=10 and 2=50, and find a relation of the 
form y=a+ bz, which best fits this function in this range. What 
is the error when 7 = 44? 


5. The following observations were made: 


It is believed that they obey a linear law. In which observa- 
tion is the error probably greatest ? Ignoring this, what is the 
best fit equation for y in terms of x? And how would the table 
then run ? 


6. The pressure P lb. per sq. foot exerted by a wind of v miles 
an hour is measured in the following cases : 


12 0-12 | 0-51 | 1-15 | 1:88 | 2°95 | 4-58 


Plot P against v3, and hence find the probable relation expressing 
P in terms of v. 


7. In Giffard’s Injector, the following values are given for 
the delivery of Q gallons of water per hour under a pressure of 
60 lb. per sq. inch for a throat diameter D inches. 


Dame Oat 0-15 0-2 0-25 0-3 


. Q | 300 730 | 1200 | 2000 | 2700 


Plot D against ./Q, and hence find the probable relation ox- 
pressing Q in terms of 1D) 
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8. The following table gives the resistance FR lb. to a train of 
weight 100 tons running at V miles an hour: 


R 680 980 | 1380 | 2050 2880 | 3800 


Plot R against V?, and then express F# in terms of V. 


9. A body of density d, weighing 1 gr. in air (when brass 
weights are used), weighs 1 gr.+ kmgr.ina vacuum. The follow- 
ing observations were recorded : 


i ee ed 


k=2-26| 1-06 0-26 0-10 0-06 
Plot & against and express k in terms of d. 
10. A marble rolls down a groove, at the side of which are 


markers which are so adjusted as to point the position of the marble 
at intervals of onesecond, The following observations were made: 


Time in seconds, t ] 2 3 4 5 


Distance rolled in inches, s | 4:1 16:3 | 36:8 | 65:4 102-1 


Find the probable relation expressing s in terms of ¢. 


11. The following results were recorded in an optical experiment: 


7] 39-9 | 33-1 | 28-9 | 22-4 | 18-5 | 15-7 


Plot u against H and find the best fit equation expressing y in 
terms of x. 


12. The following list of British amateur running records is 
taken from Whitaker's Almanack: 


Distance in yd., d 150 200 220 440 880 1000 


Time in sec., t 14:6 | 19-4 | 21:8 48-4 | 112-2 | 132-4 


_ Plot log ¢t against log d, and hence find a relation expressing t 
in terms of d. 

Professor Perry has pointed out that all forms of race records 
(men and animals) conform to a law of the same kind. 
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18. The following observations were made for the pressure and 
volume of saturated steam : 


Volume, cu. ft. per lb. water, v- | 297 | 173 | 82-4 | 55-1 | 21:3 


Pressure, lb. per sq. in.,p - - | 1-13 | 2-02 | 4-42 | 6-77 | 18-7 
Plot log p against log v, and hence express p in terms of v. 


14, The following census returns for England and Wales, correct 
to 4 significant figures, are taken from Whitaker's Almanack : 


Year - - | 1851 | 1861 | 1871 | 1881 | 1891 | 1901 | 191] 


Population in 


millions 17-93 | 20-07 | 22-71 | 25-97 | 29-00 | 32-53 | 36-07 


If the population in the year (1851 + 10¢) is P millions, show that 
an approximate formula of the type P=ax 10” exists, and find 
it. What, according to your formula, was the population in 1841, 
and what will it be in 1921 ? 


15. In an experiment to determine the relation between the 
emissive power at a given temperature of a black body for the 
wave length for which the power is a maximum and that tem- 
perature, the following results were recorded by Lummer and 
Pringsheim: (See Preston’s Theory of Heat.) 
ae ee FE —————————e—Ee— 
Absolute temp., 7’- 621-2) 723 | 908-5 |1094-5| 1259 | 1460-4 
Emissive power, HZ - | 2:026| 4-28 | 13-66 | 34-0 | 68:8 145-0 


Wave-length,A - | 4:73 4-08 | 3-28 | 2-71 | 2-35 | 2-04 


Plot log # against log 7, and express H in terms of aT 


16. With the data of Ex. 15, plot log against log 7, and 
express A in terms of 7. 


17. Ina radiation experiment, the following records were made: 


723 | 810 | 1378 | 1497 


Absolute temp., Z’ | 373-1 | 492-5 


Deviation of . 
galvanometer, 8 156 638 | 3320 | 5150 | 44700 | 61600 


Plot 8 against 7‘, and express 8 in terms of T. [Stefan’s Law.] 
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18. The following table gives the age to which a woman expects 
to live at various ages : 


Present age,2 - - - 10 15 20 30 35 
Age probably reached, y - | 62-0 | 62:6 | 63-4 | 65-4 | 66-5 
Present age, z - - e240 50 55 60 


Age probably reached, y - | 67-7 | 70:6 | 72-1 | 73-9 


Show that y can be expressed in terms of x by a relation of the 
form y=61+az+6z? approximately; find a and b. To what 
age would a woman 25 years old expect to live ? 


[ Plot — b against x. | 


19. The following table for the specific heat of water at various 
temperatures is due to Prof. Callendar: 


Temperature centigrade, 60+¢ 60° 70° 80° 90° 
Specific heat, S - - - 1-0 1-0016 | 1:0033 | 1-0053 


Temperature centigrade, 60+# | 100° 140° 180° | 


Specific heat, S_—- - - | 1-0074 | 1-0176 1-0308 | 


Show that S can be expressed in terms of ¢ by a relation of the 
form S=1+at+ bt? approximately. Find a, 6. What is the 
probable value of S at 160° C. ? 


20. For a slope of 1 in 100, the velocity of flow in a full pipe, 
diameter d inches, is v feet per sec., where v, d are connected as 
follows : 


d 4 10 15 30 48 60 


v 0:56 1-2 1-6 221 3:7 4-3 


It is thought that a relation of the form =a exists, 
where a, 6 are constants. What method of plotting would you 
adopt to try this? Find a, b, 
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SumMMARY OF RESULTS. 


(i) If the graph obtained by plotting y against = is, or 
approximates to, a straight line, and if (2, y,), (%2, Y,) are 
two points on it, preferably at opposite ends, then y can be 
expressed as a function of x by the equation 


Pad) eer 
Gi-Ya %—%s 
(ii) If the graph obtained by plotting y against x is a curve, 
it may be possible to obtain a straight line by plotting 
(a) log y against log a, 
(b) log y against z, 
(c) y against log a, 
(d) y against _ etc. 
(iii) Where the data are experimental, coefficients in the 
functional relation should be expressed as decimals, and must 


not be given to more significant figures than the data or the 
method justify. 


CHAPTER XXIII. 


NOMOGRAPHY. 


LINE CHARTS. 


Example I. Construct a line chart connecting inches and 
centimetres, and read off from it, (i) the number of centimetres 
corresponding to 2-5 inches, (ii) the number of inches corre- 
sponding to 7 cm. 


Cms 
2 3 4 ey 6 S 
1 Ins. 2 38 
Fie. 71. 


Draw a straight line; take an initial point O near the left end 
of the line; graduate the upper side of the line in em. and the 
lower side in inches, each scale beginning at O. 

The result is the required line chart. 

Opposite the 2:5 graduation on the lower (inch) scale can be 
read off the number 6-3 on the upper (cm.) scale, so that 2:5” =6:3 
cm. approx. 

Opposite the 7 cm. graduation on the upper (cm.) scale can be 


read off the number 2-75 on the lower (inch) scale, so that 7 cm. 
= 2-75” approx. 


Example II, Construct a line chart connecting numbers 
with their logarithms. 


Logarithms 


OO 1) 2s SOA EG se age | 10) 1:2 1:4 16 

1 2 3 4 5 678910 20 30 40 50 
Numbers 
Fia. 72, 


_ This chart embodies the principle of the slide rule. It ie 
simply constructed by graduating the upper side of the line 
424 
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uniformly on a scale of (say) 5 cm. to a unit and marking the 
graduations 1, 2, 3, 10, 20, ... etc. on the lower side at distances 
from the O graduation on the upper side equal to 5 log 1, 5 log 2, 
5 log 3, 5 log 10, 5 log 20 cm., ete., the values of the logarithms 
being taken from the tables. 


EXERCISE XXIII. a. 


1. Construct a simple line chart connecting numbers and their 
squares from 1 to 9. 
Read off from your chart (i) the square of 7-2 ; 


(ii) W723 
(ili) (2-6)*. 
2. In the figure of Example I. above, read off the number of 
inches in 4 cm., and the number of cm. in 1-5 inches. 


8. Construct a simple line chart connecting numbers and their 
cube roots from 1000 to 2000. 
Read off from your chart (i) °/1420; 
(ii) the cube of 112. 


4. Construct a simple line chart connecting the circumferences 
of circles and their diameters for diameters from 1” to 10”. 

Read off from your chart (i) the circumference of circle whose 
diameter is 7-5”; (ii) the diameter of a circle whose circumference 
is 25”. 

5. Construct, using sine tables, a simple line chart connecting 
the length of a chord, and the angle it subtends at the centre of a 
circle of radius 10 cm., for angles from 0 to 60°. 


6. Construct a simple line chart connecting x and y, where 
y=3-2x+2-6 for 0<a<5. Read off the value of when y= 10. 


”, Construct a simple line chart for reducing marks which run 
from 250 to 500 to the scale 0 to 100. To what does 340 reduce ? 

We will now illustrate another method of obtaining, 
graphically, a large number of approximate numerical results 
from a simple formula. Under the ordinary system of 
uniform graduation of the axes, a graph could be drawn to 
illustrate any formula involving one dependent variable. The 
graph would usually be a smooth curve. By adopting a 
system of non-uniform graduation, it is often possible to 
obtain a straight-line graph, and this method is particularly 
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useful when approximate numerical results are required for & 
large number of closely-related formulae. Under the ordinary 
system a “ family ” of curves would be required ; by adopting 
the method explained below, a “family” of straight lines 
can be drawn with very little more trouble than is required 
to draw one. 

In cases of non-uniform graduation, the axes must be 
graduated at sufficiently small intervals to allow proportional 
differences to be read without introducing undue error. 


Example III. If @ current of C amperes fuses a wire of 
diameter d mm., 0? =k. d, where & is a constant depending 
on the material. For copper wire, k =6400; for lead, k =1250, 
etc. 


Represent the functional relation by a straight-line chart for 
the range d=0 tod=1. 

Read off from the chart (i) the current which will fuse a copper 
wire of diameter 0-8 mm., (ii) the current which will fuse a lead 
wire of diameter 0-95 mm. 


80 


O-3:4 +5-55-6 G5 +7 -75 ‘8 <85 :9 +95 OM aiy. 
Fia, 73. 


The d-axis (horizontal) must be graduated so that distances 
from O vary as the cube of the values of d: the C-axis (vertical) 
must be graduated so that distances from O vary as the square of 
the values of O. [Notice that both axes are thus simple line charts 


as in Examples I. and II., with the uniform set of graduations 
omitted.] 


xxi.) NOMOGRAPHY 427 


Choose any convenient unit for the d-axis, say 10cm. Measure 
10 cm. along the d-axis from O and mark the point Q, so 
obtained, 1. [N.B.—Fig. 73 is printed on a reduced scale.] 

To obtain the graduation 0-9 on the d-axis, measure off 

10 x (0-9)? =7-29 cm. 
from O, and so on. 

For the C-axis, take any convenient unit, say jj, cm. To 
obtain 80 on the C-axis, measure off jqy5 x (80)? =6-4 cm. from 
O, and so on. 

For copper, k = 6400 ; 

. when d=1, C*=6400 or O=80. 

Mark the point A, d=1, C=80, and join it to O. 

This is the required line chart for copper wire. For, if P be 
any point on this line with coordinates (d,, C,), as taken from the 
graduations marked, the actual distances of the point P from 
these axes are not d, and C,, but 10xd,° and 4, x Ci? cm. 

Draw PN perpendicular to OQ, then, by the similar triangles 
PNO, AQO, ON _PN 

0@ ~ dQ’ 
10.4.3 5003! 
10 ered? 
.. C,*=6400d,3, 
so that the reading (d,, C,) from the scales marked does give a 
solution of the formula (1—6400d3. 

We can now give the first numerical result required, for the 
point on the line OA with coordinate 0-8 on the d-scale has co- 
ordinate 57 approximately on the C-scale. 

Therefore a current of 57 ampéres will fuse a copper wire of 
diameter 0-8 mm. 

To obtain the line chart for lead, we have k=1250; 

. whend=1, C=1/1250=35-4. 

Mark the point d=1, C=35-4, and join it to O. 

This is the required line chart for lead, and the reader can 
easily see how this would be proved. 

[To obtain the point whose coordinates are d=1, C= /1250, 
it is only necessary, with the scale chosen for C, to measure up- 
wards from Q a distance 

QB = yhoo ( V1250)? = ooo X 1250 = 1-25 cm. ; 
so there is no need to find the square root.] 

Any member of the family C?=.d* can be drawn as follows : 

Draw a line, parallel to the C-axis, through Q and call it the 
k-axis. 

Graduate this k-axis by measuring off distances 1 cm., 2 cm., 
3 om., ... and marking the points obtained 1000, 2000, 3000, .... 
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To obtain the line chart for any value of k, say 4000, join the 
point graduated 4000 on the k-axis to O and this is the line 
required. ‘ 

Example IV. Represent the relation C? =6400d° by a 
straight-line chart, using logarithmic graduation. Read off 
the value of C when d=0'8. 


a 
a 15 “2 +25 3 -$5°4°45°5:55°6 +7 -8 -9 1:0 
Fie. 74. 
Since log GO? =log (6400d8) 
=log 6400 + log d’, 


*, 2log O=3-806+ 3 log d. 


This is of the first degree in log C and logd. 

Therefore if the C-axis and the d-axis are graduated logarithmi- 
cally, the graph of this relation will be a straight line. 

We will represent d for the range 0-1 to 1, so that the greatest 
value of CO is 80. 

On the d-axis mark d=0-1 and d=1 at a convenient distance 
apart, say 10 cm. [N.B.—Fig. 74 is printed on a reduced scale.) 
Call the point O at which d=0-1. 

Then 10 cm. on this scale represents log 1 — log (0-1) =0—(1) =1. 

To find the position of any other graduation, say d=0-6, we 
haye log 0:6 - log 0-1 =1-7782 —(1) =0-7782. 

“. distance of ‘‘ 0-6” graduation from 0 is 10 x 0-7782 = 7-78 cm. 

Similarly, on the C-axis, put O=2 (say) at 0 and C=20 at a 
convenient distance, 5 cm., from it. 

Then on this scale 5 cm. represents log 20 — log 2 =log 10= 1. 

For any other value of CO, say C=80, 


log 80 — log 2=log 40 = 11-6021 g 
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“. distance of the “‘ 80” graduation from 0 is 
5 x 1:6021=8-01 cm., and so on. 

_ Both scales have now been graduated in the same way as the 
simple line chart in Example II., with the uniform graduations 
omitted. 

Now the relation C? = 6400d! is satisfied by the pairs of values 

as d=0-25, 
Gaseoyjoree? x 7210, 

Mark these points ; the line joining them is the required chart. 
Any numerical result required can then be read from the chart. 
For example, when d=0°8, c=57. 

It is easy to see that, with this system of graduation, the family 


C*=k.d*, or 2logC=logk+3logd, 
is represented by a system of parallel lines. And it is easy to 
draw a k-axis, as in Example III., so that any member of the 
system can be drawn at once. 

Note.—The labour of graduation can be lightened by using 
specially prepared logarithmically scaled paper (which can 
be bought) or by taking the distances from a slide rule. 

It may also save time to remember that the distance between 
two graduations depends only on their ratio ; e.g. the distance 
from 2 to 6 must be the same as from 7 to 21. 

Thus if 0-1 and 0-2 are marked on the scale, the positions 
of 0-4, 0-8, 1-6, etc., can be marked without any further 
calculation. 


EXERCISE XXIII. b. 


1. From the figure of Example III. above, read off 


(i) the current which will fuse a lead wire of diameter 
0-95 mm., and of 0-85 mm. ; 


(ii) the current which will fuse a copper wire of diameter 
0-95 mm., and of 0:85 mm. 
[Only a rough result can be expected, as not many secondary 
graduations are marked.] 
2. From the figure of Example IV. above, read off 
(i) the current which will fuse a copper wire of diameter 
0:25 mm., and of 0-45 mm; 
(ii) the thickness of copper wire required if a current of 30 
ampéres does not fuse the wire. 


D.W.A. 2B 
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8. The distance between the graduations 1 and 2 on a slide 
rule is 2:5 inches; find the distances between the graduations, 
(i) 2and 4; (ii) 2and 8; (iii) 4and 16; (iv) 2and 5; (v) 2and 10. 

4. The distance between the graduations 1 and 10 on a slide 
rule is 10 inches; what is the distance between the graduations 
(i) 2 and 3; (ii) l and 5? 

5. A scale Oz is graduated so that the distances from O vary 
as the squares of the values of z. The distance of the graduation 
“5 from O (the zero graduation) is 10 cms. ; what is the distance 
between the graduations ‘‘1” and “2” ? 

6. A scale Ox is graduated so that, for a uniform graduation 
of Oy, the graph of y= /z is a straight line. The graduation 


x=10 is 5 inches from OQ; find the distances of the graduations 
x=1 and x=5 from 0. 


”. Take two axes Ox, Oy graduated uniformly, unit for each 
1 cm., and draw the graphs of y=2az and y=3z. Now graduate 
the z-axis so that the distances from O of the graduations 1, 2, 
3, 4,... are 1, 4, 9, 16,...cm. What functional relations do 
these graphs now represent ? 


8. The time, ¢ seconds, taken by a marble to roll s feet down 
a certain plane satisfies the equation s=3-4t?. Represent this 
by a straight-line chart for 0<t<4. Show how you would 
represent the family s=kt?. Read off the value of s if t=2°9. 


9. The diameter d inches of Cornish boilers is connected with 
the indicated horse-power H by the relation d=11-4/H. 
Represent this by a straight-line chart for 9<H <49. 
What is d when H=30? 


Show how you would represent the family d=k4/H. 
10. Represent by straight-line charts on the same diagrams 
(i) y=3Va4+l; (ii) y=4Vn41; (iii) y=3V04+5; 
(iv) y=4Vx+5; for 0<a2 < 25. 
11. Represent by a straight-line chart the formula 


y=" —1-4 for l<a<6. 
What is y when 7=3°'5 ? 
In Ex. 12-16, use logarithmic graduation. 
12. Represent by a straight-line chart the formula 
p.v'%=475 for 10 <p < 50. 
What is »v when p=38 ? 
18. Represent by a straight-line chart the formula 


t=0-28d!* for 200 <d < 500. 
What is t when d= 320? 
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14. Thomson’s formula for the discharge of water through a 
notch is D?=3-91H*; draw a straight-line chart for 


O-1<H<06. 
What is D when H =0°44? 
15. Represent by a straight-line chart the relation 
y=(2-7)* for 0<2 < 2. 
What is y when r=1-2? 
16. Represent by a straight-line chart the relation 
xy?=25 for l<y <6. 
What is y when «=12? 


NOMOGRAMS—THREE OR MORE VARIABLES. 


The methods already illustrated are unsuitable for formulae 
containing more than two variables. 

Different types of methods have been evolved for such 
formulae, and are illustrated in the examples which 
follow; the diagrams constructed for this object are called 
Nomograms. 


Example V. To construct a nomogram for the function 
ax+by, where x, y are variable and a, b are given constants. 


Let z=ax + by. 

The problem is to construct a nomogram from which we can 
read off the values of z corresponding to x 
any values of x and y. 

We shall measure values of z, y and z 
along three parallel lines, which we shall p 
call the x-axis, y-axis and z-axis. 

Suppose 1” on z-axis=€ units, te caked 

1” on y-axis = 7 units, 

Draw a line HGF making 

EG=X.b.7 in., 
GF=.a.éin, E 


where X is any convenient number. 


Through #, G, F draw any three parallel lines, HX, GZ, FY; 
these are to be the three axes. 


Fie. 75. 
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Along EX, FY, measure off lengths EP, FQ to represent any 
definite values (x,, y:) ofandyrespectively. Then 


EP ="? inches, 


g 


FQ =F inches. 
Join PQ, cutting GZ in R; let GR=h inches. 
Draw LRM parallel to HGF cutting HX, FY at L, M. 
By similar triangles and parallels, 


PL_LR _EG. 
QM RM GF’ 


¢f. AX,— ath os bnh — by; 
2. ax, +by,=h(aé+ bn) 5 
*, 23=h(af+ bn). 
Choose the unit on the z-axis so that 1” on z-axis=af+by 
units. 
Then z equals the number represented by GR on this scale. And 


this is true, however x, and y, vary, for the position of GZ and the 
scale on GZ do not depend on 2, and 4. 


This result may be expressed in the following rule: 

To chart z=az + by. 

(1) Choose convenient scales for the z-axis and y-axis. 

Suppose 1” on a-axis = ¢ units, 
1” on y-axis =» units. 
(2) Take three points H, G, Ff on a line so that 
EG: GF =bn: a. 

(3) Draw three parallel lines HX, GZ, FY. 

(4) @Z is the z-axis, and its scale is 1” =aé+bn units. 

(5) If a straight edge crosses the parallel lines cutting off 
lengths representing x and y from HX, FY, then it cuts 
off a length representing ax + by or z from GZ. 

The z-axis is called the swpport line or Reference line. 


Example VI. For screw propellers, if the horse-power is 
increased by x per cent. and the number of revolutions per 
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minute by y per cent., the diameter of the propeller should 
be increased by z per cent., where z=0-2x —0-6y (adapted 
from Doig’s formula): chart z for variations of from 0 to 
10 per cent. and of y from 0 to 15 per cent. 


he 


Fie. 76, 


Take for unit on x-axis 1” =4 units, and on y-axis 1” =5 units. 
(N.B.—Figure 76 is printed on a reduced scale.) 


EG 5x06 15 3. , (4 
GP 4x09 4708) draw HG=3", GF=0°8°. 
Unit on z-axis is 1”=0-:2x 4+0-6 x 5 units =3-8 units. 
Owing to the minus sign in 0-2%—0-6y, the y-axis must be 
graduated in the opposite sense to that of the x-axis. 
With these data, the chart can now be constructed. 
The dotted line on the chart gives the reading z= —5 corre- 
sponding to x=5, y=10, and any number of numerical results 
can be similarly read from the chart. 


NOMOGRAMS CAN BE CONSTRUCTED FOR ANY 
NUMBER OF VARIABLES. 


Example VII. Chart z=}u+3v+9a+5y+4 for the ranges 
10<u<40, 10<v<15, 0<2<5, 0<y<10. 


Let p=}u+3v and q=9xr+ dy; 
. z=ptqt+4. 


We first construct the “ p” and “q” supports, and from them 
construct the “‘z ”’ support. 
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Take as units: 


1” on u-axis v-axis x-axis y-axis 


10 units 2 units 2 units 4 units 


(N.B.—Figure 77 is printed on a reduced scale.] 


Fig. 77. 


CRs] 6 11:6 . 
(1) For “p” support, >= 7— = ==:>;; take UP=1:5'", 
Tie [064 a ek Le att 
Scale on p-axis is 1” =3 x 2+4x 10=11 units. 


XQ 5x4 20 2 y 4 Lage 
OF (0x2, 18 181 ae ae 


(2) For “‘q” support, 
Q RP: 


Scale on q-axis is 1” =5x4+9x 2=38 units. 


Cee fg PAE ee eee : 
(3) Piers ae FOc1s11 1 divide PQ at Z in 


Scale on z-axis is 1” =1 x 38+1x11=49 units. 


(4) By substitution, when u=10, v=10, x=0, y=U, we have 
2=6+304+4=39. 


.. the graduation at the point Z in the figure is 39. 
“. we can now graduate the z-axis. 


(5) The dotted lines in the figure show how z is obtained for 
u=20, v=15, ~=4, y=5; giving z=120. 


Note.—(a) In actually drawing the figure, it is best to try 
to arrange so that axes are not too near together. 
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Take the points in the following order : 
(i) U, P, V at the proper distances apart. 
(ii) Q. The line PQ has to be divided in ratio 38:11; so 


choose PQ a convenient length, say } of ee =2°45 
inches. Then Z is half of 3:8 =1-9” from P. 


(iil) XYZ. 
(6) There is no need to graduate the support lines p, q. 


(c) It is usually best to graduate the z-axis by taking special 
values, and so obtaining two points of known graduations on it. 


EXERCISE XXIII. c. 


1. It has been suggested that the Chancellor of the Exchequer 
should regulate the tax on motor-cars by the following formula. 
For a car of H horse-power and weight W cwt., the tax should be 
£7, where T=0:4H+0-8W. Construct a nomogram to show the 
amount of the tax for cars of 10 to 40 H.P. and of weights 10 cwt. 
to 30 cwt. Proceed as follows: (i) Draw two parallel lines AH, 
BW 6 cm. apart and 15 cm. long and a line perpendicular to 
them cutting them at A, B; (ii) on AB, take a point CO, so that 
AC =4 cm., and through C draw CT parallel to AH ; (iii) the lines 
AH, BW, CT drawn in the same sense form the H, W, T axes; 
take as scale for the H-axis, 1 cm.=2 H.P., and as scale for the 
W-axis, 1 cm.=2 cwt.; then the scale for the 7'-axis is 

1 cm. =2 x 0:-44+2x0:8=£2-4 ; 
(iv) when H=10 and W=10, we have T7=12; mark at A, B,C 
the graduations 10, 10, 12 respectively. Graduate the H-axis and 
W-axis according to the units given in (ili), Measure off 5 cm. 
along C7’, and mark the point K so obtained 12+5 x 2-4= £24. 
Divide CK into 12 equal parts, so that each graduation now 
represents £1. 

This is the required nomogram. Use it to read off the tax on 

a car of (a) 20 up. weighing 18 cwt., 

(b) 25 H.P. weighing 30 cwt., 

(c) 30 H.P. weighing 30 cwt. 


9, Draw a line ACB so that AC=4 cm., CB=3 cm.; draw 
three parallel lines AX, CZ, BY (in the same sense) ; regarding 
this as a nomogram, take A, B, C as zero graduations on the x ; 
Y, Z axis; as units take 1 cm.=5 units on X-axis, 1 cm. = 4 units 
on Y-axis, 1 cm.=10 units on Z-axis. Graduate the axes, and 
read off the values of Z for (i) X=20, Y=20; (ii) X=15, Y=30; 
(iii) X =25, Y=12. Calculate the function Z in terms of X and Y. 
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Next suppose that the graduations at A, B, C are respectively 
10, 20, 30, but that the units remain the same, read off the new 
answers to (i), (ii), (iii), and calculate the new function Z in terms 
of X and Y. 


3. Work out all the results asked for in Question 2, taking BY 
in the opposite sense to that of AX and CZ. 


4. Draw the nomogram for the relation z=4:3¢+ 8-6y for 
0<x<5,0<y <5, and read off the values of z for (i) r=2, y=43 
(i) 7=3, y=1. 

5. For snapped rivets, l=d+ - + an , where 1=length of rivet 
before closing, d=diameter of hole, ¢=thickness of plate, all in 
inches. Construct anomogram for 0 <d< 14, graduated to Linch, 
and 0<t<4 graduated to 4 inch. Read off the values of J for 
(i) d= 3, t=14; (li) d=], t=23. 


6. Draw three lines UU, OV, OF, so that .-UOF= 60°=z FOV. 
Call these the w-axis, the v-axis, the f-axis, and graduate each on 
a scale 1 cm. equals ] unit. Regarding this as & nomogram, read 
off the values of f corresponding to (i) w=4, v= 4; (ii) w=10, v=6. 

If any straight line cuts OU, OV, OF at A, B, C, it can be proved 
1 
thats atone 00 
sented by the above nomogram. 
By producing VO to 7’ and taking OT as the t-axis, construct a 
eed 
uto't 

%. Draw the nomogram for the relation z=5-lx—3-4y +20 
for 10 <a < 20,0<y <10, and read off the values of z if (i) x= 12, 
y=6; (ii) c=18, y=9. 


Use this to write down the relation repre- 


nomogram for es 


8. Draw the nomogram for the relation z=3x—2y+5t for 
0 <x or y or t<10, and read off the values of z if (i) z=1, y=3, 
t=2; (ii) e=3-5, y=7°5, t=4°5. 


9. Draw the nomogram tor the relation z= 2x +y — 3t— 4w for 
50 <x or y < 100, 10 <t or w< 30, and read off the values of z if 
(i) x=60, y=80, t= 20, w=25; (11) e=75, y = 65, t= 25, w= 28. 


10. Draw a line CABZ such that CA=3 cm., AB=5 cm. 3 
draw two lines AX, BY perpendicular to AB in opposite senses. 
Regarding this as a nomogram, take C, 4, B as the zero gradua- 
tions for the Z, X, Y axes respectively ; as units take 1 cm.=2 
units on X-axis, 1 cm.=3 units on Y-axis, 1 cm.=10 units on 
Z-axis. Graduate the axes and read off the values of Z for 
(i) X=8, Y=12; (ii) X=6, Y=20; (iii) X=-5, Y=16. 
Calculate the function Z in terms of X and Y. 

Suppose next that the graduations at A, B for AX, BY are 10, 
40 respectively, calculate the new function Z in terms of X and Y. 
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11. Draw two parallel lines XAW, ZBY in the same sense 
6 cm. apart and a line ABT perpendicular to them cutting them 
at A, B. Regarding this as a nomogram and AX, BY BZ, AW 
as the w-axis, y-axis, z-axis, w-axis with zero graduations at A, B 
and ABT as a support line, graduate each axis on a scale 1 cm. 
equals 1 unit. Suppose the straight edge joining any two gradua- 
tions x, y cuts the support line AT at K and the straight edge 


joining any graduation z to K cuts A W at w, then w depends on 

x,y,z. (i) What function is w of 2, y, 2? (ii) Read off from the 

nomogram the values of w corresponding to w=4, y=3, z=5. 

(iii) Use the nomogram to read off the values of Seer and 
; : 4-2 

6:3 x 5-4 

71° USE OF NON-UNIFORM GRADUATION. 


In the nomograms so far considered, the graduations of 
the axes have been uniform. By using non-uniform systems 
of graduation, the method can be extended to more compli- 
cated formulae. For example, the formula z =32? + 2y* could 
be charted by graduating the axes so that the distance of 
any graduation marked “2” is at a distance up the scale 
proportional to 2’, etc., and then proceeding as in Example VI. 
We add one further example to illustrate this idea, the data 
of which are due to Professor Perry. 

Example VIII. For the Thomson turbine, if P is the total 
horse-power of the waterfall, H the height of the fall in feet, 
n the number of revolutions per minute, n =22-75H*™ x ree 
Construct a nomogram for n, for 50 <H <200 and 50<P<100. 

We have log n= 1-357 + 1-25 log H-0°5 log P. 

[The number 1-357 in the formula merely affects the position 
of the origin on the n scale: and this we shall fix by taking a 
special case. ] 

log H varies from log 50 to log 200 or 1-699 to 2-301, 
log P varies from log 50 to log 100 or 1-699 to 2. 

For log H axis, take 1” =0-15 unit. 

For log P axis, take 1” =0-1 unit. 

If any line cuts the log H, log P, log n axes at EH, F, G, 


EG 05x01 Ol el 


GF ~1-25x015 0:375 3-75 


Scale for log n axis, 1” =0-5 x 0-14 1:25 x 0-15 =0-2375 units oF 
1 unit = 4-210". 
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The log P axis must be graduated in the opposite sense to that 
of the log H axis. 
On ihe log H axis, the distance between (say) the 50 and 100 


- 0-301 — ‘ 
graduation is (log 100 —log 50) +0-15 in. => 55 = 2-007": in this 
way we can graduate the log H axis, and similarly the log P axis. 


(N.B.—Figure 78 is printed on a reduced scale.) 
H a 


200 2500 


2000 


1500 
1000 


75S 


100 
E Yp 
Fic. 78. 


By calculation, when H=50 and P=50, we have n=427-6. 
Join these two points on the H and P scale; where the join cuts 
the “n” support, we mark the graduation 427-6, and graduate 
the scale upwards from this point. 


EXERCISE XXIII. d. 


1. If a car of H horse-power and weight W cwt. is taxed £7, a 
possible way of choosing 7’ would be to use the formula T= 4/HW. 
Construct a nomogram to show the amount of the tax for cars of 
10 to 40 H.p. and of weights 10 cwt. to 30 ewt. Proceed as 
follows: (i) Write down log 7 in terms of log H and log W. 
(ii) Draw a line ACB so that AO =3”, CB =1", and draw three lines 
AH, CT, BW perpendicular to AB and on the same side of it f 
these lines form the H, 7, W axes, which will be graduated 
logarithmically. (iii) Take as unit both for log H and log W, 
1 inch=0-1 unit ; then the unit for log T is 


1 inch =}x 0-14 $x 0-1=0-1 unit. 
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(iv) Mark at A the graduation 10 H.P. and at B the graduation 
10 cwt. What is 7 when H=10, W=10? What is the gradua- 
tion at C? (v) log 20—log 10=0-301; but 1 inch=0-1 unit; 
“301 
. . 01 

Graduate in this way the three axes. (vi) From the nomogram 
read off the tax on a car of 

(a) 20 H.P. weighing 20 cwt., 

(b) 20 u.P. weighing 30 cwt., 

(c) 15 H.P. weighing 25 cwt. 

2. The horse-power H transmitted by each inch width of a belt 
} inch thick is given by H =0-0036dn, where d =diameter of pulley 
in feet, n =number of revolutions per minute. Construct a nomo- 
gram for 100<” < 300, 1<d< 10, and read off from it (i) the 
value of H if n=250, d=6; (ii) the value of 7 if H=5'5, d=8. 

8. Represent by ® nomogram Edwards’ torsional resistance 
formula d? = 5195 for 10 <m < 50, 4<f <7, and read off (i) the 
value of d if m=35, f =5-5, (ii) the value of f if m=20, d=2-7. 

4, Represent by  nomogram the formula z= 2zxyt? for 1<~az or 
y ort <3, and read off the values of z if (i) s=1-5, y=2°5, t=2:1; 
(ii) c= 2-5, y=1-8, t= 1-4. 


therefore the 20 graduation is or 3-01 inches from A. 


: it 3 Ropes UDEEL 

5. The discharge of gas in pipes is given by Q = 20000 7 a 

where Q cu. ft. of gas are discharged per hour through a pipe of 

diameter D inches and length L yards under a pressure equivalent 
to a head H inches of water. Construct  nomogram for 

80<-L<100,.1<D <6,,05=H <1 
Read off the values of Q if (i) L=85, D=2, H=0°8; (ii) L=92, 
D=3-5, H=0-65. 


6. [D’Ocagne’s nomogram for any quad- 
ratic equation.] 

To construct a nomogram for solving 
the quadratic #?—at—b=0, proceed as 
follows : 

(i) Make an accurate drawing of the 
Uri 
graph of y= ee 
0-9 (see Fig. 79), taking the unit 
on the z-axis as 5” and the unit 
on the y-axis as }”. 


(ii) Take C on Ox at unit distance from O (t.e. 5”), and draw 
CA parallel to Oy; draw any line cutting Oy, CA and 


from x=0 to 


oO N C v 
Fie. 79. 


440 ALGEBRA {oHAP. xxIII.] 


the curve at B, A, 7, and let OT produced meet CA 
at IT’. Draw J'N perpendicular to OC. 
(iii) Let ON =z units, NT =y units, OB=6b units, CA=a units, 


and let 4 =t. 
t i 
x 
Prove that (1) ey Saar sey 1 poo 
y-a_b-a 
(3) #2—at—b=0, 
Pai’ fa 
(4) CT md t. 


(iv) Regarding the figure as a nomogram, take OB, CA as the 
b-axis and a-axis, and graduate them in the same way 
as Oy, viz. 4 inch equals 1 unit. 

To graduate the curve, join O to any point on CA, e.g. to 
a=2, and mark the point where this line meets the 
curve 2. This means that for this point on the curve 


t=2—CT' =2. 
In this way, the different values of ¢ are marked all along 
the curve. 


(v) Use the nomogram to solve #?—2t—3=0. Join the points 
a=2, b=3, and read off the value of ¢ where this line 
cuts the curve. 


(vi) Use the nomogram to find one root of 
(1) #-2t¢-5=0, 
(2) 24+ 2#-3=0, 
(3) #?4+2#-5=0. 
What inference about the roots of the equation 
2+ 2t+2=0 
can be drawn from the nomogram ? 


(vii) The sum of the roots of #?—at—b=0 isa; use this fact to 


write down the second root in the equations given in (v) 
and (vi). 


(viii) How could you use the nomogram to solve the equation 
vi— 237 —485=02 


In the preceding pages, it has been impossible to do more than 
give a brief introductory account : those who wish to pursue 
the subject further should consult either Brodetsky’s First 
Course in Nomography, or d’Ocagne’s Traité de N omographie, 
or one of the other books mentioned in the Introduction. 


CHAPTER XXIV. 


FURTHER DEVELOPMENTS FOR THE SPECIALIST. 


THEORY OF QUADRATICS. 
[Note.—It is assumed in this section that the letters a, b, c, 
Pp, q, r, stand for real numbers, unless otherwise stated.] 
If a, B are the roots of az*+bx+c=0, then [see Part I. 
p. 153] 
ax? + bx toxa(st+20 +2) =a(x-0)(2—-f) 
=a[x?-—ax(a+f)+aP]} 


#. the sum of the roots=a+f= 2 


the product of the roots = af =<. 


[These two results should be learnt by heart.) 
By formula, the solution of the quadratic is 
—~b+/b? — 4ac 
2a ; 
Hence (i) if b?-4ac is a perfect square, the roots are 
rational and unequal ; 


T= 


(ii) if b2?-4ac > 0, but not a perfect square, the roots 
are real, irrational and unequal ; 


(iii) if b?-4ac =0, the roots are real and equal ; 
(iv) if b2-4ac <0, the roots are imaginary. 
The expression b*-4ac is called the discriminant of the 


quadratic function aa*+bxr+ce. Its sign determines the 
44) 
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nature of the factors of this function; and the factors are 
rational if the discriminant is a perfect square. 


Example I, For what range of values of x is the function 
5 +72 —6x? positive ? Find also its greatest value. 
(i) 5+ 7x—6x*=(1+ 2zx)(5— 3x) =2(}+a)(—3)(x—§) 
= —6(x—%)(x+}). 


The function is positive if (x — §)(«+4) is negative. 
If x > §, each factor is positive ; 


*, the product is positive. 
If§ > «> — 4, the first factor is negative, the second is positive ; 
*, the product is negative. 
If —}> 2, each factor is negative ; 
*, the product is positive ; 
¢. the range of values is § > x > -}. 


(ii) 5+ 72— 6t=5-6(- +21) 
= 7 2 49 
=5-6(7,-2) +a 

7 a 

Now the least value of (3 -2) is zero. 


“. the greatest value of 5+7x—-6z? is 73, and the function 
has this value when x= 4. 


Example II. Prove that the roots of 
(1 +@?)a?-2(1+ab)z2+1+4+6?=0 
are imaginary. 
The discriminant = 4(1 +a@b)*— 4(1+a*)(1+4%) 
= 4[1+ 2ab + ab? — 1 —a*— b*—a*b4} 
= —4(a3— 2ab +b") = —4(a—b)!, 
which is negative : 
.”. the roots are imaginary. 


Example III. If a, B are the roots of az?+bx+c¢=0, find 
. a 2 ee 
(i) the value of 3 + . » (ii) the equation whose roots are 2a, 26. 
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(i) a+f= mee a=". 


a? B*_ a+ f* _ (a+ B)(a*~ 08+ 6%) 
B a a ‘G a3 ey 
_ («+ B)[(a + B)* — 348] 

af 


ga, 0 = 
a La* at —b(b*—3ac) 
oe c - a*c. ; 
a 
(ii) Put y= 22, so that when =a, y=2«; 
2 
s nas; 5 a(¥) +0()+e=03 


*, ay?+2by+4c=0 
is the required equation. 


EXERCISE XXIV. a. 


_1. State whether the roots of the following equations are real, 
coincident or imaginary ; and if real, what sign. The actual roots 
are not required. 


(i) w3?-3”2-—5=0; (ii) v*4+ 97% -—173=0; 
(iii) 779-27 +5=0; (iv) v?—14%+49=0; 
(v) 38~74+105¢+1=0; (vi) 38a3+2+105=0. 


2. Form the equations whose roots are 
(i) 2, -13; Gi) 0,23 (iii) a+6,a—-b; (iv) a, b, C$ 


(v) +72; (vi) V2+1, V2-1; (vii) - -<. 


3. Express as simply as possible the roots of ax* + 2bx +c=0. 


4. Find the greatest value of a for which v?—5x+a=0 has 
real roots. 


5. What must be added to 4a%—5x to make the result a 
perfect square ? Find the least value of this function. 


6. If z is real, find (i) the greatest value of 1+ 2%—2%, (ii) the 
least value of 527-2. 


9. If x is real, prove that x*— 3x +3 is positive. 


8. For what range of values of x is (i) 3—2x—- 8x* positive ? 
(ii) 20-2 —3 negative ? 


9. How is x limited if x?+ 3x —4 is positive ? 
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10. For what range of values are the following functions 
positive ? 

(i) (e+1)(a@-1)(x-83)3 (ii) (2a —3)(x%+ 2)(38a—1)5 

(iii) (l—@)(w+4)(2x4+1); (iv) (ew —1)(x—3)(x+1)(e +3). 


; —2 Ai) Way ~~ 
11. State the values of x for which cde ea) is (i) positive, 


(ii) negative. 
= Ayers ita 
12. State the values of x for which eit ae is (i) positive, 
(ii) negative. 
13. (i) One root of 5z?—17a+k=0 is 1-4; what is the other ? 
(ii) One root of 5a*—kx —-39=0 is 2-6; what is the other ? 


14. One root of 52+ 9x%+c=0 is double the other ; find them: 
also find c. 


15. Find 6 if 322+b2+4=0 has equal roots. 
16. One root of x? — px +12=0 is three times the other ; find p. 
17. If «, 8 are roots of x?+g¢x+r=0, find the condition that 
(i) «=22 ; (ii) «=-B; (iii) A733 
(iv) a= 3 (v)ra=085 (vi) a-—B=1, 


18. Prove that the roots of 7?— 2ar—5b*=0 are real. 


19. (i) Prove that (a+b—c)?+4c(a+65) is a perfect square. 
(ii) Prove that (a+6)a*+a(a+b—c)—c=0 has rational 
roots. 


20. Prove that a(x*—y*)+bay has real factors. 


21. Prove that the roots of (a*+6*)x*—2(a+b6)x+2=0 are 
imaginary. 


22. Prove that the roots of (a+ 4b)x—2(a+b)x+a—2b=0 are 
rational. 
23. Prove that the roots of (w—a)(x—b)=c? are real. 


24. Prove that the roots of az*+bx%+c=0 are rational if 
a+b+c=0, 


25. Prove that (a?+bc)x?+(a—b)(a—c)x—a(b+c)=0 has 
rational roots. 
1 1 1 


Aa 12) h = 
rove that ian wee ha aa, 0 has rea] roots, 


27. Find k if (8a —2y)?+k(a—y)(x— 2y) is a perfect square. 
28. Find the sum of the squares of the roots of 323-— 7a—5=0. 
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29. If a, 8 are the roots of 2~?— 5a=8, find the values of 
@) Gtgt i) AaB +B; Gill) (1404489, 


30. Find the conditions that the roots of 22+bx+c=0 are 
respectively # of the roots of z?+qz+r=0. 


31. Find the condition that the roots of z?+bx+c=0 differ 
by 5b. 

32. (i) Form the equation whose roots are ten times the roots 
of ~?—47=9. 

(ii) Form the equation whose roots are 1 less than the roots 
of 2a3-a=4. 

33. (i) Form the equation whose roots are the squares of the 
roots of 27?—4%=3. 

(ii) Form an equation whose roots exceed by 2 the roots of 
u*?#—4x¢7=7. 


84. What is the connection between the roots of az?+b’a+c=0 
and those of ax*+bpx+cp?=0? 


385. Find a condition, independent of p, that the roots of 
: Fe 1 
2 = . L aig. 
ax? +bx+c=0 are (i) pand p+1; (ii) 1 is and Lal 


86. What can you say about the nature of the roots of 
v?+2(a+6)x + 2a*+2b7=0? 

87. Prove that 322+ 7xy + 2y?— 2x2 +y-—1 has rational factors. 

38. The sum of the roots of z?—(a+7)a”+2(2a+1)=0 is half 
their product. Find a. 

39. Find a if the equation «?—4(1-—2a)x+4-—5a=0 has equal 
roots. 

40. What is the condition that «?+av+1=0 and 2?+2%+a=0 
have one and only one common root ? 

41. What is the condition that 2? + xy — 2y? and ax? + 2hay + by? 
have a common factor ? 

42, Given that 3x7—29%—44=0 and 3x?+73x+92=0 have a 
common root, find it. 

43. What is the condition that 23+bx+c=0 and 2?—cx—b=0 
have a common root ? 

44, Ifa+b+c=0, prove that ax*+bx+c=0 and bx*+cx+a=0 
have a common root. 

45. What is the condition that az*+ax+c is positive for all 
real values of x ? 

D.W.A. 28 
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46. lf x, y, z are real, prove that #*+y?+ z* — xy — yz — 2% cannot 
be negative. What follows if the expression 1s zero ? 


1 
47. If x is real, what limits are there to the value of x = t 


: A oo ge 
48. (i) Solve the equation ry | =k. 


(ii) What is the condition that the roots of this equation 
are real ? 


(iii) If x is real, what is the least value of oe ? 


49. If x is real, find the limits within which ae 
cannot lie. (x + 1)(x—8) 


; wre fei : 32+ 2 ; 
50. If x is real, find the limits within which erarr i must lie. 


51. If x is real, prove that — is capable of any real value. 


52. If «, B are the roots of 23+qx+r=0, form the equation 
whose roots are (i) a Z ; (ii) a%@—aB, B2-af. 


53. Find the condition that the roots of x?7+qx+r=0 differ by 
the same amount as those of 77+bx+c=0. 


54, Can real values of 2 and y be found such that 
(i) w@+y*—4e+2y+5=0; 
(ii) a*+y?—6y+10=07? 
55. (i) Write down the equation whose roots are «, B, y, and 
express it in the form x$+ px*+qur+r=0. 


(ii) If «, B, y are the roots of ax*+ba?+cxa+d=0, express 


alae and a3+By+ye and «By in terms of 
a, » Cy 


56. If a, 8, y, § are the roots of a+ px’ + qu*+rx+s8=0, express 
P, 4, r, 8 in terms of «, B, y, 8. 
57. What can you say about the roots of the equations 
(i) #+qu+r=0; 
(ii) e8+px?+qvu+p=0; 
(iii) v+qvi?+s=0; 
(iv) #4 px?+qr=0. 
58. The roots of w°+px*+qe+r=0 are 3, 1, —2; what is the 
value of q ? 


te Two of the roots of x? + qv +r=0 are 4, 3; what is the other 
Too 
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ALGEBRAIC FORM. 


The ideas included under this heading are of too general 
a nature for illustrative examples. 


EXERCISE XXIV. b. 
1. Use the identity 23+ y?=(x+y) (x? xy +y?) to factorise 
(i) 27—-y?s = (ii) (+b)? +(B+c)*; — (iti) (@ +B)? - (6 +0). 
2. Use the identity a*+a?b?+b4=(a?+ ab +b?) (a*—ab+b?) to 
factorise 
(i) at + 4a? + 16; (ii) (w+y)* + (x8 —y?)* +(x —y)*. 
3. Given (17+ y)*=a4 + 4x8y + 6x2y? + 4xvy°+y', write down the 
expansion of (2x — 3y)*. 
4. Given that the square root of 1+x(%+1)(x%+2)(~+3) is 
1+ 32+, write down the square root of 
(i) 1+(@+1)(x+2)(a%+3)(x+ 4); 
(ii) y*+ (x+y) (w+ 2y) (x + 3y) (a + 4y). 
5. Prove that 
(2+y)?+3(x+y)2+3(a+y)2>+2° 
=(y+z)?+3(y+z)*e+3(yt+z)ur2+a%, 
6. If x+y+z=0, prove that 
(i) a +y?+2*=2(x* — yz) § 
(ii) y2-—zv =2?—-2y. 
7. Given that the area of the triangle whose sides are of 
lengths x, y, 2 is 
tV{(ct+yt+z)(ct+y—2z)(y+2—x)(z2+u-y)}, 
find the area of the triangle whose sides are «+y, y+2, 2+. 
8. Given that «=1 is a root of «°+2a4+2x?=5, write down 
@ second root. 
9. Given that a =§ is a root of 6x3 — 7z?— 7x + 6 =0, write down 
a second root. 


10. Given x + 2y is a factor of 4a*— 17x%y*+ 4y‘, write down the 
other three factors. ° 
: o- 1 
11. Given @aare ie ate 
the difference of two fractions. 


12. Given that (a1+y+z)*—2?-y?-28*=3(2+y)(y+z)(2+2), 
factorise x*y* + y*z? +292* — (ry +yz+20)*. 


1 3 
meee express (a+4)(@+1) as 
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18. Factorise (a + 3b)? — 5(a + 3b) (7a — 11b) — 14(7a — 116)*. 
14. Given that a+b+c is a factor of 
at +b! + ct — 2b%c3 — 2c2a* — 2a*b4, 
write down the other three factors. 


15. What is the effect of writing px for x and py for y in the 
ex pressions 


: aa” — by” ., Vat+y 
) year ayy) ay 
16. Simplify a - a = ame? 


17. Generalise 
(x —y) (x+y) (a*+y*) (at + y*) (v8 t+y*) Sate—y™ 


18. Given that x+y=a and x?+y*=b?, state with reasons 
which of the following statements are obviously untrue : 


: 1 oh) darth takers 
(i) ey=5(a*—b*); (ii) | y ato 

2b ; b 
Cerca (iv) a +y° = (304—a"). 


19. Given that (ab + xy)? + (ay — br)?= (a? +24) (b*+y?), 
(i) write down the factors of (ab —xy)?+ (ay + bx)? ; 


(ii) express (a?+a*)(b?+y*)(c?+z2?) as the sum of two 
squares. 


20. How many terms are there in the expansion of 
(a+b)(c+d)(e+f/)(g+h)(k+l) 2 
Which of the following terms belong to this expansion (i) acfhk, 
(ii) aceg, (iii) bdefk, (iv) bdfgk, (v) lgfcb ? 
21. Find the coefficient of 27 in 
(1 — 2a + 825 —a@5 + @°)(1+a2+4 2x3 — 428), 
22. Find the coefficient of x?° in 
(L—x?+2%—a + a8 —...)(L+ad4+at04q15 +...) 
23. Find the coefficient of 2" in 
(i) (1+a"-1)(1+ 2a + 3a%+4 4x3 +...) 3 
(ii) (L+2)(1+a%+at+a%+...); 
(ili) (l+a*)(l+a?+at+a%+...)3 
(iv) (l—a)(l+a+a2+25+...), 
24. Find the coefficient of 71° in 
(1 + 2x8 + 3x* + 4a® + Fatt +.,..)% 
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25. Find the coefficient of (i) x°, (ii) 2” in 
(lta+a%?+a3+...)(l+c+u?+a3 +...) 
26. What is the coefficient of «” in 
(i) 14+ 274374 405+... ; 
(ii) (1 —@)(1 + 2a 4+ 3x74 403+...) 3 
(iii) (1 — 2a +%?)(1+ 20+ 3x74 40° +...) ? 
27. What is the coefficient of 2" (n odd or n even) in 
(i) l—-w+a?-a2?+a4-... ; 
(ii) l+a—x73—a?+at+a5—-—v—a7+...2 


28. Given that, if n is a positive integer, 


hes n(n—1) ,, n(n—1)(n—2) 
(1+2) i la al Bes iS Calas iar eek: Pel L? + oes 
n(n—1)(n—2)...(n—r+1) 
- 1.2.3.4.f Sitiery? 


write down the expansion of (i) (1+)®; (ii) (a@+6)*. 

29. Assuming the identity in Ex. 28, write down the coefficient 
of a‘b? in (a+))’. 

30. Assuming that the identity in Ex. 28 is true for all values 
of n, provided that 1>a> -—-1, find approximate values for 
(i) V1 +a, (ii) a if 2 is so small that x* and higher powers 
of x can be neglected. 


31. If h is so small compared with x that (Gy can be neglected, 
use the statement in Ex. 30 to find an approximate value for 
Vath. 

32. If l>a>—1l, use Ex. 30 to expand (i) (1+2)-*; (ii) 
(1-2). 

33. It can be proved that, if x, y, z are any positive quantities. 
v+ytzZ 
3 

Assuming these results, prove that 
(i) (w+y)(y +2)(2+@) + Bayz 5 


ac Ler Lael 
(ii) (ety +2(Z+5+5) 9. 
84. What is the connection between the graphs of 


a (a — 3) x(x +3) 
(aay) ON Ger set) 


oY Nay and t Varyz. 
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35. Prove that the graphs of 
x(x —1) a Aa 2 
(a +1) (x — 2) (x + 1)(a—-2) 
are of the same size and shape. 
36. Given that 
(a? — pb?) (c* — pd*) = (ac + pbd)* — p(ad + bc)’, 
express (a? — pb?) (c? — pd*) (e? — pf?) in the form Y*—p. Z*. 


87. Given that «= zm = bp satisfies the equations ax + by+c=0, 
px +qy+r=0, write down the value of y given by the equations. 
38. Given ax?+ 2hay + by?=0, la +my=1, it can be proved that 
x?(am* — 2hlm + bl?) + 2x (mh — bl) +b=0; write down an equation 
in y independent of a. 
‘ k : aie: 
39. Given that x a eS NCES is the value of 2 satisfying 


xty+z2=0, axw+by+cz=0, atx+b*y+c%z=k, write down the 
values of y, z 


40. Given that x= ee yee is the value of x arising 
x y he gare y oO) sedi y is 
TON way Ope Porn para ret et ate 1, 
write down the values of y, z. 


PROPORTION. 


Example IV. Tie b =5 => prove that each fraction is equal 


patge+re a) 
to Patge tre Pas |e 
° pb +qd +rf enctia Niece + qd*f 
Let Brace “ @=bk, c=dk, e=fh; 


: patgqe+re_pbk +qdk+rfk _, _@ 
‘ pbh+qd+rf pb+qd+rf ~ 6’ 


‘ pa + gore (te) = ve = = 
a 4 Coepaay) , pb* + qd*f N= Ps 5: 


C+y Yr 242 
Example V. Soar ein poe find a: y:s, 


Each fraction = (e+y)+(y+z)—(2+2)_ 2y 
44+5-6 3° 
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233 2a 2a 2z 22 
s pees Se rae tacos Po Sonia 
imilarly, each ree eee and Ba6—4° 7: 
a 5-3-5 or w:y:2=5:3:7. 
Example VI. If a, 6, c, d are in continued proportion 
prove that 2 c 
(i) b=dk?, a=dk°, where 5) =k; 
a-b b-c 
(ec ac ad 


* c=dk; b=ck=dk.k=dk*3 
a=bk=dk?.k=dk’. 


so hadith er et SD 
ea ae Goa deed 
, a—b b-c 
=o c=a- 


Or, as follows: 


@  0.%¢ , a b-e a a-b. 
ba ds bee at by Example IV., p. 288, and td Fr 
Gap Ee 
—c c-—d 
CROSS-MULTIPLICATION. 
Example VII. 
Given hee +by+c¢,2z=90, 
a,x +b,y +c2=0, find x: y:2. 
We have a,c,v + bycny +¢,c.z=0, 
A,C,X + boyy + C2042 =0 ; 
oe © (AyCg —AaCz) + y (DyC2 — B21) = 05 
J. @ (CA, — C01) =Y (b,C_ — 504) § 
. x ae y Nes oa Poe 
°° Bye, —ByCy CG g — Cay ae ery ab,—a,b, 


Determinant Notation. 
The symbol e | is used to represent ad — be, and is called 


a determinant. 
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The relation found above for x: y:2 can therefore be written 


EXERCISE XXIV. ¢. 


ut 7088, prove that a=". 
2. It oie = prove that q?=pr. 

3. If art prove (i) artes =; (ii a Ste - - 

4. 15 F-a7 , prove that © p _ 

5. If aa state which of the following equations are 

identities : 

a ete as—e, iy SHES, Gi) 
Oye ey te ee 
eee api (viii) eee 53 
Ga) Batt ds ) een ae 

Gu Lt rab, prove that b+c is a mean proportional between 

a+b and c+d. 


9. If v, w, x, y are in continued proportion, prove that 
(vt+wt+aty)?=(vt+w)?+2(w+ax)*+ (x+y) 


+ +Z 2-t t 
8. Solve i 5 =e ,et+yt2e2+t=7. 
o. Ib = b> * and if a, b, c, d are positive, prove that 
q sore 6 
b- b+d° @ 
10. Solve = —20+5 _ wtt2e—6 


3a34+42—-1 3a?-4241 
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ll. Given 2a +y+5z=0, 37+ 2y+z=0, write down a: y:z. 

12. (i) Given 3a —y—2z=0, 5u+y—3z=0, write down #:y:z. 
(ii) Solve the equations 32 —y—2=0, 5a+y—3=0. 

18. Given x + by—cz=0, ax—y+z=0, write down x:y:% 


14. Write down the solution of the equations az +by+c=0, 
pxe+qy+r=0. 


15. Write the equations 
a,x*+ 2hyry+by?=0, a.x4+2h.vy+by'=0 


2 a 
in the form eee 


and hence find a relation independent of x and y. 


16. Solve the equations 
x+2y+5z=0, 5e—4dy+4z=0, vw? —y*—2z?=3. 
17. Tf ayz+bytez=0, ar+byt+c2=0, agv+bsy +c 2 =0, 


b Camas) and, = 
prove that a,| >? 2/4, C, Pa ie: a Bln’ 
a 5 ¢ 
This is usually written|/a, 6b, c,/=0. 
G3) Oz) Cs 7 
18. If 52 —-2y+z=37+y—-4z2=0, find the value of oat 


(ea. eek, 
Z-Y y-z 2-2 

20. What number must be added to each of the numbers 27, 
60, 3, 18 so as to make them in proportion ? 


19. If 


, prove that a+b+c=0. 


at a‘t+3c%e a‘ + d3acte — Bace’. 
oie bo an 7 fill up the gaps in 7,= ——_—_— = 
[Notice the different dimensions.] 

a+c (a> — “)) 
22. li = (> fill up the gap in F" > = (‘= . 


2_29,3 
23. Complete = wt =7-5 ae 


a in terms of a, b. 


24 Tf - haa -- ©XpTess = 


1 
25. li p?+q?=1, complete = =7=-. 


at+y? _ cy(y- —2) 
ax+by ay?—ba® 


26. If a= ; » prove that 
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> NOTATION. 


f(z, y) is called a homogeneous function of x and y of degree n 
if f(ka, ky)Sk"f(x, y). 

E.g. x? —7x*y +5y° is @ homogeneous function of x and y 
of degrve 3, because 

(ka) —'7 (kar)? (ky) + 5 (ky)8 = 8 (x8 — Ta?y + 5y). 

f(x, y) is called a symmetrical function of x and y if 

f(z, N=fly, 2). 

E.g. 3x3 —Txy +3y? + 2a +2y —3} is @ symmetrical function 
of x and y, because the expression remains unaltered when 
x and y are interchanged. 

The notation is a short-hand method of representing the 
sum of a number of things of the same type. 

E.g. if we are using 3 letters a, 6, ¢, 

Tha =5a+5b+5c, 

x (ab) =ab + be +ca, 

> (a%b) = a2 + ab? + b%c + bc? +. c¥a +. ca’, 
In an analogous fashion, 


Yr* is used to represent 1? + 22+37+...+n!, 
1 


and Sr? is used to represent k? + (k+1)?+(k+2)?+...+n?, 
k 


where n, k are positive integers and n> k. 


Sometimes it is necessary to show what letters are involved 
in the expression. 


Thus Y (ab)=ab+ac+ad + be +bd +cd. 


a bad 
Example VIII. Prove that 
(i) ¥ (a8) —-3abc= > (a). X(a* — bc) 3 
a,b,0 
(ii) X (y5z8) + 38ayz. X (x). d (yz) —[2 (yz) P=3x2y%z2, where 
> extends to z, y, 2. 


(i) S(a)=a+b+e3 S(a*—be) =a*—be+b*—ca+c*—ab 
=a*+b*+c*— be —ca—ab. 
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By direct multiplication, 
(a+b+c)(a?+b*+c? —bc —ca—ab) =a? +b? +c* — 8abc ;s 
*. > (a). >(a?— bc) = > (a?) — 8abe. 

(ii) We have )»>(a?—bc) => (a? + 2bc) — 35 (bc) 

=[>(a)]?-— 3D (bc) ; 
*, from (i), >(a*) — 8abc= S (a). {[>(a)]? — 3 (bc)} 

=[>(a)]? —3D (a). d (bc). 

Put a=y2, b=22, c=xy. 

Then »(y3z*) —3x2y?z?=[>(yz)]® — 3D (yz) . & (xyz) 
= [ZX (yz)]* — 3aryz D (yz). d(x), 

which is equivalent to the required result. 


EXERCISE XXIV. d. 


1. Simplify (i) 2 (x —y)3 (ii) = (x*—y*) 
(iii) E a(b—c) 5 (iv) SU(r + 1)8=9"). 


Prove that 2 [be(6 - 0] + >[a(b?—c*)]=0. 


2. How many terms are there in the expansion of 


(i) Dabs (ii) E (a). Dad); (i), B fa); liv) B (3) 
[= (4) and > (2) represent the same thing. | 


3. Express as simply as possible in the 2 notation : 


(i) (2 (@)]}? - 2(a*) 5 (ii) 2 (a+0)*; 


(ii) E (@). = (3) => () (iv) 3 (a). E(ab)— E (a) ; 


and simplify (v) > log(1 +7) ; (vi) D log (1 + *} 
1 
4. The identity (r+ 1)?—r?=2r+1 leads at once to 
SU(r+ We D (er + 1)= 23 (r) + 3(1). 
(i) What is the Mus of (1) ? 
(ii) What does X(r) reer ? 


(iii) Use the fdeniity to prove that > (r) pus? 1), 
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5. (i) Prove that EU(r+1)—r]= 3 (378+ 3r +1). 


(ii) Use this japattty and the eat of Ex. 4 (iii) to prove that 
x n(n+1)(2n+ 1) 
Sri= n(n+1)(2n+1 
na 6 


6. (i) Prove that Slr+ 1)f-r‘]5 E(4rs +6r?+4r+1); 
(ii) Use Ex. 4, 5 to prove that Sr= be ade te 
7. Given that panne’) , find the value of Sir -1). 
8. Given that Baa =2"—1], find the value of (2 — 2). 


: 1 
9. (i) Find the value of 5 (2 . 1) 


f irl 
(ii) What series does > neat represent, and what is its sum? 
1 
10. Given that Seat Dien) , find the value of Sys, 
1 g 


where p, g are positive integers, p< q. 


11. Given that Some ere een find the value of 
1 


Er(r +1) where p, g are positive integers, p< q. 


1 n su 1 
12. Given that © vied) nS meres b find the value of ¥ ep Hy 


18. (i) Use aie > S notation to write down the most general 
homogeneous symmetrical function of a, y, z of the 
second degree. 


(ii) Find the function if its value is 3 when r=y=z=l, 
and also 3 when 7=y=0, z=1. 
14, If f(x, y, z)=ad (x8) +b> (vy), find a, b, given that 
f(Q, 1, 1)=12 and f(0, 0, 1)=2. 
15. (i) Express f(x, y, z) in the S notation, if f(z, y, z) is the 


general symmetrical homogeneous function of the 
third degree. 


(ii) Find the constants if (0, 0, 2)=8; 
FO Ss. 


16. Given > «=a and » (2?) =b?, express in terms of a, b 


“i (i) X (zy); (ii) D (a) — 3ayz. 


f(0, 1,1)=6; 
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¥ Fes Given 2 (z)=a and > (ry) =b?, express >(a”—y)? in terms 


18. If } x=0, prove that 
ay,% 
(i) (w@+y)(y+2)(2+x) +xyz=03 
(li) > (ay) = — 3xyz. 
19. Prove that /> Yee 2y= 3(x—y)(y~-z)(z-2). 
20. lf f(z, y, Ne > (aa) 2S Ue), prove that 
S(ath, yth, z+h)=f(a, y, Zz). 
21. 1 > (x) =a, >a? = 3b, xv = 3c’, express (vx —a)(y —a)(z —a) 
in terms of a, b, ¢. 
22. (i) Express 2 } (x?— yz) as the sum of three squares. 
@,y,z 


(ii) If w, y, z are real, and if >(x?)=>(yz), prove x=y =z. 
D3. i> (x) =(3)= 1, prove that Sx=az or y orz. 
zy,2 


24, Tf > (2) =0, express xy + 2yz in the form ax* + by?+cz*. 
REMAINDER THEOREM—FACTORS. 
If the function f(x) =a,2" +a,_,"-1+... +a,% +a, is divided 
by 2 —k, it is required to prove that the remainder is f(k) 
Suppose the quotient is Q(x) and the remainder is R, where 
R is independent of zx. 
Then f(x)=(a—k). Q(x) + BR. 
In this identity, put 2 =k ; 
* f(k/)=0+R; 
*, the remainder =f (x). 
In particular, if & is such that f(k) =0, the remainder is 0, 
and therefore x —k is a factor of f(x). 
Example IX. Find the value of a if +2 is a factor of 
x —ax? +72 +10. 
If x +2 is a factor, the expression vanishes if v= —2; 
*, (—2)?—a(—2)8+7(—2)+10=0; 
“ —8—4a-—144+10=0; 
*, —4a=12; 
& a= -3. 
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Example X. Factorise > x(y—2)(y+2- oy 


Zz, ¥,t 
The given expression =/(z, y, 2) 
=a(y—z)(y+2—a)ty(z—a)(z+e—y)t2(e—y)(u+y —2) 
If x =0, the function =yz(z—y)* +2(—y)(y—-2)* 
=y2z(y —2)*— y2z(y —2z)}*=05 
+ x is a factor of f(x, y, Z)- 
By symmetry, y and z are also factors. 
Again, if y=z, the function =z(z—x)a*+z(a —z) a 
=a'z(z—x)+a4z(x—z)=03 
+, y—z is a factor of f(z, y, Zz). 
By symmetry, —2 and x—y are also factors ; 
2. f(a, y, SA. wy2(y —2) (2-2) (e—Y)- 
But f(z, y, z) is a homogeneous function of degree 6, and 
xyz(y —2z)(z—x)(x —y) is a homogeneous function of degree 6. 


:. A must be purely numerical, independent of x, ¥, 23 
& putting <=1, y=2, z=3, we have 
(1)( — 1) (4)* + 2(2)(2)* + 3( — 1) (0) 
= A (1)(2)(3)(—1)(2)(-N)3 
# —256+64=124 ; 
2. 12A=—192 or =-—16; 

A Dx(y—z)(yte—x)s — l6xyz(y —2)(z—2)(e—y). 

Note.—Sometimes the value of A is best found by equating 
coefficients of a particular term. 


EXERCISE XXIV. e. 
. Prove that 2+ 1 is a factor of x*—2x-1. 
. Prove that 2+ 2y is a factor of 2+ 10xy* + 4y*. 
. Find a if 2 —2 is a factor of 2*+ax—4. 
. Find the factors of 2a§+a*b+ 68. 
. Find a, 6} if «342-6 is a factor of 2? —ax*— ba —-6. 
6. If n is a positive integer, find the condition that 
(i) «—1 is a factor of a*-1; 
(ii) «+1 is a factor of a®° +1; 
(iii) 241 is a factor of x" +1. 


aay prove that if 2"+1 is a prime number, nm must be & power 
of 2. 


ao fF © dD 


7. Find by inspection one factor of 
(x+b+c)(w+e+a)(x+a+b) + abe. 
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8. Factorise » be(b—c). 
oo rete is 5 (x)]? — D(a). 
10. Factorise S we ). D(x) —ayz. 


11. Factorise > (y —z)%. 


Ly,z 


12. Factorise } (x* + y*)(x—y). 
ay, t 
18. Factorise [ > (a)]‘+ S(at—[b+c]*). 
a,b,c 


14. Prove that x?—yz is a factor of [S(x)]*. xyz—-[D(yz)]*: 
hence factorise it. 


15. Prove that xy —zw is a factor of [S(ayz)]? —xyzw.[D(a)]*: 
hence factorise it. 
16. Prove that 
2 (a[b+c—a]?)+(b+ce—a)(c+a—b)(a+b—c) = 4abe. 


17. Prove that (x —1)? is a factor of a*°—nx+n—-1. 
18. If x+y+z is a factor of 


a(x? +y%+z2*)+b(y+z)(2+a)(x+y) + crys, 
prove that 3a—b+c=0. 


MISCELLANEOUS EQUATIONS. 


No general rule can be given. Suitable transformations 
and substitutions can be learnt only by experience. Whenever 
possible, symmetrical methods of working should be adopted. 

If expressions are squared, or if any other step is taken 
which is not reversible, it is necessary to verify by substitution 
that the final solutions satisfy the original equation. 

The symbol 4/z is used for the positive square root of x. 


EXERCISE XXIV. & 
Solve the following equations : 
l. wt+y=82y, x?+y?=4007y% 
2. zy=a*, yz=5?, zx=c'. 8. aw=by+c=xy. 
4. xy—2'?=2, 2y?-307=6. 5. eytu—y=T=xt-ryty® 
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vet | ee okay” O16 
6. Say a Ta ge ile a 6b? c? wy. 
8. a(ytz)=4, y(ztx)—3, e(et+y)= — 6. 
i= 30 3 4 2 eye = 3 
9. my=lto? a ae 10. x?+cy=y?+cx=7c%. 
1l. x? +y?=9=3r 4 3y. 
> eed 
12. day =e + 2y = + 
13. pega ee fo =e 
¥y % y 
i eal 
14. (2—2)(y—2)=24=5 7 +5, [Put e+y=4, xy=v.] 
15. cyty=6, vz+z2=8, yz=3. 
xv ys 
16. ~ =10—ay, ~=40-—ay. [Form an equation in xy.) 
y x 
17, Solver +1=8, y+t=%. [Multiply the equations togethers] 
5 yn ng ply q ogether.] 
Te ie 2 
18. Solve at 475 ests 
19. (w—1)(y+2)=10, (y+2)(2+5)=15, (2+ 5)(a—1)=6. 
20. e-6=yt+4=2-3= V(xyz). 
Pe ioe et hh 
21. ry Fi 9, ty—> 113. 
22. a3-y?=19, wy—ay?=6. [Divide one equation by the 
other. ] 
98. x(1—y?)=3y, y(l—#*)=32. [Subtract and factorise.] 
24, 2=5a—y, y®=5y—-2. 
25. xtt+y2=10, (w—y)(x*—y*) =52. 
26. sytety=—5, yztyte=7, ww+et+ta= —3. 
[Note ryt+a+y=(x+1)(yt+1)-1.] 
27. 2Qa-—/x=6. [Put c=y’.] 
98, V38at+1—Vx+8+1=0. [Test your answers.] 
29. (i) Vatl+Ve—2=3; (ii) Ve+1—-V2e-2=3. 
80. 5+ Vx—2= 2x. 81. VI2+a-V44¢a> Vi1-2. 
88. V8r4+14+ V2e4+2= V204+34 V 30. 
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88. V3e4+1—-— V2e—-1= vz. 


84. 27+ 324+3= V 2x74 6x+5. 
(Put 224 3x2=y or 2x24 6x7 +5=23.) 


2 3 
is eT Ls Bey uate 86. (2% — 2u)(* — 2x +5) = 24. 


87. (a3+ 4x)*— 422 —- 162 —5=0. 


88. (7-1+=)(«-2+2)=2. 

89. cy=a+y+2, y=yt2z—4, zx=z+u-2. 

40. wsytauty=—l1, yz+2y+22=24, 2~+2z+4 27 =3, 
41. 24+ y7427=133, r+y+z2=19, y2=az. 

42. (w+1)(x+3)(x+7)(x+9)=45. [Put r7+5=y.] 


43, ob? —12ct—5x+1=0. | Divide by 2%, put z+4=y, | 


44, 6a*— 35x° + 6242 -— 3524+ 6=0. 
45. wt+y%?+z27=14, r+y+2=6, ryz=6. 

[Eliminate a, y, z from (t-—«)(t—y)(t-—z)=0.) 
46. (4—6x)?+(2—2x)? + (7x —6)*=0. 

[Note that if a+b+c=0, then a’ + b* + c3 = 3abce.) 
47, Va+a—b4+ Va—a=V2x-b. 
48. e?+aytaz=—p%, csyty*+yz=q, we+yzt+e2=r% 
L+y Ytez z2+a 


Pe shies o00 .e 
_ yt2a—-6 4 __ a+2a—6 
Be «> iy — 3y 26 = 2" Y~ Gx —3x+a—2° 


Consider the cases a= 1, a=3, a=4, a= 2}. 

zy 2 xyz 

abe “et+ytZ. 

52. (y+z)?-z=a', (2+2)?-y?=b%, (a+y)*-—z2=c%, 


51. 


ELIMINATION. 
1 1 1 
Example XI, If a eae time +> 
rt+yt+z=0, x2+y%+z7=0, 
prove that a relation exists between a, 0, c, and find it. 
D.W.A. 2¢@ 
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: Sane Lee) cea 
Let a+ 7=A3 A OF i ee 
4 soc ay ee epee ek 
y Zz 
Now S(x)=0 and }(2?)=0; 


& D(xy)=4 4[(D (x)}*#- LD (x?) J= 
1 Llp 2We 03 
zy Z xyz 
~. A-a+tA—b+A-c=0; 
- A=Matb+e)3 
«siege las 3 
cay WT) BS EE EM 


. 3(syerte) = 


which is the required relation. 


But >(x)=0; 


[CHAP. 


This process is called eliminating x, y. 2 from the given 


equations, 


EXERCISE XXIV. g. 


1. If e+ay=1, x+by=2, x+cy=3, show that there must be 


a relation between a@,.b,"0, and find it. 


2. If eyt+x=—a, cryt+y=b, x+y=<c, show that a relation exists 


between a, b, ¢, and find it. 


3. Eliminate m, given x=am’, y = 2am. 


1 
i? Bal ene 
y= 31-2. 


4, Eliminate ¢, given x=t+ 7 . 


5. Eliminate ?, given x=? +; 


sel Gee 
a be 
x a 1 

ach bo cto: 


6. Eliminate z, y, given 


7. Eliminate a, given 


8. Eliminate a, b, c, given Se POE ES 
c 


b 
9. Eliminate p, q, given P@4 cil! eos sl gc 


,a+b+c=0, 


»pr+g=1. 
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Roce : a(l1—t*) at 
10. Eliminate ¢, given z= Tai Y= Ta 


11. Given +4 =a, atyne x+y=c, show that a relation 
exists between a, b, c, and find it. 


12. Given <+¥=c and az?+bry+ay?=0, must there be any 


relation between a, b,c? If so, find it. 


18. Given ~+y=azy, ytz=byz, z+x=czx, xyz=1, find the 
relation which must connect a, b, c. 


14, Eliminate t, given «=a + bt+ct*?, y=b+ct. 


15. Find the relation between a, b, c, d if 
2X(x)=a, DY(xy)=b3, D(x*)=c?, xyz=d?. 


@,Y,2 
16. Eliminate z, given A =ax?+br+c=cx*+bx+a and c#a. 
17. Eliminate x, y, z, given ry=a, yz=b, za=c, x2+y242%=d. 
18. If a,77+6,7+c,=0 and a,77+b6,7+c,=0, prove that 
x a x ‘se 
b,c,—0,C, C,4@,—C,a, a,b,—a,b,’ 
hence eliminate x. 
19. Eliminate g, y, z, givenz=p(y+z), y=q(z+az),z=r(a+y). 
ax ba 7) 


20. Eliminate b, Cc, given Daim epg 4) dee) 
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Papers. 
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( 
( 
( 


Vie ey Eee 


REVISION PAPERS, 


E. 
(PART I.) 
E. 1. 


1. If an oak beam 1 feet long, b inches wide and d inches thick 18 
fixed at one end, and a weight W cwt. is placed at the other end, 


2 
it will break if W is larger than a Find whether such a beam 


10 feet long, 1 foot wide and 9 inches thick will break when a load 
of 6 tons is placed at the free end. 
2. Simplify the following expressions : 


(i) B(@+y)—(3e-+y). (ii) (Bx) — Ba. 
(iii) (5) -3: (iv) (a+5)-(74°). 


8. Make w the subject of the formula P= W — 


4. If the square of (3¢+7) is equal to the square of (37 +8), 
find the value of a. 

5. Which of the numbers 0, 1, 2, 3, 4 (if any), are roots of the 
equation (2—x)5+(4—x)5=(6—2z)* ? 

6. A farmer has 60 hurdles, each 2 yards long, with which to 


make a rectangular enclosure of which one side is already formed 
by the fence of the field. Complete the following table: 


Number of hurdles in side 


parallel to fence - - - 10 | 20 | 30 | 40 | 50 | 60 
Number of hurdles in each of . 
the other sides’ - - - 25 0 


Area of enclosure in square 
yards - : - - - | 1000 0 
ee a ee eee Se ee 
Draw a graph showing how the area depends on the number of 
hurdles placed in the side parallel to the fence, and find the 
number which gives the largest area possible. 
465 
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E. 21 
1. Find the value of a, if x=2 is a solution of the equation 
32? + 2ax — 20=0. 


9. A flexible rod AB is built in at A, and supported at B; its 
length is J in. and the sag x in. from A is y in., where 


y= poe tt(l—2) (31 - 22). 


(i) Find the sag halfway between A,B; (ii) compare the sags 
at } of the distance from each end. 


Fie. 80. 


3. In a certain town eggs are advertised for sale at 3x shillings 
a dozen, and in another town they are being sold at x eggs for a 
shilling. What does one egg cost in each town? Find a if these 
two prices are the same. 


4. Simplify the following expressions : 
(i) (w8)* + (a). (ii) (28)? (2 x 2%), 
(iii) (a?b8)? +(ab?)§. (iv) 672 3, 


5. For what values of a is (7+ 1)?=27°+1? 


6. The rule for finding the tax on the earned income of a 
bachelor is as follows: Deduct one-tenth from the income, then 
deduct £135 from the result ; of the remainder £225 is taxed at 
3s. in the £ and the rest at 6s. in the £. Finda formula for the tax 
on an income of £2, where «>1000. What is the least value of x 
for which this formula holds good ? 


E. 3. 


il, A working man gives a shillings a week to his wife for house- 
keeping expenses, spends 6 shillings @ week on beer and tobacco 
c shillings a month on tram fares, fd a year on boots and clothes, 
and £r a year on rent. How much will he have left from a wage 
of £4 a week at the end of the year, allowing exactly 52 weeks in 
a year? Give the answer in £ in as simple a form as possible. 


2. Solve the equations: {2-6%+0-16y=4-7, 
3-80 — 0-48y = 3-3. 
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MECH, 
Rt V=V, 
4. Draw a graph to illustrate the relation between P and W, 


if P=1W +4-6, for values of W from 0 to 40. Read off the value 
of W when P is 10. 


8. Make V the subject of the formula 


5. a end iol are consecutive integers, =o being the 
greater of the two. What integers are they ? Could they be 
mand -, 20-1 
consecutive integers if were the greater ? 
12dy? . : : : 
6. The formula h=—55- gives the height, h inches, which the 


outer rail of @ curved railway should be raised, where R yards is 
the radius of the curve, d feet the distance between the rails and 
V miles per hr. the maximum velocity of trains on the curve. 
Rewrite the formula with V as subject, and find the safe speed 
on a curve of radius 2160 yards when the outer rail is raised 
2 inches and the distance between the rails is 4 feet 6 inches. 


E. 4, 


1. At a school of 600 boys, 300 boys subscribe on the average 
a shillings each, 200 boys subscribe on the average b pence each, 
and 100 boys subscribe nothing to @ certain charity. Find in 
pence the average subscription for the whole school ? Evaluate 
your answer when a=2 and b=9. 


2. Prove that a triangle whose sides are (m+n?) inches, (m* —n?) 
inches and 2mn inches is a right-angled triangle with (m*+n?) as 
its longest side whatever numbers m and n are. Give a numerical 
result when m=5 and n=3. 

8. Factorize: (i) 16x? — 265. (ii) 322+ 7x -6. (iii) 3”?+a. 


4. An effort of P lb. is required to lift a weight of W lb. by a 
certain machine, where P and W are known to be connected by 
the equation P=aW +b, where a and b are constants, t.e. inde- 
pendent of the values of Pand W. It is found that when W = 10, 
P=15, and when W=14, P=16:2. Find the values of a and b. 

What is the value of W when P =9 and what does this mean ? 


5. Ii a =y° and y? =z5, express x* in terms of z only. 

6. A spring 4 inches long is lengthened UE inches when a weight 
W lb. is hung on it. Another spring 34 inches long is lengthened 
= inches when a weight W lb. is hung on it. For what value of 
W will the two springs have the same length ? 
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E. 5. 


1. A farmer keeps pigs and poultry only, and boasts that he 
has in his farmyard 200 heads and 464 legs, excluding those of 
himself and his household. How many pigs has he got in his farm- 
yard ? 


2. A rectangular piece of paper ABCD is 5” by 3”. _The corner 
A is folded over the line BG so that it falls on the point F in the 
side DC, the dotted line BG being the position of the crease formed. 

Calling AG 2” long, find the lengths of GF and GD in terms of @; 
and show that DF is ] inch. Hence obtain an equation to find x 
and determine the position of the point G. 


Fie. 81. 
8. (i) Write down the Lom. of 2xy(x~—y)*, 3y*(7*—y*) and 
4a*(x+y)%. 
(ii) Find the factors and .0.¥. of x* — 2%? — 3vanda‘ — 52 — 62%, 


; 1 1 2 
4. Solve the equation eyp ees 


5. The weight of a foot of iron piping is 2-45(D*—d?) lb., where 
D is the external and d is the internal diameter of the pipe in 
inches. 


(i) Find the internal diameter of a pipe of external diameter 
5-2”, which weighs 9-8 lb. per foot-length ; (ii) Express the weight 
in terms of the mean radius r in. and the thickness ¢ in. 


6. A man walks a certain distance, x miles, up hill at 3 miles 
an hour, and walks back at 6 miles an hour. How long does he take 
going uphill 2? How long does he take coming back ? How far 
has he been altogether, and how long has he taken ? Show that 
his average speed for the whole journey is 4 miles an hour. 


[Lewis Carroll.] 
E. 6. 


1. A rectangle ” long and 6” broad is such that its area would 
be increased by 44 square inches, if its length and breadth were 
both increased by 1 inch. Express this fact by an equation 
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connecting | and b, and prove that the perimeter of the rectangle 
is 86 inches. 


r gnrti on 
2. Find the value of pri yf when «=3, y=2 and n=2. 


8. A weight of 100 lb. falls freely 20 inches and is then brought 
to rest by stretching a spring a further distance of x inches. The 
work done by gravity is 100(20+.) inch-lb., and this equals the 
work done in stretching the spring which is 502? inch-lb. How 
much is the spring stretched ? 


4. Express the following statements in a single formula: 
The tax on £200 is £700= 180. 

380 — 160 

er Wee 

460 — 160 

: 


The tax on £380 is £ 


The tax on £460 is £ 
Use your formula to calculate the tax on the same system on 
£240. 
5. Simplify the following expressions : 
oY), gf 42] 
hlat+h xt hL(x+th)*® x3? 
and find approximately their values when «=1, h=0-001. 
6. Find the value of the constants a and 6 in the formula 


if w=5, when u=4 and v=10; and w=6, when w=3 and v=9. 


E. 7. 


1. 2n is the middle one of five consecutive even numbers. 
What are the others in terms of n? 
If the sum of all five is 60, find the value of the middle one. 


2a + 3b 


2, Find the value of reerie when a=5b. 


Construct any similar expression in a and b, whose value will ve 
independent of the values of a and b, provided a=5b; and find 
its value if (i) a=10, b=2; (ii) a=15, b=3. 

8. Solve the equations: pena 5Q, 

14P —-13Q=1°8. 

4, a and b are two positive numbers (a > 6) such that 

a'+ab+b%=79 and a*+b?=658. 
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Calculate in turn the values of (i) ab, (ii) a7+ 2Qab + b3, (iii) a+b, 
(iv) a? -2ab+b%, (v) a—b. Hence find the values of a and 6. 


6. Ifz= Vyz', and y= 2t, z=2s*, express £ in terms of s and ¢. 


6. In Fig. 82, ABCD represents a A Z B 
rectangle with AB=10", BOC=8". The 
lengths AF’, AK, CG, CH are all equal 
to x”. What is the length of (i) FB, K 
(ii) B@2 Calculate the areas of the 


four triangles in the figure, and so G 
express the area of the parallelogram 

FGHK in terms of x. Give x the 

values 0, 1, 2...8 in turn and calculate 5 H C 
the corresponding values of the area Fic. 82 


FGHK. Show these results in a graph 
and from your graph find the value of 2, which makes the 
area FGHK a& maximum. 


E. 8. 


1. Fig. 83 represents some smoothed statistics for a seven year 
period. Curve AA shows the percentage of unemployment, 
curve BB shows number charged for drunkenness, curve CC shows 
felonies committed, drawn on separate scales. What general 
conclusions, if any, could be deduced from these graphs ? 


Time 


Fia. 83. 


_2. A boy is told to think of a number, subtract 7 from it and 
divide the remainder by 6. By mistake he subtracts 6 and divides 
by 7, but gets the same answer as he otherwise would have done. 
Find the number he thought of, and the answer he obtained. 
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8. Generalise the result of Question 2 by considering a boy 
who subtracts a and divides by 6, instead of subtracting 6 and 
dividing by a. Prove that if he gets the same answer as he 
otherwise would have done, then he must have thought of the 
number (a +6), and the answer he gets is 1. 


. Ee AS: 2 3 5 
4. (i) Simplify Sag ha Re 
(ii) Solve the equation = PCIE 4 BAe 9, 
z*-1l x-1 2x+1 
§. Solve the equations: (i) 6z?-—x2-15=0. 
(ii) 2a + as 5. ; 
x 
6. A rectangular tank of which ABCD E D 


is a vertical section, is full of water and 
is tilted about the edge through C so that 
the water runs out. AB is 3 feet, BC is 
2 feet and the length of the tank (not 
shown in the figure) is 5 feet. 

DE represents the level of the water 
in the tank and AHF is zx ft.; find an ex- 
pression in terms of w for the volume, 
V cubic feet, of water remaining in the Pral'ss 
tank, and also find the value of x in Pl 
terms of V. What are the limits in the values of # and J, for 
which these formulae will hold ? 


E. 9. 


A 2aWw V 

1. Make W the subject of the formula tral) +5). 

2. A ship is ordered to make a run of 240 sea-miles at 16 knots. 
After steaming for m hours, she is x miles short of the distance 
she ought to have traversed in m hours. Find a formula for the 
number of hours she will be late if she cannot increase her average 
speed. 

3. ABC isan acute-angled triangle having AB=7cm., BC=8cm., 
CA=9 cm., and AD is drawn perpendicular to BC meeting it at 
D. Draw a rough figure and take BD to be x cm. long. Express 
CD in terms of x and show that AD= »/(49—«2?). Obtain an equa- 
tion for x from the right-angled triangle ACD, and hence find the 
value of x and the area of the triangle. 

lie dod 
4. Solve the equation os |e 


5. It is known that = is greater than oe If a is an 


integer, find the smallest possible value of a. 
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6. Sealed cylindrical tins of volume 8 cubic inches are to be 
made to hold two ounces of tobacco. 

If the volume of a cylinder is mr*h cubic inches, and the surface 
of the tin used is 2nr(r+h) square inches, where r” is the radius 
and h” is the height of the cylinder, find A in terms of r when the 
volume is 8 cubic inches and hence show that the area of the 


surface is ( 2nr8 square inches. 


Tabulate the values of this expression, when r has the values 
4, 1, 2, 3, taking m=3-14, and represent the result graphically. 
Hence find the value of r, so that the quantity of tin used may be 
& minimum. 


E. 10. 


1. A bath is filled by the cold-water tap in @ minutes, what 
fraction of it is filled in 1 minute ? 

It is filled by the hot-water tap in b minutes; what fraction of it 
is filled in 1 minute ? 

What fraction of the bath is filled, if both taps are turned on, 
in 1 minute, and how long will it be before the bath is full ? 

The waste-pipe would empty the bath in ¢ minutes. 

Find an equation connecting a, 6 and c, if the level of the water 
remains unchanged when both taps are on, and the waste-pipe 
is open. 


2. The volume of a sphere is 4nr* cubic inches, if the radius is 
r”. Find the volume of metal in a spherical shell whose inner 
radius is 4” and outer radius 5”, taking 7=%%. 


8. If t=2x+1, write 2 in terms of ¢t. Hence write 4734 47-3 
in terms of ¢, and find the value of ¢ if 4v7+ 4a -—3=0. 
4. Factorize (i) 5u°— 202, (ii) 7Ta*—14a— 21, (iii) b(b—4)—12. 
5. Solve the equations: fy=x+2. 
lott 2y=7. A 
6. In Fig. 85 ABC is a right-angled triangle 


in which AB=6 cm., BO=4 cm. A rectangle 
PQRB is drawn as shown. If PQ is x cm., 


what is the length of RO? Itisknownthat P Q 
RO _QR 
BO AB 
Use this fact to show that y= 6-5, where 
y cm. is the length of QR. Hence express the pg R C 
area of the rectangle PQRB in terms of x, and Fig. 85. 


tabulate the values of the area of the rectangle 
when « has integral values from 0 to 4. 
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F. 
(CHAPTERS XII.-XIII.) 
F, i 


1. A railway fare is increased by half; it is then increased 
again by ith of its new value. Prove that the final result is the 
same as if the original fare had been increased by three-quarters 
of its value. 


2. Using the data of Question 1, find the original cost of a 
ticket which after the two increases costs 15s. 2d. 


8. The following observed values of # and y will give a straight- 
line graph, subject to the errors of experiment : 


y 7-2 12-1 16-7 | 21-8 | 26-6 | 31-5 | 36:3 | 41-2 


Plot these values and draw the straight line which fits them 
best. Read off the most probable value of y when 2=4-7, and 
of x, when y= 30. 

4. Ifiv=/y, y* = 421, z = 4t', (i) express y in terms of t, (ii) express 
x in terms of t. 

5. If 2x —ax'=}, find the value of (i) (x — 1)’, (ii) (w -1)*. 

6. Write the following numbers without using the index 
notation : 

(i) 1-8 x 10°. (ii) 1-8 x 10-*. 
(iii) 1-8 x 10+ (iv) 1-8 x 1003, 
and express 73800 and 0-0000738 in this form. 


F. 2, 


1. The equation s=a+bi+i? is satisfied by the two pairs of 
values t=3, s=5 and t=5, s=29. 

Find the values of a and 8, if they are constants. 

2. The outer dimensions of a picture frame are 16 inches by 
12 inches. The width of the frame is the same all round, and the 
surface area of the frame alone is 75 square inches, Find the 
width of the frame. 

8. A piece of wire 1 foot long is bent into the shape of a rectangle. 
If one side of the rectangle is x”, find the area enclosed in termsof x. 
Find also the sides of the rectangle if the area enclosed is 63 
square inches. 
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4. Rewrite the following expressions without using negative 
or fractional indices. 


(i) (L—a)-*. (ii) Klt-*. (iii) (2x)*. (iv) 2a, 
(v) 2a 7. 
5. Find the value of P?H~?, when P=144, H=16. 
6. Simplify : 
1 a F: 2a 1 
a=1 jan 26>lual—on 
Check your answer by putting a=2. 


F. 3. 


1. A string 14 inches long has its ends fastened to two points, 
A and B, which are 10 inches apart. A pencil P is pressed against 
the string and is moved round so that the two portions of the string 
AP and PB are kept taut. Find the lengths of these two portions 
of the string in a position in which the angle APB is a right angle. 


2. For what values of 2, if any, are the following statements 
true ? 
(i) (e7-1)?=(1—-2)* (ii) (e-1)=(1-2). 
(iti) (w — 1)? =(x —2)%, (iv) (x —1)=(a—2). 
8. The efficiency, e¢, of a certain machine is given by the formula 


on Wie oe Express a in terms of e, P, W and b. 


4. Use logarithm tables to find x and y, if x = 10**“6% and 10” = 47. 


5. Write the following expressions without using fractional or 
negative indices. 


(i) (a2 +%)}. Oi) ata eh. 
(ili) W.U. 6-1. d-*, (iv) K . H1:35 P-o-8, 
6. If a=K. H-**, P-*-5 express P in terms of a, K and H. 


F. 4, 


1. Find the value when a= 2, b= —1, and n=3 of the following 
®xXpresslOns : 


(i) (@+0)". (ii) a® +b". (iii) (a +6)*-1. 
(iv) a?-1 4 5"-1, () fa Spe 


What will be the value of (v) when #10 ? 
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2, A man intends to travel by car from A to B. He has the 
choice of two routes, one x miles long on which he can travel 
y miles an hour, the other 6 miles longer on which he will be able 
to travel on the average 5 miles an hour faster. Prove that the 
extra time that he would take travelling by the longer route is 

: = e+6 12 
given by the expression an ey hours. 


Simplify this expression and prove that he will save time in 
going by the longer route, provided x = oY, and that he can only 


save time if the journey is going to take at least 72 minutes 
anyhow. 


3. Ifx=2y + 3, express x1 — 3y? in terms of y only. 
Hence solve the equations : {x = 2y +8, 
{a — 3y? = 22. 


4. Write down the logarithms of 1000, 1/1000, 1 and (2/100)?, 
5. Use logarithms to find the value, correct to 3 significant 
figures, of (i) 9,724,185 + 45,620; 
(ii) (1-479)§. 


)5 
oe , correct to 3 figures, if H = 25-7, 


6. Find the value of | 
D=2-32, L=880. 


F. 5. 


1. An extension ladder is formed of x separate ladders, each of 
length l feet, and the overlap at each junction is n feet. What 
is the total length of the ladder ? 


2. Find the value when n=3 of 
L rp 
@) Gee (Gh) G25 Gin) OE gia) eR (bi) ler 
8. The perimeter of a rectangle is 34 inches, and the length of 
its diagonal is 13 inches. Find the lengths of its sides. 
4. Two quantities s and ¢ are connected by the formula 
8 = 6t — 407. 


Tabulate the values of s, when ¢ has the values —2, —1, — #4, 0, %, 
1,2. Draw agraph to show the relation between a and t, and from 
it read off the largest value of s, and also the value of ¢ when s=1. 


6. Find, correct to 3 figures, the value of : 
., 4-712 x 17-95 | (ii) 129-1 
Oruargesarn 7-32" 
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6. The volume of # sphere is given by the formula V =érr'*, 
where m= 3:142 and r is the radius. 

Write the formula with r as the subject, and find the radius of 
s sphere whose volume is 16 cubic inches. 


F. 6. 


1. Prove that +(n+1)?= 


[Note that (n+1)? is a factor of the left-hand side of this 
identity. ] 
Write down (without multiplying out) the special cases of this 
identity for n=0, 1, 2, 3, 4, 5, 6. By adding these results 
2y Q2 
together, prove that 1*+2'4+39+4*+5°+69+79=_~ >. By 


n*(n + 1)® (n+ 1)%(n+ 2)? 
4 4 ; 


generalising this method, find an expression for the sum of the 
cubes of the first n integers. 


2. Make p the subject of the optical formula 4 =(u- v( _ R) 


8. Solve the equations: (i) 377—22—8=0; 
(ii) 82*-22—-—7=0, 

giving the result of the latter correct to 3 figures. 

4. Simplify the following expressions : 

(i) Qa® +a, (ii) 3a? at, (iii) 4a? x Bart, 
(iv) 6x? x af, (v) (2x4). (vi) (2a*)3, 

5. Find the value of pv™ when p=14-21, v=7-7 and n=4, 
correct to 3 figures. 

6. In finding the value of es oa 
figures, a boy obtained the answer 11,900. 


Show as shortly as possible why this answer is clearly wrong, 
and obtain the correct answer. 


correct to 3 significant 


F. 7. 
1. 3x4=12; -. 35%= 1225. 
4x5=20; . 457 = 2025. 
7x8=56; o. @67= 6625. 


12x 13=156; “. 1257= 15625. 
What general formula covers these facts 2? Prove it. 


2. A bank clerk, in entering a sum of as. yd. in a column of 
figures, writes it down as £a. ys. 0d. by mistake, with the result 
that he finds the column adds up £16. 12s. 2d. too much. 

Find the sum of money which was entered wrongly. 
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3. A stone is thrown upwards with a velocity of 64 feet per 
second. Its height in feet after t seconds is given by the formula 
h = 64¢ — 160. 

Find when it is at a height of 48 feet, and explain the double 
answer. 


4. Simplify 
(i) 3a? + 6a-3, (ii) 8a3°5 ~ 2q5-8, 
wes 208 x 3a2 : 4a-* x a® 
(iii) i ae (iv) van ° 
5. Find the value, correct to 3 figures, of 
(1) 1-462 ° (ii) 10 
7-136’ wale g vis 


6. Find the value of e*+e-*, when e=2-718 and x=2, correct 
to 3 figures. 


F. 8. 
1. Find the value of (i) (10°)*; (ii) (10°)*; (iii) (10%-2)*. 


2. Given that v?-—y?=10 and a—-y=2. 
Find the value of (~+y), and hence find a and y. 
8. Solve the equations: (i) 6?—7xa—-3=2; 
(li) 6”?-7a-3=1, 
giving the solution of the latter correct to 3 figures. 


4. In the figure, O is the centre of a circle whose radius 
OA=OR=8". 


AB is a chord at right angles to OR, and NR=2". What is 

the length of ON in terms of x? What is the length of AN in 

terms of x ? A 
Tabulate the values of AN when x has 

the values 0, 1, 2, 3, 4, 5. Show these results 

as a graph. What can you say about the 

shape the graph will take ? = 


5. Factorise and find the value of 
n(R%—r4)l, if m=3-142, R=15-42, r= 14-42 
and J= 2650. 


6. The length of the tangent from a ee ae 
point on the outer of two concentric ! 
circles to the inner circle is 5 inches. The difference of their 
radii is 2 inches. Find their radii. 


D.W.A. 2H 
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F. 9. 


a a+ 1 
a+1 a+2 
(a? — 4)(a2 — 4a + 3) 

(x3 — 1)(a?— 5x +6)" 


1. (i) Simplify Test your result when a=I. 


(ii) Simplify 


2. Express in a single formula the following facts 1s 
V6xXx VT =Vb6x7= 42. 
J/7x /10= 4/70. 
V38xf/5 =v 16. 
Use this formula to find the value as simply as possible of 
(i) V32x V2; 
(ii) /6x 24; 
(iii) Vab3 x /a%d. 
8. The area of a triangle is Vs(s —a)(s—b)(s—c), where a, b, 6 


are the sides and posto What does this formula become 


for an equilateral triangle, side a? Verify your result by finding 
® formula for the area of an equilateral triangle independently. 


4. In a right-angled triangle the hypotenuse is 15”, and the 
difference between the other two sides is 3”. Find the other two 
sides. 


5. The bore, d inches, of a pipe through which a pump of horse- 
power H can deliver G gallons per second is given by 
d=1-25. GtH, 


(i) Find the bore necessary for an engine of 15 H.P. to deliver 
300 gallons per minute. 


(ii) Rewrite the formula, making @ the subject. (C.8.C.) 
6. Find the value, correct to 3 figures, of 
(i) $/0-012. (ii) 4/0-08, 
F. 10. 


1. In Fig. 87, AB represents a line 10” long, and P is a point 
such that AP=2", Squares are described on AB, AP and PB 
as shown. 

Write down the areas of these squares and express the ares of 
the shaded portion of the figure in terms of =. 

Tabulate the values of this area as x varies from 0 to 10, and 
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show the results on a graph. Find from your graph the position 
of P which makes the shaded area greatest. 


P 
Fa. 87. 


2. Find a genera) formula to include the following facts : 
V30_  /30 V24_ | 24 V90_/90 


DAG um NEG hai,/ aul DALSieaNTD ie’ 180 V8 Ve 
Use this formula to find the value of 


i ayo? TFaa7 nie. 
") 2 v8 Ja% 
8. Solve the equations: ;~+y=1, 
ieee ah al 
[elatn 


4. Find, without using tables, the logarithms of 
Y10, £/0-1, &/0-001, %/0-1. 


2 
6. Find the value of ie when /=80, w=0-072, «=276. 


6. It is stated by Professor Perry that the record times for 
races of all kinds by men or animals obey the law t=k. m*175, 
where ¢ sec. is the record for a race of m miles and k depends on 
the conditions of the race, but is independent of the distance. 
The record for the “half-mile” is 1 min. 524 sec. (Whitaker’s 
Almanack). What should be the record for the “mile”? [Up 
to the present it is reported to be 4 min. 12} sec.] 


F. 11, 


1. Prove that the equations : 
32+y—2z=7, 
x-y-—2z= 5} 
2e+y-— 2=3, 
are inconsistent by obtaining two equations independent of y and 
comparing them. 
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a-y 1 x+y" 
Gry ety” ety) 

3. (l+a”)"+l+4nz, when z is small. Use logarithms to find 
the error per cent. in assuming that (l+2)"=l+nx, when 
x=0:025 and n=4. 

4. Find, correct to 3 figures the roots of the equations : 

(i) 427+ 57—-—2=0; 
(ii) 422+ 5a -—2=4. 

5. A small object 3 mm. long when seen through a magnifying 

glass held d mm. from it, appears to have a length / mm. given by 


2. Simplify 


l= Fo where f is a constant depending on the kind of magni- 


fying glass used. 

(i) Find the value of f for a certain magnifying glass in which 
the apparent length J is 12 mm., when the glass is held 15 mm. 
away. 

(ii) Find also the apparent length of the same object seen 
through the same glass, when the glass is held 12 mm. away. 


6. The safe width of a dam at a depth of 2 feet below water 


: (0:05 . a 
level is a/ Cage \ feet. 


How wide should a dam be at a depth of 28 feet below water 
level ? (Certificate.) 


F. 12. 


1. Two boys bicycle a distance d miles together; the wheels 
of one bicycle are a” in diameter, the wheels of the other are 
b” (a> b). Show that the number of revolutions made by the 


1760 x 36d (; 1 
aay i} 


smaller wheels is ae ‘) more than the number made 


by the larger. Write this in a form suitable for calculation by 
logarithms, and evaluate when a=28, b=26 and d=10. 
[m= 3-142 = 1004078] 
2. The following equations are found to connect a force of 
P |b., and the distance 2” at which it acts from a fulcrum s 
P.xz=88, 
P(a+2)=120. 
Find the values of P and x. 


8. Find « and y if baits 
y «2-1 
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; a” gn-l 
4, Subtract (@+y)™ from (x+y)j"-1° 


5. Evaluate the following as shortly as possible, given that 
V2=1-414..., /3=1-732...: 


id apeiyhg; 
(i) v3} (ii) V2 V3) (iv) 12. 


6. When water flows at speed v through a pipe of diameter d, 
the loss of pressure in a length J is equal to a head of h feet of water, 


. . 2 
where haere x oe 
Find h when /=75, v=7-4, d=2-3, g = 32:2, (C.S.C.) 


F. 13. 


1. Fig. 88 represents a white flag, 20 ft. by 30 ft., with a red 
cross; the red stripes forming the cross 
are of equal width, and the area of the 
cross is 4 of the area of the whole flag. 
Find the width of the strips to the 
nearest jth of an inch. (C.8.C.) 


2. In a sailing-boat the direction 
of the wind makes an angle « with 
the direction of the boat’s keel, and the 
sail makes an angle (2 with the boat’s Fie. 88. 
keel. The following table shows the 
best angle to choose for @ when sailing into a wind: 


a in degrees - - 60° 50° 40° 30° 20° 10° 


8 in degrees - - | 343° 28° 22° 163 10° ( 


Exhibit these results on a graph, and read off from the graph 
the best angle at which to set the sail when the course required 
is due North and the wind is blowing from the North-East. 

; V 2ah —h* 

8. Find the value of W- sik TSH Neel when W=112, b=10:5, 
h=8-25 and a=65. ie 


4, Find x if (i) 37=81; (ii) 81°=3; (iii) 3%=}; (iv) 81-7=3. 
5. Find the value of (i) 62°; (ii) 2%, correct to one significant 


figure, in the approximate form ax 10°, a being an integer less 
than 10. 


6. Write in as simple a form as possible: 


.. ¥60 F200" wi) 35, pet at 
(3) PET (ii) “/5 9 (iii) 1/15’ (iv) 2 
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E=24. 

1. A line AB, 2a inches long, is bisected at M. P is # point 

in the line between M and B, such that MP=2". Prove that 
AP? —PB?*=4axz. 
; : Here 

2. Write 4", 8"-1 as powers of 2, and simplify gna 

3. Fig. 89 represents a circle inscribed in the triangle ABC. 
AR=2", BP=y", CQ=2’. ps 

Also AB=5", AC=6’, BC=7. 

Write down three equations connecting 2, y and z. 

By adding these up, show that x+y+z=9, and hence find the 
values of x, y and z. : 


8B Pp Cc 
Fre. 89. 


4, Find the value of e“® when e=2-718, »=0-56, 9=2. 


5. Given that a sum of £P invested at r per cent. per annum, 
interest being reckoned half-yearly, will amount at Compound 
an 
Interest in n years to a sum £4 = £P(1 + x00) , find the amount 
on £1750 invested for 15 years at 6 per cent. per annum paid 
half-yearly, giving the answer in pounds, correct to 3 figures. 


6. Q cubic feet of water flow over a rectangular weir per second 
given by Q=6-78(b - a whare\b=igidth of" weir in’ feat =Bn 


feet, h=height of water over weir in feet =1-25 feet. Find how 
many tons of water flow over the weir in an hour, if a cubic foot 
of water weighs 624 lb. 


F, 15, 


1. Write 27,4, 3./3 and 4/3 as powers of 3, and write down their 
logarithms to the base 3. 


2. The tendency of a plank bridge to break when a man is 
standing on it, is measured by the quantity aU — 2) x, where l feet 
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fs the length of the bridge, w lb. is the weight of the man and 
x feet is his distance from one end. Tabulate the values of this 
expression for a man, 150 lb. weight, standing on a bridge 20 feet 
long, when his distance from one end is 0, 4, 8, 12, 16, 20 feet 
respectively. 

Draw a graph to show how the tendency to break varies, and 
find where the man is when the bridge is most likely to break. 


8. Two quantities R and wv are connected by the equation 
R=a+bv,/v, where a and b are constants. 

If R=10 when v=64, and R=11-2 when v=8l, find the values 
of a and b. 


4. There is a day-and-night motor service from A to B, the 
cars leaving A at each hour; also a service from B to A, the cars 
leaving B at the half-hour. The journey occupies x hours, where 
x is an integer. 

How many cars will a man pass on the road when he travels 
from A to B in one of these cars ? 


§. Evaluate 
1-56 x 10 8 /0:03167 


) e-7x 1-178? () e685 
6. If a sum of money £P amounts to £A when invested for 


n 
n years at r per cent., then A =P{1 + yrat . Write this formula 


with r as the subject, and hence find the rate per cent. paid on a 
‘* War Savings Certificate,’ which costs 16s. 6d. and amounts to 
£1 in 5 years. 


F. 16. 


1. A man buys a number of motor-cars at £400 each. He 
keeps one for his own use and sells the remainder at 10 per cent. 
profit. As the result he finds he has got his own car for nothing. 
How many cars did he buy ? 


bate, 1 hed ew | 1 
Sn gs Caro baer} 
3. Given that the volume of a sphere, radius 7”, is 4nr?, find the 


diameter of a hemispherical bow] which will hold a gallon of water. 
[x =3-142 and 1 cubic foot = 6} gallons.] 

4. If (h—a)(1—a)=(h—b)(1—6)=k, find k in terms of a and b 
only. (C.8.C.) 

5. A certain sheet of transparent material absorbs ;yth of the 
light of a certain colour falling on it. What fraction of the light 
of that colour gets through two such sheets ? 

How many sheets must be placed one over another to reduce 
the light of that colour by 60 per cent. ? 
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6. A spherical bomb, when dropped from a height of s feet, 
reaches the ground with a velocity v feet per second after ¢ seconds. 
Taking air-resistance into account, 


L* | Li 
mt) og (a-): 


where L = 400, k=0-4343, g = 32:2. , 
Find the time taken to reach the ground from @& height of 
1000 feet. (C.8.C.) 


G. 
(CHAPTERS XII.-XIV.) 


Gal. 


1. Write the following expressions without using fractional or 
negative indices : 


(i) bat; (ii) (Qx)t; (iii) 1-4 10-*; (iv) 2(%) 


2. In an examination some candidates take 4 papers and some 
take 6 papers. There are 250 candidates, and they do 1078 papers 
in all. Find how many took 6 papers. 


3. The following formulae connect the velocity v of a body 
which starts with initial velocity u, and moves with uniform 
acceleration f, with the time ¢ it has been moving, and the 
distance 8 it has gone: 

(i) v=utft; 
(ii) s=ut+4ft?. 

Ay iets the first formula so as to express ¢ in terms of u, w 
and /. 

Substitute this expression for’t in the second formula, and so 
obtain the formula v? =u? + 2fs. 

Find also a formula connecting s, v, f, ¢. 


Fie. 90. 


7 From a rectangular strip of paper, a” by b” (a > b), rectangles 
x” by y” (w > y) are cut out at each corner, the sides of length 2” 
being parallel to those of length a”; the remainder is formed 
into a box by folding the projections upwards, and the longer 
projections are folded again, and so just form the lid of the box. 
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Find (i) the relation between 2, y, a; (ii) the volume of the box 
in terms of a, b, y. 


5. In a certain Parliament the ratio of the majority to the 
minority is 3:2. Eighteen members desert the majority and 
join the minority, thus reducing the ratio to 5:4. Find the 
number of members. (Certificate. ) 


6. ABC is a triangle with a right angle at A, and AD is perpen- 
dicular to BC. 
It is known that the ratio BD : DA is equal to the ratio DA : DC. 
If BD is 5-4” and DC is 9-6", find the length of AD. Find also 
the length of BA 
(i) from the fact that BD: BA=BA: BOC; 
(ii) by applying Pythagoras’ theorem to the triangle ADB.: 


G. 2. 


1. Find the values of (1—2)(x+2) when z has integral values 
from —3to +3. Plot a graph to illustrate these figures, and read 
off from it the greatest value of (1—2)(x + 2) for all values of in 
this interval. 


2. Solve the equations: ei +0:13y =5-6, 
3-92 + 0:Ty =6-4, 
giving the results correct to two significant figures. 
3. A man buys two horses, paying £250 for the two. He sells 


one at a loss of 10 per cent. and the other at a profit of 50 per cent., 
receiving £291 in all. What did he pay for each horse ? 


41 
4, Einstein’s theory of relativity gives the formula Ves es Me Fi 


connecting V the volume of world space and p the mean density 
of matter throughout space. 

(i) Write this formula with p as subject. 

(ii) Assuming space to be spherical and the volume of a sphere 
to be 4nr%, find a formula for the radius r of space in the form 


b 
rai , with 6 integral and a correct to one figure. 

5. Two glasses are not quite full; one contains n spoonsful of 
water and the other n spoonsful of wine. A spoonful of wine is 
taken from the second glass and mixed in the first. What is the 
proportion of wine in the mixture ? A spoonful of the mixture 
is now taken out of the first glass and put in the second. What 
is the proportion of wine to water in the second glass? Is this 
greater or less than the proportion of water to wine in the first 


glass ? 
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6. AD bisects the angle A of a triangle BAC internally, and 
meets BC at D. It is known that the ratio BD: DO=BA : AC. 

If the sides of the triangle are AB=5", BC=6", AC=7" and 
BD is x", write down the equation to find z, and obtain the 
lengths of BD and DC. 


G. 3. 


1. A train in which there is seating accommodation for 600 
has 84 compartments, some of which seat 6 and some seat 10. 
Find how many compartments there are of each kind. 


2, Write the following expressions without using fractional or 
negative indices: (i) a?b%, (ii) H?@-§, (iii) 1-4x 10-4, and write 
down the value of 7-3, 9-3, Ves 

3 
8. Write the formula W=17-6 — with R as the subject, and 


find the value of R, correct to 3 figures, when W =4480, r=0-29, 
P= 9°6. 
4. (i) Solve the equations: os +y=2a+ 3b, 
4x + 3y=7a+ 5b. 
fr a+y 8 eedk. 
(ii) If seve. find the ratio x: y. 


” 


5. The “ displacements ”’ of similar ships vary as the cubes of 
their lengths. Find the displacement of a ship which is half as 
long again as a similar ship whose displacement is 2000 tons. 


6. (i) The perimeter of a triangle is 2 feet, and one side is three 
times another. Show that the length of the shortest side lies 
between 3 and 4 inches. 


(ii) Show that in any triangle in which one side is three 
times another, the ratio of the shortest side to the perimeter 
lies between } and 4. . 


G. 4. 


1. The triangle ABC is right-angled at B, and has AB=12 cm., 
BC=10cm. P is a point in AB such that AP=a cm., and PQ 
is drawn parallel to BC to meet AC at Q. It is known that the 
ratio AP: AB equals the ratio PQ: BC. Hence express PQ in 


terms of 2, and show that the area of the A APQ is ee square cm. 


Tabulate the values of this area as x takes values from 0 to 12% 
show the results on a graph, and estimate from your graph the 


value of « when the area of the triangle APQ is exactly half the 
area of the triangle ABC. 
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2. Find the value of e~* when e=2-718, k=5-6 and t=5. 


3. A pendulum is set swinging so that the angle it swings 
through is 10°. The angle of each succeeding swing is ;th of the 
angle of the preceding swing. Show that after 22 swings the angle 
it swings through is less than 1°. 

[One swing is considered to be the movement from one extreme 
position to another extreme position on the opposite side of the 
vertical. ] 

(l+a)x 1-2 


Rae are te single fraction. 


5. Solve, correct to 3 figures, the equations ; 
(i) 12%7-437+445=10; 
(ii) 12”?-—437+4+44=10. 

6. The time of oscillation of a simple pendulum varies as the 
square root of its length. If the time for a pendulum 2 feet long 
is 14 seconds, find the time of oscillation of a pendulum one yard 
long (correct to two figures). 


4. Express + 


G. 5. 


1. A triangle ABC is inscribed in a rectangle as shown in 
Fig. 91. Find the area of the triangle ABC in the simplest 


possible form in terms of the lengths p, q, 7, 8 shown in the 
figure. 


noe ee Nee 
h } 
eh ; 
p 
{ ! 
B i 
Cc 
Fig. 91. 


2. Simplify 
(i) atxat; (ii) (at); — (iii), Ya; (iv) Yab*x Var. 
3. Find the value of pv", when p=17-23, v=4-56 and n= 1-05. 


4. Show that a triangle whose sides are V5-1, V5+1 and 
2.4/3 inches is right-angled, and find its area. 

5. A man can scull at 6 miles an hour in still water for an 
indefinite time. He sculls a distance d miles upstream against 
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@ current of x miles an hour, and then sculls the same distance 
down with the current. Show that the ratio of the time he takes 
to the time he would have taken if there had been no current is 

36 
36-2?" 

6. If a light beam is supported at each end and carries a given 
load at its middle point, the sag at the middle varies as the cube 
of the length of the beam. For a beam 6 feet long the sag is 
14 inches. What will it be for a similar beam equally loaded 
8 feet long ? (Certificate.) 


G. 6. 


1. If a bookmaker lays odds of m to n against a horse, he will, 
if the horse wins, pay a man who backs it a sum which bears a 
ratio m:n to the stake for which it was backed (in addition to 
returning the stake if already deposited). A man wants to back 
two horses for which the odds are 2 to 1 against and 7 to 4 against, 
so as to win exactly £5 on balance if either of the horses wins. 
Find how much he should put on each horse. How much does 
he lose if neither horse wins ? 


“Se S326 fetes 
Fie. 92. 


2 The section of a tube railway is a segment of a circle as 
shown in Fig. 92. The greatest height of the tube is 11 feet, 
and the width at the bottom is 6 feet. Find the radius of the 
tube. 


3. If a+b oc c+d a 


a—b aq’ Prove that rt thay 


P ’ : gee oe rs 
5. Find the value of na*—xb? to 3 significant figures, when 
m=3:142, a=7-528, b=1-461. 


6. It is found that the current required to fuse a wire of given 


material varies as D}, where D is the diameter of the wire. A 
current of 154-1 ampires fuses a leaden wire of diameter 0-232"; 


find in ampéres, correct to 3 figures, the current which will fuse 
® leaden wire of diameter 0:316”. (Certificate. ) 
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G. 7. 


1. In Fig. 93 ABO is any triangle with BC =a"; AN is perpen- 
dicular to BC and AN=p"”; PQRS is a square of side «”. The 
ratio AS: AB=SR: BC= =o a. Hence write down the value of 
the ratio BS: BA; use the fact that BS: BA=SP: AN, to 
obtain an equation connecting a, x and p, and show that 


el 
-=-+ =a) 
“ap 
A 
iS) R 
B P N Q Cc 
Fia. 98. 


%. In the figure of Question 1, express in terms of a, x and p 
(i) the area of the triangle ASR ; 
(ii) the sum of the areas of the triangles BPS, CQR; 
(iii) the area of the square ; 
(iv) the area of the whole triangle. 
By equating the sum of the first three of these to the fourth, 
obtain the same equation connecting a, x, p as in Question 1. 
8. (i) If p.v!4=C, express v in terms of OC and p. 
(ii) If p.v’=C, express v in terms of O, p and r. 


ach de. a— pee (ene a-— Be 
4. Simplity {275 +3 o5}+{oa5 
5. Fill in the gaps in the following: 
20 _ 6x _—id 4a 
Weg “h> By ~ 6y3 
(ii @ c¢ ate a-c_ Vac 
ie gare er es 


6. The weight of the shell of a d-inch gun (f.e. a gun whose 
internal diameter is d inches) is proportional to d*. Find the 
internal diameter of a gun whose shell is twice as heavy as the 


shell of a 4-7 inch gun. 
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G. 8. 


1. A car will travel n miles on a gallon of petrol, which costs 
half-a-crown a gallon. Find the smallest value of n for which 
it will be more economical to make a journey by car, allowing for 
cost of petrol only, than to travel by train third-class at 1d. 
per mile. 


2. A golf-ball is dropped from a height of 6 feet on a stone 
floor, and each time it bounces it rises to a height two-thirds of 
the previous height. Find how many times it will have bounced 
before the bounces are less than 2 inches. 


8. Find the value of 214VH*+0:035V3H%, when H=0°42, 
V =0-785. 
4. Findxif (i) 10°=4-619; (ii) 5° =125; 
(iii) logy,~=1-6125; (iv) log,x= —2. 
5. Solve the equations: (r—y=1-6, 
| <=]. (Certificate. ) 


6. It is known that the horse-power required to propel a ship 


of given pattern varies as (speed)* x (displacement). 

A ship of 1000 tons displacement is found to require a certain 
horse-power at 10 knots ; by what factor must this horse-power 
be multiplied in order to propel a similar ship of 8000 tons at 
12 knots ? (Certificate.) 


G. 9. 


1. Two trains make a journey of 200 miles. One train goes 
10 miles an hour faster on the average than the other and takes 
an hour less on the journey. Find the speed of each train. 


‘ ; ., Qnt14 Qn oh 25\"# 
2. Simplify (i) 3non-i? (ii) () E 
3. liz: y=3: 5, find the value of 
eter aye On 4 
Cs en) ee be 


xy’ 
4. The following table gives values for the pressure and volume 
of a mass of gas kept at constant temperature : 


Volume in c.c. - | 47-1 | 44-0 | 42-4 | 40-4 | 38-4 | 36-3 


Pressure in atmos- 
pheres - - | 1-47 | 1-57 | 1-63 | 1-71 | 1-80 | 1-90 
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Illustrate these figures by a graph, and read off the volume when 
the pressure is 1-85 atmospheres. 


5. If d is the mean distance of a planet from the sun, then the 


time of its revolution round the sun or its “ year” varies as d', 

If the mean distances of Jupiter and the Earth from the sun are 

pally in the ratio 16 to 3, find the length of Jupiter’s “year” in 
ays. 


6. The central load which breaks a wooden beam 1 feet long, 
Sern wide and h inches thick, supported at its ends, varies as 
> ae A specimen of pitch pine for which b=1, h=1, 1=2 just 
broke under a load of 200 lb. 

What load can be carried by a pitch-pine beam 8 feet long, 
6 inches wide and 1 foot thick, if the load is not to exceed } of the 


breaking load ? (C.S.C.) 


G. 10. 


1. If y is known to vary inversely as x, complete the following 
table : 


y 3 6 15 | 20 , 100 


2. The resistance of a wire varies as the length of the wire and 
inversely as the square of the diameter. Compare the resistances 
of two copper wires, one 100 feet long and of diameter /, inch, 
the other 50 feet long and diameter 0-1 inch. 


8. Given P=aW+b. If P=14 when W=6, and P=17-2 when 
W =8, find the values of a and b. 


4. For what values of a, if any, are the following equations 


pened (i) (20+ 1)e=(x+1)x+(e—1)a; 
(ii) (22+ 1l)w=(x4+1)r+1; 
(ili) (2a + lhe =(x@+2)e4+(a—1)2; 
(iv) (22+ 1)(a@—1)=22+ a(x —-1). 
5. OAB are three points in order on a straight line. The 
distances of O from A and B are a inches and 6 inches respectively. 


P is a point in AB dividing AB so that the ratio AP: PB=k: 1. 
Find the distance of O from Pin terms ofa,bandk. (Certificate.) 


6. A clear electric lamp is found to illuminate a horizontal 
desk satisfactorily when it is 6 feet above it. When the glass 
of the lamp is frosted, ita illuminating power is diminished by 
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25 per cent. If the illumination from 4 light varies inversely 

as the square of the distance, how much lower must the frosted 

lamp be hung to illuminate the desk as much as before ?- 
(Certificate. ) 


H. 
(CHAPTERS XII.-XVL.) 
H. 1. 
ee) i let values of z is the function (x — 5)(x — 6) equal 
0 


(ii) What sort of value does this function have (a) when 
x is large and positive, say +100? (6) when @ is 
large and negative, say —100? 


(iii) Between what values of z is this function negative, and 
what can you say about its value then ? 


(iv) Sketch roughly without squared paper the graph of this 
function. 


2. (i) Find a value of x for which the function — is 


(a) positive and < 0-001, 
(6) negative but > — 0-001. 
(ii) Find a value of z for which this function is 
(a) positive and > 1000, 
(b) negative and < — 1000. 
x 2a 
z+2' Ieti~ 
4. Find the value of a’b-?, when a=0-523, b= 1-467. 
5. The weight of a column of mercury in a tube varies as the 
length and the square of the radius of the tube. If a column 


10 cm. long in a tube, diameter 1 cm., weighs about 107 grams, 
find the weight of a column 45 cm. long and diameter 5 mm. 


8. Solve the equation i 


6. The ratio of a man’s income to his expenditure for one year 
is 5 to 4. Next year his income remains unaltered, but his ex- 
penditure is increased by £100, so that the ratio then is 6: 5. 
Find his income. 


H. bak, 


1. Make a table of values of the function 3+ 4a —a? for values 
of # from —1 to 5. Draw an accurate graph of the function 
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between these values of x, and from it read off the answers to the 
tollowing questions : 


(i) What is the maximum value of the function ? 

(ii) For what value of x is the function a maximum ? 

(iii) Between what values of «x is the function positive ? 

(iv) For what values of x is the function equal to 4 ? 

(v) Solve the equation 34+ 4” —2?=6. 

(vi) Solve the equation #?-—47-—4=0, 

2. Fig. 94 shows a circular arch, height h and base 2a. If r 
is the radius of the complete circle, obtain an expression for r in 


terms of a and h, and find the value of r when a=50 ft. and 
h=10 ft. 


Pp 
A ee a oe = B 
Fig. 94 


8. Find the value of z when 


, ag Ne 1 
(i) 22=49; (ii) 97 =(3°)®; ~— (iii) 10" = 75; 
4. Find correct to 2 significant figures two numbers whose 
sum is 2, such that the sum of their squares is 3. 


5. lf a"T6 find the value of 


10’ 

1 OY, wy UD 

‘Wee nee 

6. The force of attraction between two magnetic poles varies 

inversely as the square of the distance between them. If two 
magnetic poles attract each other with a force of 5-6 dynes, when 
5 cm. apart, find the force of attraction between them when they 
are 7-5 cm. apart. 


H. 3. 
2 
1. For what values of x is the function i00 =0? Can the 
function pas ever be negative ? What is its value when z is large, 


100 . 
e.g. when x=+100? Sketch roughly the graph of this function. 


2. The volume of a gas varies as the absolute temperature and 
inversely as the pressure. When the pressure is 15 lb. per square 
inch and the absolute temperature is 280°, the volume of a gas 
is 200 cubic inches. Find its volume when the pressure is 10 lb. 
per square inch and the absolute temperature 300°. 


D.W.A. 21 
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8. In Fig. 95, semi-circles are drawn on AN, NB and AB as 
diameters. NP is perpendicular to AB, and it is known that 
NP is a mean proportional between AN and NB. Prove that the 
area shaded in the figure is equal in area to a circle drawn on PN 
as diameter. 

P 


A 


~<~ -2@ --><----26----3B 
Fig. 95. 


4. The ratio of the incomes of two men is 5 to 4. The income 
of each is raised by £150 8 year and the ratio of their incomes is 
then 11 to 9. Find their incomes before they were raised. 

x? 
2 
2 

and from it read off the roots of the equation corm! =3. 
(Certificate. ) 
6. (i) Find the error in assuming poe to be equal to 1 — 2a 

Ita Osle l+a 
(ii) Find the ratio of the error to the correct value. 
(iii) Find the “* percentage error.” 


5. Plot the graph of the function es from +=3 to z= —3, 


Give all answers correct to two significant figures. 


H. 4, 


1. Find a general statement to include the followings 
the ratio 3: 4 is greater than the ratio 2: 3; 
the ratio 6: 7 is greater than the ratio 5: 6; 
the ratio 100: 101 is greater than the ratio 99: 100. 
av 
o+ 


Find a value of x for which the ratio 


i is greater than 0-999. 


2. What is the value of the function zat (a) when a+ +a, 


(6) when «+ — oo, (c) when x + —1, but is < —1, (d) when2z>—1, 
but is >-—1? For what value of x is the function zero ? 
Draw a rough graph of this function without using squared paper. 


3. Programmes are sold at @ charity concert for “a shilling 
and anything more you like to give.” A programme seller finds 


REVISION PAPERS 495 


that everyone gives him either a shilling or a halfcrown for a 
programme. He sells 64 programmes and takes in all £5. 13s. 6d. 
Find how many people paid half a crown for their programme and 
how many paid a shilling. 

4. For what values of 2, if any, are the following true? 

(i) (w+1)2+ (a+ 2)?=2(2 + 1)(x—2) 41; 
(ii) (w+ 1)2?+ (a4 2)? =2(2+1)(xv+2)4+2. 

5. Find the value of 4-75H%d+, when H = 1-723, d=0-1614. 

6. Sketch the time-velocity graph of a train which starts from 
rest and gathers speed at a uniform rate for five minutes, after 
which it travels steadily at 40 miles an hour for ten minutes and 
then slows down uniformly so as to come to rest in five minutes. 

Unit for time-axis, 1”: 5 minutes; 
unit for velocity axis, 1”: 20 miles an hour. 
How far has it travelled altogether ? Suppose the graph has 


been accurately drawn with these units. How would a person 
describe the motion who thought 

the time-axis unit was 1”: 2 minutes 
and the velocity-axis unit was 1”: 5 miles an hour; 


and what would he give as the total distance travelled ? 


H. 5. 
1. Sketch roughly the graph of the function x(a —2)(x—4). 


2 
2. Draw accurate graphs of the functions = and. 2 on the same 


piece of paper and with the same scales, for values of x between 


6 and — 6. 
For what values of # are these two functions equal ?_ Read off 


this value, (i) from the graph, (ii) using log tables. 


3. If f(x) =22+7x—6, find the values of f(1), (0), f(2a) and 
f(x+1). 
4. Lidless rectangular tins with a square base are to be made 
to hold 12 cubic inches. 
(i) Express the height, h’, as a function of the side, x”, of the 
base. 


(ii) Express the surface, S square inches, as & Papcvions of 
h and 2, and then of x only, showing that Seen Di ts 


Plot the values of S when z has values from 1 to 6, and hence 
find the value of x for which S is a minimum. 
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5. Simplity 2@+*"— 32", and find its value when z=1, 
h=0-001, correct to 3 figures. 


6. Find the error in assuming (1 +2) 7= 1—32, when x=0'1. 
Find also the percentage error. Give both answers correct to one 
significant figure. 


BGs 
1. It f(z)=at— 2, what ia the value of (1). {1101 710-110 tes 
f(0) any meaning ? What are f(-—0-1), f(—0°01) ? 
2. (i) When is the function ams 
(ii) Find values of x for which this function is (a) > 1000, 
(b) <—1000. 
(iii) To what value does this function tend 
(a) when z>+0? 
(6) when 7 >-o? 
(iv) Sketch the graph of this function. 
8. The following table gives the heights in feet of certain points 


on a road above sea-level, and their horizontal distances in yards 
from the starting point: 


equal to zero ? 


Height h| 100 112 127 139 140 138 130 


Distance d 0 50 100 150 200 250 300 


Show these results on a graph. Calculate the average gradient 
(a) for the first 50 yards horizontally, 
(6) for the first 100 yards horizontally. 
By drawing a tangent, estimate the gradient at the point 100 
yards distant from the starting point. 


4. The strength of a rectangular beam of given material varies 
as the product of the breadth and the square of the depth of the 
cross-section. Find the breadth of a beam 4 inches deep which 
is twice as strong as a beam of the same material which is 4 inches 
broad and 3 inches deep. (Certificate.) 


5. The area of a right-angled triangle is 7-5 square inches and 
its hypotenuse is 6-5 inches. Find the lengths of its sides. 
6. Simplify and find the value, correct to 3 figures, of 
. V32. exewa/ Ol 7 poe Ole ‘ 
(i) 2/2’ (11) 73’ (iii) v5’ (iv) V6 x/30. 
[Take /5 = 2-236.] 
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1. An underground train travels from one station to the next, 
@ distance of 1000 yards, in 80 seconds in accordance with the 
following table : 


Time in seconds - | 10 | 20 | 30 | 40 | 50 | 60! 70 | 80 


Distance travelled in 
yards - - - | 50 | 135} 260} 435| 610] 780/ 900! 1000 


eee | A ne 
Draw a graph to illustrate these numbers. 


Calculate (i) the average speed for the whole journey ; 
(ii) the average speed for the first 20 seconds; 
(iii) the average speed for the period 20 sec. to 40 sec. 
By drawing a tangent, estimate the actual speed 20 seconds 
after the train started. Give all results in the form feet per 
second. 
2. Sketch roughly without squared paper the graph of the 


functions (i) + 1/2’, (ii) +a3, 
3. If f(a)=% ee (i) prove that Hx) =4(3)s and write 


down another function which has this property. (ii) Also show 
that f(z)=f(-—2). What does this tell you about the graph of 
the function ? 


4. If x? =175t? and t'=y, express x in terms of y only, and find 
the value of x, when y=0-0162, correct to 3 figures. 
5. The sides of a rectangle are in the ratio 3: 2, and its area is 
54 square inches. Find its sides. 
6. Find a general statement to include the following facts : 
the ratio 36: 25 is greater than the ratio 6: 5, 
the ratio 81: 49 is greater than the ratio 9: 7, 
but the ratio 16: 49 is less than the ratio 4: 7, 
and the ratio 9: 25 is less than the ratio 3: 5. 


H. 8. 


1. Plot values of the function 6x — x? as x varies from —1to +7 


and draw an accurate graph. : 
What is the change in the function per unit change in z 


(i) as 2 changes from 1 to 3 ? 
(ii) as x changes from 1 to 1-1? 
(iii) as x changes from 1 to1+h? 
What is the limit of the last expression as h>0 ? 


498 ALGEBRA 


Draw a tangent to the graph at the point given by z=1; estimate 
its gradient, and compare with the result obtained by calculation. 


2. If f(x) =x2+6, find the value of f(1) and f(-—1). 


f(x +h) —-f (2) 
h 


Write down the value of , and simplify this 


expression. To what limit does it tend, when h>0? 


8. The expenses of a hotel-keeper are partly constant and 
partly vary directly as the number of visitors in the hotel. When 
there are 10 visitors, the weekly expenses are £55, and when there 
are 30 visitors, the weekly expenses are £135. Express the weekly 
expenses as a function of the number (n) of visitors in the hotel. 


4. Sketch free-hand the graph of a function, the average gradient 
of which is given in the following table : 


eee ES SS ES SS SS 


x 0 |Otol|1lto2/2to3|3to4|4to5| 5to6| 6 
Average 
gradient | 0 1 2 3 -1 —-2 -} | 0 


The graph is to be a smooth curve. 


5. A line AB, 4” long, is produced to Q so that AQ: BQ=5: 4; 
find the length of AQ. 


a-1l 2a-1 
6. If ee | and Y= s50 1" 
in terms of y only, and so obtain an equation connecting 2 and y 
and not involving a. 


find a in terms of « only, and then 


Hu, 


1. Make a table of values of the function y=x?+ 2x — 3 from 
= —4toxv= +2; draw an accurate graph, and read off answers 
to the following questions: ~~ 


(i) What is the minimum value of the function ? 
(ii) For what value of a is the function a minimum ? 
(iii) Between what values of x is the function negative ? 
(iv) For what values of a does the function equal 4 ? 
(v) Solve the equations: (a) #3+2x7%-—3=1, 
(b) v2+ 2x =2, 
2. With the function and graph of Question 1, what is the 
average change in x per unit change in y 
(i) When x changes from —4 to —2? 
(ii) When xz changes from —3 to —2? 
(iii) When x changes from —(2+h) to —2? 


REVISION PAPERS 499 


(iv) What is the limit of this last expression as h>0? 

(v) Draw a tangent to the graph at the point given by x= —2, 
and estimate its gradient. Compare with the answer to part (iv). 
ax+b 
cx —a’ 

4. Solve the equation 4-52?+ 3x2 -6-7=0, giving results correct 
to 3 significant figures. 

5. Simplify (i) (5 +/2)(/5— 2); 

(ii) (VW5+V2)*; 

(ili) (V5+V 2), 
and give the values of these expressions correct to $ significant 
figures. 

6. If f(x) denotes the greatest integer in x, sketch the graph of 
(i) f(a), (ii) «-—f(x), when a is positive. 


8. If y=f(x)= 


prove that «=/(y). 


H. 10. 


1. Make a table of values of the function ,),(x? — 4a) for values 
of x from —4 to +4; draw an accurate graph of the function, and 
read off answers to the following questions : 

(i) For what positive value of x is the function a minimum ? 

(ii) What is the maximum value of the function for negative 

values of x ? 

(iii) For what values of x is the function negative ? 

(iv) For what values of x does the function equal 0-2 ? 

(v) Solve the equations (a) ;,(z*-—4x”)=0-1, 

(b) «?-—4x =e 
(c) #§—4r%+1=0. 

2. Find the gradient of the graph of Ex. | at the point given 

by x=2, (a) by drawing a tangent to the graph, 
(6) by calculation. 

8. Sketch roughly the graph of the function (x — 4)*(%— 3). 

4. f(x) is a function of x such that f(x) xf(y)=f(v+y), for all 
values of x and y; and f(1)=2. Prove that /(2)=4, f(3)=8, and 
find the values of f(0) and f(4). 

What is the simplest form of this function of x ? 

5. Prove that if a, 6, c are three consecutive integers, then 
b4=ac+1. 

6. A sum of a guinea can be made up of either a shillings and 
b florins, or of a sixpences and 6 half-crowns. Find the values 
of a and b. 


500 ALGEBRA 


K. 
(CHAPTERS XII.-XVIL.) 
Kal 


1. Soundings are made on a sea-shore at low tide to discover 
the shape of the sea-bottom, and the following measurements are 
recorded : 


Distance from low water mark in 
yards - - - - - 50 | 100| 150] 200] 250] 300 


ee amen 


Depth of water in fathoms - - |0-7| 2 | 4 45] 5 | 51 


Draw a graph to illustrate these figures. 
Estimate the average gradient of the sea-bottom 
(i) For the first 300 yards out. 
(ii) Between points 100 yards and 250 yards out. 
(iii) Draw a tangent and find the gradient at a point 150 yards 
out. [1 fathom =6 feet.] 


@. Find the value of =(1) abt h{(w+h)*+4(a +h) —2— 4a}, 
h—>0 


ae 1 1 1 
adage ieThe eye i}: 
3. Find, by any method, the gradient of the graph of the 
function x§— 52. . 
(i) At the point where x=1. 
(i) At the point where x=a. 
4. Sketch roughly a graph of the function (# —2)%(x— 4). 


5. Ifw=t+landy=?* +t, express (i) t as a function of x, (ii) y as 
a function of x only. For what values of ¢ are x and y equal ? 


M 


6. In Fig. 96 AS is a constant length a. P is a variable point, 
PNAM is a rectangle such that PS=PM. If PN=y and 
NS =a, find an equation connecting x and y, and express y as a 
function of 2. 
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K. a 
1. Draw roughly with the same axes, the graphs of 
(i) y=3-2. (ii) y=5—-a@. (ili) y=5. 


What are the gradients of these lines ? 


2. Differentiate the following functions with respect to #. 


(i) 4a — 32%. (ii) 3+4a — 323. 
(iii) 6+ 4a — 323, (iv) ga + 2x7, 
(v) 6¢-+. (vi) 8+/a. 


8. (i) Find the gradient of the graph y=7+6x+ 32" at the 
point x= 2. 
(ii) At what point is the gradient equal to 1? 


4. y is known to be a function of x of the type mx+c, m and ¢ 
being constants. If y=43 when z=17, and y=34 when x=14, 
express y as a function of a. 


5. Prove that, if a, 6 and n are all positive then the ratio 
(a+n): (b+) is greater or less than the ratio a: 6 according as 
a is less or greater than b. 
at+n @ 4 ies 
EP and simplify it.] 

6. With the figure and data of paper E. 2, Question 2, find the 
maximum sag of the rod. Find also the inclination of the rod 


to the horizontal at the support B. 


[Consider the value of 


K. oe 


Aen ye ms 1 
1 Find 7. (i) when y= 4x oe ae 


(ii) when y = 16x — 4x3 + 2x — 5, 
(iii) when y=52? +274. 
@. Find the gradient at =a of the graph 
y =x — 6x? — 15a + 5. 

Find for what values of x the gradient of this graph is zero. 

Sketch the graph roughly. 

3. Sketch roughly the graph of the function (x—3) Vx —2, 
where the positive value of Vax —2 is always taken. 

4. The distance, s feet, of a particle moving in a straight line 
from a fixed origin is given by s=4 + 6¢+ 3¢, where ¢ is the number 
of seconds for which it has been moving. Find its velocity, (i) 2 
seconds, (ii) 10 seconds after it started. 
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5. A particle moves in a straight line in such a way that its 
velocity after any time ¢ varies inversely as its distance x from the 


: , xv 
origin. Write down a differential equation connecting mr and 2. 


6. If f(x) =a? —5a?+a”+7 and if f(y+a) when expanded contains 
no term in y?, find a. 


K. 4. 
At 1 
aa ee Se s 
1. Find the value of (i) Lt {een = x a} 
h—0 
+ n+] 
(8) Ut space? 


2. Differentiate the following with respect to x: 


: = - fees : 1 
(i) V 6a. (ii) 64/x. (iii) = (iv) w+ 

8. For what values of x is the function x* — 12x equal to zero ? 
Find its derived function and find for what values of x the derived 
function is zero. From these data sketch a rough graph of the 
function. 


4. There are 15 cubic feet of water in a bath. The water is 
allowed to run out and after ¢ seconds @ cubic feet of water have 
run out. If the rate at which the water runs out is proportional 
to the quantity of water left in the bath, find a differential equation 


connecting e and @. 


Fia. 97. 


5. Fig. 97 represents the graph of y=f(x), unit 1 cm. on each 
axis; describe in general terms the variation in the values of 


2 
(i) y; (ii) ae (iii) oe as x varies from 0 to OA. 


6. The force of attraction between two planets varies directly 
as their masses and inversely as the square of the distance 
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between them. Compare the force with which the planets Jupiter 
and Mars attract the earth, at a time when Jupiter is 500 million 
miles away, and Mars is 150 million miles away, if the mass of 
Jupiter is about 340 times that of the Earth, and the mass of Mars 
is about one-seventh that of the Earth. 


K. 5. 


1. Differentiate the following functions of ¢ with respect to t: 


(i) 4+. (ii) 3¢° — 4¢-1 4 5t-3. (iii) 5¢?. 


2. Differentiate the function 2?—27xz. For what values of « 
is its rate of change zero ? What are the maximum and minimum 
values of this function. Sketch its graph. 

8. The weight of a certain solid is given by the formula 

10x7(15 — 22), 
where x is variable. Show that as x increases from 0 to 5 the 
solid gets steadily heavier. What happens after that ? 

4. If R=0-0075(1—e-%), find R when t=10, if e=2-718. 

Find also the value of R when t= 20. 

What is the average rate of change of R per unit change in ¢, 
as ¢t changes from 10 to 20. 


5. If f(x) =a? + 3a, find the value of 
. f(a +h) —f(x) 
(i) h . 


(ii) f(x +h) —f(x) cao —f(x —h)} P 


Find the limits to which these two expressions tend, as h>0. 


Speed in feet per dec. 
80 | \ 
60 5 (a 
40 = | 
20 = | 
oO 5 10 20 30 ? 
Time in minutes 


Fig. 98. 


6. Fig. 98 represents the time-velocity graph of a train, units 


as shown on diagram. ; 
Construct the distance-time graph and write down the distance 


travelled, (i) at the end of 15 minutes, (ii) in the whole journey. 
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K. 6. 


1. Find the turning points of the function x* + 328-9746 and 
determine whether they are maxima or minima. 


2. Show that the function 2*+5xz—6 steadily increases, as 
a increases from — © to + o. ? 

One root of the equation x*+5x—-6=0is x=]. Show why it 
cannot have another real root. 


3. A piece of wire 8 inches long is bent so as to form a rectangle. 
If one side of the rectangle is x”, express the area as a function 
of x, and find the value of x for which the area is a maximum. 


4. (i) Express 5(p?+q*) as the sum of two squares. 
(ii) Express 5‘ as the sum of two squares. 


5. AB is a straight line 6 inches long. M is a point on the 
line between A and B, and N is a point in AB produced, such that 
the ratio dM: MB=AN: BN=6:4. Find the length of MN. 


6. The distance, s feet, that a stone falls is proportional to the 
square of the time, ¢ seconds, for which the stone has been falling. 
Express this fact as an equation connecting s and t, and prove 
that the velocity of the stone varies directly as the time for which 
it has been falling. 


K. 7. 


1. Differentiate the function 5-32-22 and show that the 
function steadily decreases as x varies from — © to + co, and 


that it can only be zero, when x=1. Draw roughly the graph of 
this function. 


2. A particle moves along the straight line OA. Bisa point 
on OA such that OB=5 feet, and the particle starts from B and 
moves away from O in such a way that its velocity is proportional 
to its distance from O. If its initial velocity is 10 feet per second, 


: _ ae 
find an equation connecting rT; and x, where x feet is its distance 


from the starting point B, and t seconds is the time for which it 
has been moving. 


3. The volume of a cone is }mr*h and its curved surface is rr, 
where r is the radius, h the vertical height and l (= Vh?+7r?) the 
slant height of the cone. A conical tent is to be made to hold 
400 cubic feet of air. Express its height as a function of r, and 
then express its surface S, as a function of r. Find the value of S, 
ifr=7. For what value of r is s least ? 
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4. Draw a rough sketch of the graph of the function 18x? — z+, 


and find its maximum and minimum values. (Certificate. ) 
5. If x: y=7: 6, find the value of 
., du + 5y 2, Oy 
(i) 6a + 4y" (ii) oy 


6. The tension of a wire of given material varies as the square 
of its length if it is to produce a given musical note. What must 
be the cension in a wire one foot long to produce the same note 
as a wire 9” long at a tension of 11 lb. ? 


Kes. 


1. Tabulate the values of the function n+4, as x varies from 


—4to +4. Draw an accurate graph of this function and read 
off the values of x for which this function is a maximum or 

Verify your answers by differentiating the function, and 
calculating the values of x required. 


2. Draw a tangent to your graph (Question 1) at the point 7=3, 
and estimate its gradient. Check your answer by calculating 


the value of dy when x=3. 
da 


pe OW d3y 
8. Find ae and da? 
(i) when y = 32? — 7z ; (ii) when y= 5a? —4; 
(iii) when y=7x +6; (iv) when y=5; 


6 
(v) when y= ES 


4. Draw a rough sketch of the graph of the function 75x — 4x? 
and find its maximum and minimum values. (Certificate.) 


5. A line AB, 4 inches long, is divided at the point P, in such 
a way that the square on AP is 1| square inch larger than the 
square on PB. Find the length of AP. 


6. A rectangular plate 20 inches long and 3x inches wide has 
a circular hole, radius « inches, cut out of it. Express the area 
of the remaining portion as a function of 2, and find the value 
of « for which the area remaining is a maximum, 
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K. 9. 
a 
To )eis <— : always equal tox+1? 
a 
(ii) Can you find a value of x for which = equals 2 ? 


a : xi-—1 
(iii) Find the value of Lt 


ae 


2. A bullet fired vertically upwards rises s feet in t seconds, 
where s=500¢—16¢?. (i) Find its height after 10 sec., 11 sec., 
10-1 sec. ; (ii) What is its average speed in the intervals 10 to 
11 sec. and 10 to 10-1 sec.? (iii) What is its average speed 
in the interval 10 to 10+A sec.? (iv) What is its velocity after 


10 sec. ? 
3. If y= 2x27 and x =3z-+ 1, express (i) Sy in terms of 8x; (ii) dz 


in terms of 8z; (iii) dy in terms of 8z. Hence find = 


4. I is the centre and r the radius of a circle inscribed in the 
triangle ABC. Show by considering the areas of the triangles 
AIB, BIC, CIA, that the area of the whole triangle is equal to rs, 
where eee Hence find the radius of the circle inscribed 


in the right-angled triangle whose sides are 3”, 4” and 5”, 


5. If y varies as x’, complete the table : 


xr=2 4 30 


6. Express (5-2)+ a in a form t taini 
. Fi, Eins not containing s, 
a(1—ax)=b(1+2). 
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K. 10. 


a be ; ; 
2 eee ya yet OTe the ratio a: y:z in terms of a, b, c. 
2. The sides of a triangle are 5, 5,2x cm.; its area is A sq. 
em. Express A as a function of x. Represent this function by 
@ graph and find from the graph the maximum area of the triangle. 
(C.8.C.) 


3. A hoop of radius 6 feet is bowled along with velocity v feet 

per sec. and comes to a step of height h feet. The hoop will 
9 

climb the step if v? > 6 If the velocity of the hoop is 

8 feet per sec., and if its radius is 18 inches, find to the nearest 

inch the height of the tallest step it can climb. (Certificate. ) 


4. Ox, Oy are horizontal and vertical lines: the graph of y=a?* 
represents a hill side on the scale, unit for z-axis=100 yards, 
unit for y-axis=1 foot. What is the average slope of the hill, 
(i) from w=1 to v=2; (ii) from x=1 tox=1-1; (iii) from r=1 
to «=1+h. What is the gradient of the hill at x=1? 


5. A, B, C are three points on Ox; APB is a semicircle above 
Ox and BQC a semicircle below OX ; the two semicircles form 
part of the graph of y=/(x). Describe the changes of sign of 

2 
dy and ey between A and C. 
dx dx? 

6. An open cardboard box with square ends is fitted with an 
overlapping lid which covers the open top, the whole of two 
square ends and one other side. The total area of the cardboard 
is 8 sq. feet. What is the maximum volume of the box ? 


Baul 


1. The highest and lowest marks in an examination were 72 
and 17. These were scaled so that the highest and lowest were 
200 and 100. What was the mark corre- 
sponding to an original mark of 53 1 


2. Prove that 2v° — 27? ~ 3. 


8. A road of constant width curves 
through a right angle, the walls being 
concentric circular arcs AB, CD. ‘The 
radius of the inner curve is 60 yards 
and it is just possible to see D from C. 
How wide is the road, to the nearest 
yard ? (Certificate. ) Fig. 100. 


508 ALGEBRA 


4. Tho electromotive force of a certain type of cell has been 
found to vary with the temperature as follows: 


Temperature (Centigrade) 15 | 20 25 30 


E.M.F. in volts - - - | 1-4340 | 1-4284 | 1-4233 | 1-4188 


What is the average fall in u.M.F. per degree of temperature, 
when the temperature rises from (i) 15° C. to 30° C. ; (ii) 15° C. to 
25° C.; (iii) 15°C. to 20°C. ? Illustrate the table by a graph 
and by drawing a tangent estimate the rate of fall of E.M.F. at 
20° C. 
am 1 ee aby ee 
ss (ii) y? = 2a. 


Re DU at tigre Sac 
5. Find =, if a)y= 


6. If a steamer travels at v knots, the cost of a certain journey 
is 8 (= + 0-dot)¢. What is the most economical speed ? 


Kos, 


1. (i) If y varies inversely as the square of x, what is the effect 
on y of increasing 2 in the ratio 4:1? 


(ii) The illuminating power of a light varies inversely as the 
square of the distance. Which gives the better light, 
8 10 candle power lamp, 3 feet away, or an 18 candle 
power lamp, 4 feet away ? 


2. Simplify the result of substituting n= pe in 
1 3: 2 *: 1 
x—-2a x+b' bv 


8. Hrom the formula p =475v-!'%, find p when v =0:874. 


4, (i) ee the function «+(—1)* for positive integral values 
of a. 


(it) What is the least integral value of 2, for which and for 
all greater values of 2, x +(—1)* >100? 


(iii) What is Lt [w+(-1)"]? 


d? d 
5. If y=ax? + ba, prove that x? a — 2x =, +2y=0. 


6. ABP is a triangle, right-angled at B, having AB> BP; 
AB=12"; the perpendleae bisector of AP cuts AB at Q. Find 
the length of AQ if triangle PBQ is of maximum area. 
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K. 13. 

_ 1. A regular pyramid, height h in., stands on a square base of 
side 27 in. and is used as a metal funnel to hold 48 cu. in. Assume 
the formulae: volume = 4ha*; surface of slant sides = y = 4a Va? +h; 
and find the values of Ah and y when 2=1, 2, 3, 4, 5. Plot 7] 
against x and find from the graph the value of x which makes y 
as small as possible. (C.8.C.) 


2. Use calculus methods to solve Question 1. 


8. The following table gives the best wheel bases for trucks 
which have to travel on a curved track. 


Radius of curve in feet =r 20 30 40 50 60 


Wheel base in inches =} 66 69 75 78 


What simple relation connects b and r? Complete the table. 


4. (i) Find the circumference of a circle whose area is 3-85 
sq. in. 
(ii) The area of a circle is z sq. in., the circumference is 
_y in. ; express y as a function of x. 


5. For what values of x is the function 108x — 2, (i) positive, 
(ii) an increasing function, (iii) @ maximum? Sketch its graph. 


6. A closed vessel which tapers to a point at its top and bottom 
is such that when the depth of liquid in it is x feet, the volume of 
the liquid is 12%?—g* cu. feet. Find (i) its internal height ; 
(ii) the area of its cross-section halfway up ; (iii) the total volume, 


K. 14, 
ey zi-y 372-5 
oplt 3— 5’ Prove that zo yt sa by. 


2. Kepler’s Third Law states that the square of the time a 
planet takes for one revolution round the sun varies as the cube 
of its mean distance from the sun. In the following table, the 
mean distance of the earth from the sun (t.e. 93,000,000 miles) 
is taken as the unit of distance. 


Earth | Mercury] Venus| Mars | Jupiter | Uranus 


Time in years} 1 0-24 0-62 | 1-88 
Meandistance 1 0:38 1-52 5-20 19-18 


Verify Kepler’s Law and complete the table. 
D.W.A. 2k 
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3. (i) Solve zV3-a2=4. 
(ii) Find the value of n> final Bead 


4. Use logarithm tables to evaluate 2 x d(log x) +8z, when 
(i) z=5, de=0-1; (ii) v=7, d8e@=0-1; (iii) e=9, d2=0-1. 
What do you infer from these results ? 


5. Draw freehand the graph of a function y=f(x) for which 


2 
(i) over @ portion AB - is positive and os is negative ; 


2. 
(ii) over a portion CD is negative and es is positive. 
6. A circular electric current of radius 1 foot exerts a force P 
on a small magnet placed with its axis perpendicular to the plane 


of the wire and at a distance x feet from the centre where P 


varies as —— ;. For what value of x is P greatest ? 
(14a)? 


K. 15. 


1. The weight of rails, W lb. per yard, necessary when the 
maximum velocity is v miles per hour and the greatest load on 
the driving wheel is L tons, is given by 

W =17 2/{L 4+ 0:0001Lv%}*. Find W if L=8:3, v=47. 

2. If V varies directly as the square of 2 and inversely as y, 
complete the given table. 

Values of x. 


| 1 2 3 
1 
Values a eae 
of y ea ‘eat SD ee 270 
3 80 
3. If bibo8 express hi +—— in terms of 
ey es r—-e% r—y Si De 


A pee he ee table evaluate ee x §(10°) +82 for 10°=5 and 
=6 an =8: 


10" | 5 | 5-0001 | 6 | 6-0001 | 8 | 8-000) 
2 | 06989700 | 0-6989787 | 07781513 | 0-7781585 | 0:9030900 | 0+9030954 
What do you infer from these results ? 
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5. if xy =65, find 


an Es - ; 
(i) a in terms of z ; (ii) a in terms of x; (iii) == x =. 


K. 16. 


1. (i) Express with positive indices ae 


(ii) Evaluate 8!!; 1614; (0-25)?; 10-*x 10-1. 


_ 2. A man pays income tax only on part of hisincome;_ the tax 
is y per cent. of the portion subject to tax, which works out as 
equivalent to x per cent. of his total income. Find the ratio of 
the portion subject to tax to the portion free of tax. 


8. The perimeter of a right-angled triangle is 20 cm.; the 
lengths of the two shorter sides are a cm., b cm., and the area is 
Asq.ecm. (i) Prove that (20—a)(20—b)=200; (ii) express A in 
terms of a, and draw a graph showing the relation between A and 
a as a varies from 0 to 10 cm.; (iii) find from the graph the 
maximum area of the triangle. (C.8.C.) 


4. If f(x) =x? — 3x +45, (i) express Perla t) in terms of x, h; 
(ii) find the limit of this expression when h+0; (iii) for what 
value of x is this limit zero; (iv) interpret the results of (i), (11), 
(iii) geometrically. 

ie abi y=) and z=1-—v2', (i) express Sy in terms of z, 8; 
(ii) express 8z in terms of x, Sx; (iii) express dy in terms of z, 82 ; 


(iv) find =. Tc! ° 


6. The function y = 3x +3 decreases as x increases from 0 to 5, 

and increases as x increases from 5 to 10. (i) What is the value 
2 

of a? (ii) what is the value of ee when #=5 and x= — 6? (iii) find 


maximum and minimum values of the function, distinguishing 
between them; (iv) explain your results by a sketch of the 


function. 
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L. 
(CHAPTERS XII.-XVIIL.) 


L. The 


1. A beam AB supported at its ends A, B carries a load at P. 
The greatest load the beam can stand varies directly as its breadth, 
its length and the square of its depth, and inversely as AP and PB. 
The breaking load for a chestnut beam 20 feet long, 8 in. wide, 
5 in. deep at 2 feet from its mid-point is 2$tons. Obtain a general 
formula for any chestnut beam. 

ee .  0-043z5y : 

2. In what ratio is the expression ees altered if 2 and y 

are each altered in the ratio 2:3? 


8. (i) Describe the changes of sign in the function S(e 24) (t eel 


when 2 increases from — 1 to 6. (x — 1)(%— 5) 


(ii) Find correct to one significant figure its value when 
x=1-0001. 


(iii) Can you find a value of x for which the function equals 3 ? 


(iv) Find AP logarithms the value of the function when 
x= 1000. 


1. 3(a%—2)(x—4) 
(v) Simplify Paes Weve es 3, and evaluate 


t 3(x — 2)(a— 4) 
ao (t—1)(x—5)°* 
(vi) Sketch the graph of the function for positive values of x. 


4. Find correct to two significant figures the value of x for 
which Va —2!°* is a maximum. 


5. (i) Solve ay =a Vx, given y=1 when z=1. 


r 


ts d* La 
(ii) Solve aa given y=4 when «=} and y= —2 when 
r= -t. 


; : 4 f 
6. Find the values of (i) | (52 +5,)de (ii) |(et+gta)a. 


L. 2. 


1. Fig. 101 represents the end-view 
of a circular cylinder on a table be- 
tween two rectangular blocks, distant 
d in. apart; the smaller is of height 
hin. and the radius of the cylinder 
is rin. Find r in terms of d, h. 

(C.8.C.) 
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2. In what ratio must x be altered to become 
Gs Gi)etay; (iii) Ft 
3. Find a and 8, if z* is a factor of (1+2x)(1+bx)*—(1+az)%. 


4. Two points A, B at the same level are 200 feet apart. A wire 
fixed at A, B carries a heavy weight at its mid-point 0; the 
portions 40, OB may be taken as straight, but the length of the 
wire varies with the temperature. When the wire is 2s feet long, 
the depth of O below AB is y feet; when the length is 2(s + h) feet, 
the depth of O is y+k feet. (i) Find a relation between 8, y; 
(ii) find a relation between h, k, 8, y; (iii) find a simple form of 
this relation when h, k are small; (iv) find an expression for 2 
in terms of 8; (v) if the wire stretches from 210 to 210-1 feet, find 
approximately the increase in depth of O. (C.8S.C.) 


4 
5. Interpret geometrically | (2x+3)dx; evaluate it (i) by 
direct calculation and (ii) geometrically. 


6. The volume of a bowl of depth x cut from a sphere of radius 


aist i, ‘ (a*—2x*)dx. Compare the volumes of two bowls of 


a a 
depths 9 and 3° 


L. 3. 


1. (i) If xVx=2", find n; (ii) what is the value of (—1)-#1 
(iii) simplify (1000)* + 10?*. 

2. Two cylindrical glasses contain equal amounts of liquid ; 
the depths of liquid in the glasses are in the ratio a:b. What 
is the ratio of their diameters ? 

2 3 
8. (i) One solution of the equations #?+y*= 25, >t v= 2is 
x=3, y=4; write down the other three pairs of 
solutions. 
(ii) If 22+ y?= 25, what are the greatest and least values of x, 
if y is real ? 


(iii) If 2 4+ a = 2, what are the greatest and least values of y 
if z is real ? 


a? 


2 
(iv) Sketch the graphs of x*+ y?=25 and of 9 fe gn 
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4. Four rods each of length 10 cm. are jointed together at their 
ends to form a rhombus ; if the length of one diagonal is x cm., 
express the area of the rhombus as a function of a, and find (i) the 
value of x for which the area is greatest, and (ii) the maximum 
area. 


5. The distance of the centre of gravity of a circular cone of 
height h in. and base-radius r in. from the vertex is 


oh 
| maytda 
Mit te 
[ ry*dx 
where yore. Evaluate this expression. 


6. A body moves along a line OA towards O in such & way that 
its velocity at any point is proportional to its distance from O. 
Its velocity at A, where OA is 30 feet, is 12 feet per sec., and t sec. 
after passing 4, its distance from O is x feet. Find a differential 

2 
equation connecting xz and ¢, and express sh in terms of a. 


L. 4. 


na 


1. (i) Simplify the inequality Sai. 


(ii) Within what limits must 2 lie if 2? < 3x? 


2. The air resistance to a shell varies as the square of its 
diameter and the cube of its velocity. The resistance to a shell 
5 in. in diameter when travelling 1200 feet per sec. is 150 Ib. ; find 
the resistance to a shell 4-5” in diameter when travelling 900 feet 
per sec. Find also a general formula. 


8. (i) Sketch the graph of y=(1-—a)(x—5). Calculate the 
gradient of the tangents at the points where it crosses 
the z-axis, and find where the gradient is zero. 


(C.8.C.) 
(ii) Find the area of the portion of the curve which lies on 
the positive side of the 2-axis. 


4. If a force of P Ib. acts on a body for t sec., the impulse given 
rt 
to the body is I P .dt lb.-sec. units. Find the impulse given by 


a force which acts for ¢ sec. and is such that P =6 — 2t. 


5. If the graph of x’=5y is rotated about the z-axis, find the 
volume of the portion between x=1 and «=4. 
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6. In Fig. 102 the dotted line is a time-velocity graph and the 
continuous line is a time-distance graph. If the units are properly 
chosen, can the two graphs both refer to the same motion ? 
Describe the motion in general terms, the time shown being 
35 minutes in each case and the maximum velocity 30 miles 
per hour. Find the distance gone after 14, 28, 35 minutes. 


Time 


Fig. 102. 


L. 5. 
1. Express (a — 2)(x — 3) in the form a(x — 1)*+ b(a—1) +e. 


2. ABCD is a rectangle; P is a point on CD; AP meets BD 
at Q; AB=12, AD=8, PD=z cm.; the area of the triangle 
DPQ is y sq. em. ; express y as a function of z, and find the length 
of DP when the area is 16 sq. cm. 


3. Find the value of a. e” when a=32-6, e=2-718, p= — 0°37, 
$=4:5. 


4. (i) For what range of values of x is 2x*— 92? a decreasing 
function ? 
(ii) Find a minimum value of this function. 


5. If a triangle, base b in., height h in., is immersed in water and 
held in a vertical plane with its base in the surface, the depth of 


a 
the centre of pressure is given by 1. oy(* ' 9) dy + pohe. Simplify 
this expression. z 


6. Fig. 103 is a perspective view of a piece of steel formed by 
two cylinders of radius a, whose axes are horizontal and cut at 
right angles. A horizontal plane is drawn at height x above the 
axes; what is the shape of the portion of the plane which lie 
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inside both cylinders ? Prove that its area is caaniscs Hence 
prove that the volume common to the two cylinders is 3. 
(Trin. Coll., 


> 
Fie. 103. 
L. 6. 


1. The rate at which & man can dig a trench is constant for 
the first 15 minutes, and afterwards, without any abrupt change, 
varies inversely as the square root of the total number of minutes 
he has been at work. At the end of 2 hours he is excavating at 
the rate of 22 cu. feet per hour. Find the rate of work (i) at the 
end of a 4-hour spell, (ii) at starting. (C.8.C.) 
x? + Taxty 


2. How is the value of Saree 


affected if « and y are each 
altered in the ratio a:b ? 


3. If c=y*=z and xy =t', express z in terms of ¢. 

4. Find the radius of a cylinder which is cut from a cone ot 
height / in. and base-radius rf in. if (i) the volume of the cylinder 
is & maximum, (ii) the total surface is a maximum, given hk > 2r. 

az 


5. The portion of the graph of y=— + “a lying between x= 1 and 
grap Y=6 Ton 


«=2 is rotated about the z-axis so as to form a surface. The 


area of this surface is ik 2rry AJ [2 + (4 a .dzx. Evaluate this 
expression. 5 ~ 


; 2, 
6. The differential equation of a graph is OY = 42 — 623; the 
graph cuts the z-axis at the origin and the point (2, 0); find the 
value of y when x=1 and the slope at the origin, 


Lak 
1. (i) Draw the graph of x + 2y=3. 


(ii) How can you represent graphically all pairs of values 
of 2, y such that 7+ 2y>3? 

(iii) Represent graphically the pairs of values of x and y for 
which simultaneously x + 2y> 3, 2 — y<l, 5y—2x< 10. 

(iv) Hence obtain all the integral values of « and y which 
satisfy the inequalities in (iii). 
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2. Two glasses contain equal amounts of spirits and water 
respectively : . th of the first glass is transferred to the second 


and stirred up, and then an equal amount of the mixture is trans- 
ferred back again. Is the ratio of spirits to water in the first 
glass greater than, equal to or less than the ratio of water to 
spirits in the second glass ? 


8. Given that 2=10°°°° and 3=10°4771, express aS powers 
of 10 without using tables, (i) 1-2; (ii) 250; (iii) 0-015; (iv) 6-4. 


4. (i) Sketch the graph of y=a(x—1)(x—2) for values of x 
from —1 to +3. 


(ii) Prove that [ e(@-1)(2-2)de=0, and interpret this 


result geometrically. 
(iii) Find the minimum and maximum values of y. (C.S.C.) 


5. If a force of P lb. acting on a body moves it s feet in the 
direction of the force, then the “‘ work done” by the force is 


f " P.. de ft.-Ib. Find the work done by a variable force P = 3s + 2, 
which moves a body 10 feet. 


6. A train runs from stop to stop in 10 minutes, and its speed 
is as follows : 


Be es. ee 
Time in minutes ame 1 Li 25 3) 4 5 617;)81]9110 


Speed in miles per hr. | 0 | 12| 24} 36| 44| 49°5| 51/ 50/45 | 31] 0 


Use (i) Dufton’s rule, (ii) Simpson’s rule to find the total length 
of run. (C.S.C.) 


L. 8. 
700x 


1. Sketch the graph of the function Y=77 540 8% varies from 


160 to 10,000. It has been suggested [see Edgeworth, Levy on 
Capital] that the following is a fair income-tax scheme. For an 
income of £2 (#>160), an abatement of £y is allowed, where 
eee , and the tax is £7’, where T= "4: for x = or < 160, 
x +540 10 
there is no tax. Express 7 in terms of 2, and show that the 
percentage of a man’s income taken as tax increases steadily 
with x, but never exceeds 10 per cent. Find the percentage for 
the following incomes: (i) £160; (ii) £460; (iii) £10,000; (iv) 
£100,000. 
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2. The volume of a gas varies directly as its absolute tempera- 
ture and inversely as its pressure. At an absolute temperature 
of 300°, the volume is 900 cu. cm. under a pressure of 420 mm. 
(mercury). Find the pressure if the volume becomes 800 cu. cm. 
and the absolute temperature 280°. 


8. The cubical elasticity of a gas whose volume is v and pressure 
p is measured by —v a Find the cubical elasticity of a gas for 


which p.v!“°§=c, where ¢ is constant. 


4. The portion of the curve y=z?+1 between x=0 and x=2 
is rotated about the x-axis to form a solid of revolution. The 
x-coordinate of the centre of gravity of this solid is 


2 
[ (x44 1)tedz =| (at +1)¢de. 
Evaluate this expression. 
5. If a horizontal circular dise of radius 4” is under the influence 


of a unit charge of electricity at a point 5” from and vertically 
above the centre, the density of the induced distribution at a 


‘ ; : ine i 

oint on the disc x in. from the centre is : —— 
ab Ont” (224 25)V 16-2! 
units per sq. in. For what value of 2 is this a minimum ? 


6 eirenet Oar andl takeheniSett et Fog ee = 2 
a dzt oo y = 2, express 
y in terms of a, 


L. 9. 


1. (i) How is x limited if °°” is greater than x+1? Tlus- 


trate the result graphically. 
(ii) Is it possible to havea >b and ax < bx simultaneously ? 


2. ABCD is a rectangle; AB=p, BC=q in. (p>@q); H, K 
are points on AB such that AH =/XB, and CDHK 7s fa "quadri- 


lateral in which a circle can be inscribed. Find the length of 
AH in terms of p, q. 


‘ nate rate of flow in a circular sewer of diameter D inches is 
7 feet per sec., where i=length of sewer ~fall. 


\ . . 
If the diameter is decreased in the ratio 5: 6, and if the fall 


is increased from 5 feet in a mile to 6 feet in a mil i 
in which the velocity is altered. pe aafre eo 
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4. The distance of the centre of gravity of a uniform hemi- 
sphere of radius a from the centre of the hemisphere is 


[x(a*—at)xdx + ["n(at—a*) de, 
Evaluate this expression. 
5. Sketch the graph of y=4,3 mark the point P (2, }) on it, 
and draw the tangent at P cutting the z-axis, Oz, at TJ. Find 
(i) the gradient of PT’, (ii) the length of OT. 


6. Interpret geometrically the expressions, 


(i) [ fans (ii) [on- Ade, 


and evaluate them. 


L. 10. 


1. Fig. 104 represents a bridge whose span AB is a feet, sup- 
ported on an arch in the form of a circular arc of radius r feet ; 
the heights of the roadway above C, D and the top of the arch # 
are b, b,c feet; express r in terms of a, b,c. Find r if a=80, 
b=16, c=1. (C.S.C.) 


Fig. 104. 

2. Ay, Az, As, Aas As» --- are points on a line such that the 
lengths of A,Az2, A,A;, A;A,, AyAg,--. are log 2, log 3, log 4, 
log 5, ... feet. Find the lengths of 

(i) A,A,-AAq; 
(11) A,A,—3.4,4;;3 
(ili) AyA a — A,A,-—A,Ay,. 
What facts do these results illustrate ? 
3. If z varies directly as x and inversely as y, complete the table: 
Values of a. 


Values 
of y. 
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4. If a rectangle of height a in. is immersed in water with its 
plane vertical and its upper edge h in. below the surface, then the 
depth of the centre of pressure below the surface is 


[ermrars [eras 
0 
Simplify this expression. 


5. A glass is so shaped that when the depth of liquid in it is 
x inches, the volume of the liquid is ;\, 24 cu. in. ; water is poured 
into it at the rate of 2 cu. in. per sec. ; at what rate is the level 
rising after 3 seconds ? 


6. Given 4 = 1-2 and x=0 when y=0, and x=2 when y=2, 


find “ when z=0, and express y in terms of z. 


M. 
(CHAPTERS XII.-XIV. and XIX.) 
M. 1. 


1. Write down the Ist and 10th terms of sequences whose 
nth term is 


(i) bn-—4; (ii) (n+1)(n+2); (iii) n*-1. 


2. Fill in the gaps in the following sequence: 2, 5, 8, , 14, 
17, , 23, , , 32 and write down the value (i) of the 15th term, 
(ii) of the nth term. 


3. How many terms are there in the sequence I, 5, 9, 13,... 101? 
Find the sum of these terms. 


4. A line AB, 4 inches long, is divided at P so that the square 


on AP is twice the square on PB, Find the length of AP correct 
to 3 figures. 


5. Show that a triangle with sides V2—1, V2+1 and +/6 will 
be a right-angled triangle, and find its area. 


6. Two ships are similar (in the mathematical sense), but are 
of tonnage 8000 and 27,000 respectively. Assuming that the 
tonnage of similar ships varies as the cube of the linear dimensions, 
and that it costs £4 to paint the smaller ship, what will it cost 
to paint the larger ship ? (Certificate. ) 


M. 2. 


1. Find the sum of all the numbers up to and including 100 
which are divisible by 5. 
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2. A car starts from rest and is steadily accelerated in such a 
way that its speed after 1 second is 1 mile per hour, after 2 seconds, 
3 miles per hour, after 3 seconds 5 miles an hour, and so on. 
Find what its speed will be according to the same law after 
8 seconds, and find when it will attain a speed of 20 miles an hour. 


8. Solve the equations: en 7-2y = 1-4, 
36x + 2-4y = 0-49. 
4. Ife:y=10: fan yee 
x: y=10: 9, find the value of (i) wy” (ii) moa 

5. The triangle ABC in Fig. 105 is right-angled at B, and has 
AB=8", BO=6". 

The side AB is divided into 8 equal parts and rectangles are 
constructed as in the figure. If MW is the side of any one of 
these, then the ratio MN: BO=AM: AB. Hence find the length 
of MN and the area of the rectangle which has MN as its side. 
Find the sum of the areas of all these rectangles, and find the 
difference between their sum and the area of the A ABC. 


M 
Fie. 105. 


6. Show that if in Question 5 the side AB is divided into n equal 
parts, so that (n—1) rectangles are formed, each with base 


8 inches, then the smallest rectangle formed has area = square 
n = 
inches, and the largest as square inches, and that the sum 
: 24 
of all of them differs from the area of the triangle by _ Square 
inches. 
M. 3. 


1. A solid sphere of radius 4” weighs 32 Ib. Find the weight 
of a shell of the same material, whose internal and external radii 
are 3” and 5”. (Certificate. ) 


2. If matt, y=t—}, express 24+ay+y* in terms of ¢ only. 


3. The nth term of a series is 6n—7. What is the Ist term ? 
what is the (n+ 1)th term? Find the sum of (n+ 1) terms. 
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4. Draw with the same axes and scales the graphs of x*-7 
and : for values of x between the limits +3. Show that the points 
oe 


of intersection of the graphs will give the solution of the equation 
x?—7x—-4=0, and hence determine how many real roots this 
equation has, and their approximate values. (Certificate. ) 


5. An equilateral triangle ABC has all its sides divided into 
12 equal parts. Corresponding points are joined as in Fig. 106 
(6 parts only are shown), and a number 
of smaller equilateral triangles thus 
formed. How many small triangles are 
there (i) in the fifth row (PQ) ? (ii) in 
the 12th row ? How many small tri- 
angles are there in all ? 


6. Generalise Question 5, taking any 
triangle ABC and dividing each side 
into n equal parts. By joining corre- 
sponding points, a number of similar 
triangles are formed as in Fig. 106. 
How many are there in the rth row? 
how many are there in all? What geometrical proposition does 
this result illustrate ? 


Fie. 106. 


M. 4. 


1. The horse-power of a certain type of water-wheel is given 
by the formula H.p.=0-00113QH, where Q is quantity of water 
flowing in cubic feet per min. and H is the head of water in feet. 
Find the horse-power of a wheel of this type driven by 850 cubic 
feet of water per minute from a height of 2-6 feet. 


2. Convert the relation a=2-5c?d-? into a relation of similar 
type, giving c in terms of a and.d. (Certificate. ) 


3. Solve the equation x*+ 3x —5-23=0, giving the values of a 
correct to 3 significant figures. 


4. What is the nth term of the sequence 2+1; 274+2; 23+3; 
24+4;... ? 

If the nth term of this sequence is a, the (n+1)th term b and 
the (n+2)th term c, prove that 3b=2a+c+1. 


5. Find the nth term and the sum of n terms of the sequence 
SOs US Odense 


6. A clerk’s commencing salary is £100 a year, and he is offered 
a choice between a yearly rise of £5 and a rise of £22 every 4 years. 
Calculate the total sum that he will receive in the course of 
33 years under each arrangement. (Certificate.) 
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M. 5. 


1. An engine exerting a pull of F tons draws a train weighing 
W tons (including the engine) up an incline of 1 in m on a road 
whose resistance isr lb. perton. It can be proved that in ¢ seconds 
the train will have moved from rest through s feet, where 


Express F in terms of the remaining letters. (Certificate. ) 
4y—5 4z—5 
os Be nme 1 and We , find the values of y and z, when 
x=. 
8132h2'5 


8. Find the value of Pie when h=4:65 and n=325. 


4. Find z from the following equations : 
(i) a®xa'=a®; 
(ii) (a2)*=a°; 

(iii) 10°=417 to 3 significant figures ; 

(iv) 3%=2 to 3 significant figures. 
101+103+105+...+ 199 3 

14+34+5+...+99 uit’ 

6. Take any positive number x, ; take its positive square root, 
add one and square the result, call the resulting number 2». 
Repeat the process, starting with x, instead of x, and call the result 
z,; repeat with z, and call the result 2, and so on. Find 2, in 
terms of a,. Also find 2, in terms of x. 


5. Prove that 


~ M. 6. 
1. A certain engineering formula is of the type 
H ment! V® 
= qe 3° 


Rewrite this formula, expressing V in terms of the other letters. 


9. If U=0-4343.P.V.log™, find U when P=16, V=7, 
p,=15:8 and p,=7-4. Pa 

3. The proprietor of a tea-shop finds that the average ex- 
penditure of each of ninety customers is 5d. ; but that while each 
man spends on the average 7d., each woman spends on the average 
4d. How many of his customers are men ? (Certificate. ) 


4. A sequence is formed whose nth term is 6n—4; write down 
the first three terms, and show that the difference between two 


successive terms is always 6. 
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5. What is the nth term of the sequence 27, 9, 3, 1, ... ? Find 
its value approximately when n= 20, using logs. 


6. A long strip of paper, thickness 0-005 inch, is wound on to 

a cylindrical bobbin of diameter 34 inches, and the outer diameter 

of the roll thus made is 14 inches. How many layers of paper 

are there in the roll? Assuming that the lengths of successive 

layers increase in Arithmetic Progression, and that each length is 
a complete circle, find in yards the total length of the strip. 

(Certificate.) 


M. 7. 


1. According to a certain scheme for paying income tax a man 
paid at the rate of 2s. 6d. in the £ on “earned” income and 
4s. in the £ on “ unearned ”’ income (t.e. on dividends from invest- 
ments, etc.). His income was £800, and his total income tax 
was £115. How much of his income was “ earned ”’ ? 


2 lf Wa a[ePs 72, find the value of W when w=0-0012, 
pi = 18-4, p,=17-8, d=2-5 and L=1760. 
3. Find the 16th term and the sum of 16 terms of the sequence 
1, 4, Eo 
4. What would appear to be the form of the nth term of a 
sequence whose first three terms are formed as follows ? 
(i) 3x2; 3x29; 3x23; 
(li) 342; 4429; 542% 
5. Find the sum of 9 terms of a a.p. whose first two terms are 
1 and 3, using logs to get the result correct to 3 significant figures. 


6. A window is in the shape of a rectangle surmounted by the 
semi-circle drawn on the upper side of the rectangle, this side 
being one of the shorter sides. 

If h feet is the height of the window, measured from the bottom 
side to the highest point of the semi-circle, and the width of the 
window is a feet, show that its area is (ah — ,.a*) square feet. 
[Take the area of a circle, radius r feet, to be 2271 sq. feet. 

If the area is 9} square feet and the height is 5 feet, find the 
width of the window to the nearest half-inch. (Certificate. ) 


M. 8. 


1. Solve, by a graph if possible, the following problem : 

A party, climbing a mountain 4000 feet high by the regular 
track, climbs at the rate of 1000 feet per hour, measured vertically ; 
it starts at 11.5 a.m. and halts half-an-hour for lunch at 1.30 p.m. 
Another party, whose rate of descent is 1800 feet per hour, 
measured vertically, leaves the summit at 1.45 p-m., following 
the regular track. At what time will it meet the first party ? 


(Certificate. ) 
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teeth 
x+1°l=a/° 


2. Simplify °”, - ( 


‘ Cy eal 
ae), find T when D=3-12, d=1-74. 


ob hey 
; 4. Show that the recurring decimal 0-7777... is equal to the 
“limiting sum ” of a @.P., and find its value as a fraction. 


5. If wa: y=13: 4 and 27+ 3y=19, find the values of 2 and y. 


6. The area cut off from the surface of a cone between two 
circular sections, the distances of whose edges from the vertex 
measured along a slant side of the cone are a” and b”, is c(b* — a?) 
8q. inches, where c is a constant depending on the angle of the 
cone. A cone, for which the constant c is 0-8, and whose slant 
side is 30”, is painted in alternate strips of red and blue, the red 
starting at the vertex, the width of each strip being 1”. Show 
that the areas of the consecutive strips of each colour form two 
arithmetic progressions, and find the total areas painted in the 
two colours. (Certificate. ) 


M. 9. 


1. The following formula connects the penetration ¢ inches into 
steel-armour plates, with the velocity v ft. per sec. of the shell: 
Aa 15v 
6200-0" 
Find the velocity of the shell that penetrates 7”. (Certificate. ) 


2. OAB are three points in order on a straight line, such that 
OA =a" and OB=b". A point P divides AB so that the ratio 
AP:PB=5:3. Find the length of OP in terms of a and b. 

Sen ligh aa , express d in terms of H, b, and L, using fractional 
and negative indices. 


n-l 


4, Find the value of 7 (Et) correct to 3 significant figures, 
2 
when 7'=147, p,=16'5, p,=13-8 and n=1°6. 


5. An estimate for boring a well is 4s. for the first yard, 4s. 2d. 
for the second yard, and so on; each yard costing 2d. more than 
the preceding yard. If the sum to be spent on boring is £7. 2s., 
how deep is the well to be ? (Certificate. ) 


6. After heavy rain the quantity of water passing a point on 
a small stream in hilly country is found to be 4000 cubic feet in 
one hour, 2000 cubic feet in the next, 1000 cubic feet in the next, 
and so on. Show that the stream will have practically dried up 
in twelve hours, if this rate of decrease continues, and find how 


much water will have passed the point then. 
D.W.A. 2L 
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M. 10. 


1. In any triangle ABC, AD is perpendicular to BC and mecta 
BC at D. AD=3", BC=6". ; 

Denoting the length of BD by 2”, express AB* and AC? in 
terms of x. If 40?=k.AB?, form an equation to find x What 
is the meaning of the roots of this equation, (i) when k=1, 
(ii) when k=5 2? 

2, If L=6-6d?, express d in terms of L, and find the value of d, 
when L=118. 


8. Find the first term and the common difference of an arith- 
metic progression whose 8rd term is 15 and 10th term 43. 


4. What is the smallest number larger than 100 which is 
divisible by 9? What is the largest number less than 200 and 
divisible by 9? Find the sum of all the numbers between 100 
and 200 which are divisible by 9. 

5. Find the sum to n terms of the series 1-1+,,-.... 

What is the “ limiting sum ”’ of this series ? 


6. A War Savings Certificate costs 15s. 6d., and amounts to 20s. 
at compound interest in 5 years. Find the number of years in 
which a sum invested at this rate of compound interest will amount 
to double the original principal ; in other words, solve the equation 


(ies) = 2, calculating x correct to one place of decimals. 
(Certificate. ) 


N. 
(CHAPTERS XII.-XIV. and XX., XXI.) 
Niel) 


1. The senior and junior marks obtained in an examination 
are 137 and 29. These are scaled from 150 to 0. If x marks, 
when scaled, becomes y marks, express y in terms of 2 What 
mark is unaltered by the scaling ? 

2. Give the general rule which includes the following : 

EP whe (ii) 2°P, mee (iti) 4P stb 
od ay Fr i 
and evaluate ?°P,. 1% 


8. (i) What is the coefficient of x in the expansion of 
(v+a+b)(x+c)(~+d)? 
(ii) What are the terms in the expansion of 
(a+b+c)(a—b+d)(a +c-—d)(b—c-—d), 
which have 6° as a factor ? 
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4. If p. v'4= 28-7, find v when p=17-°3. 


5. The distance a spring stretches (t.e. its extension) when a 
weight is suspended from it varies (within certain limits) directly 
as the weight. The following measurements were made in an 
experiment, state which (if any) of them are probably incorrect, 
and find the probable equation between the extension J cm. and 
the weight w grams which produces it: 


Total length of 


21-0 | 22-7 36 | 39°5 


spring in cm., / - 26 QT" |) 34°2 41 
Weight attached 
ingr.,w - - 0 5 15 20 35 45 50 60 


6. (i) There are n circles in a plane, each lying outside the 
rest ; what is the greatest number of lines that can 
be drawn, each of which touches two circles ? 


(ii) Two sets of 3 concentric circles are drawn in a plane, and 
no two circles intersect. How many lines can be 
drawn, each of which touches two circles ? 


N. Za 


1. The resistance R lb. to s parachute of area A sq. ft. moving 
v ft. per sec. varies as A if v is constant, and as v* if A is constant. 
Complete the table for FR. 

How does v vary if R is constant ? 


Values of A. 


4 8 10 
5 
Values of v. 10 1 
15 


2, The following formulae occur in the mensuration of a circular 
cone: s=nrl; l?=r?+h?; V=4nrth. 
3 


rh 8 
If Chey evaluate ras 
3. In the Morse code, letters are represented by dots or dashes 


or combinations of both ; how many letters can be represented 
by using not more than four symbols for any one letter ? 
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4, (i) Simplify (x+y)? —3y(a+y)?+ 3y7(x+y) -y® 
(ii) What is the coefficient of x? in (1+ 2x7+427)§ ? 
5. (i) Find the roots of z*— 100x=0. 


(ii) One root of x — 100x=1 is obviously nearly equal to 10; 
by putting x=10+h, where h is small, and neglecting 
h* and h%, find a closer approximation to this root. 


6. If the diameter of a circular cylinder increases 2 per cent. 
and the height increases 1 per cent., find the approximate per- 
centage increase in the volume. 


N. 3. 


1. Fig. 107 represents the graph of y =(x — 1)(x— 2) on acertain 
scale. Sketch, with the same units, the graphs of 


(i) y=1+(x-1)(x-2); 


(ii) y= (e+ 1)(@ +2); 347 
(iii) y=(@- 2)(x-8); t 
ele i 

(WY) Y= GT) @—2)" 


Sketch also the graph of 
y=(x—1)(x—-2), 


if the x-unit is halved and the y-unit 
is doubled. 


2. In an ordinary box of safety a5 
matches the ratio of the length, the 
breadth and the height is 4:3:1. If 
the area of the matchwood used in 
making the box is A sq. inches and -1 
the volume of the box is V cu. inches, Fia. 107. 
find an equation between A and V. 


3. A tea-pot with a spout 2” long holds a pint ; how much 
will a tea-pot of the same shape with a spout 3” long hold ? 


4. A carriage holds 4 people inside and 2 outside; in how 
many ways can 6 people be divided between the inside and 


outside places, the arrangement inside and outside being im- 
material ? 


5. A pendulum of length J feet vibrates a times a minute. 


What is the reduction in the number of vibrations per hour if 
the length is increased, (i) from 9 to 9-1 feet, (ii) from l tol +h feet, 
where h is small compared with 1 ? 

If a grandfather-clock gains, would you screw the weight at 
the end of the pendulum up or down in regulating it? And why? 
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6. What is the cvefficient of 2? in 
(i) (1—2?)3(1+2)*; (ii) (1—a)*%(1l+#)*? 


N. 4. 


1. If the length of a pendulum is / feet and the time of vibration 
is ¢ sec., it is found by observation that when J/=1, t=1-11, and 
when 1/=2, t=1-58, and when /=3, t=1-93. If these obey a law 
of the form t=al”, find a and n. 


2. The side BA of the triangle ABC is produced to EL; if the 

ges of . HAC cuts BC produced at P, it can be proved that 
Ex : 7” __o” ” 

CP- AG’: (i) If AB=7", AC=3", BC=65", calculate CP; 

(ii) if AB=z, BC=x, COA=y in., calculate CP. 

8. In signalling by semaphore, a single arm can be shown in any 
one of 7 positions, exclusive of the position of rest. ‘These positions 
denote the first seven letters of the alphabet. The remaining 
letters can be signalled by showing two arms in any pair of these 
seven positions. How many letters can be signalled altogether ? 


4. If a=b+h, where h is small compared with 6, show that 


“| ; and et have nearly the same values. What is approxi- 
mately the value of each when a=11 and b=10? 

5. (i) What is the result of putting «=2y—1 in the expression 

x* + 4a — 14x? — 360 + 45 2 
(ii) Solve the equation 24 + 4a*— 14a* — 36x + 45 = (0) 

6. A police-court witness is asked to identify 2 suspected 
persons from a group of 12. If he really knows nothing about 
them, what is the chance that he picks out the two suspects ? 


N. De 
1. Draw the graph of y=z?-—a. With the same axes and 
without any further calculation, sketch the graphs of 
(i) v=y?-Y; (ii) y=a?+2 ; (ili) y=a? -av +1. 
9. When the horizontal course of an aeroplane is altered, there 
is a tendency for the axis of rotation of the propeller to turn up 


or down measured by er foot-lb. Find the turning tendency 


for a “Gnome” motor, where R =radius of gyration = 0-742 feet, 
M =weight =247 lb., N=number of revolutions per sec. = 20, 
7 =number of seconds aeroplane takes to turn through a complete 


circle = 19-5. 
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et | — == —— = 
3. Solve cio. 16 wane 


4. A, B, CO, D are 4 points in a plane, no three of which are 
collinear ; how many different angles at A, B, C, D can be formed 
by lines joining these points, but not produced beyond them ? 

5. How many arrangements can be made of the letters of the 
word referee ? 


pe : = 32 
6. (i) Ifvissmall, prove that Vz?+ 16-— Va2*+9=1 re 
(ii) If x is large, prove that Vx*+ 16 — Veron, 


22 
(iii) Hence sketch the graph of ./724 16 —/724 9, 


N. 6. 
1. (i) If log.«=p, express x in terms of a, p. 
(ii) If log,w=q, find an equation between a, b, q, p. 


(ili) Hence prove that ee is independent of zx. 
OL pax 


(iv) What is the value of loge 
loggr 


(v) Given the graph of log, x, how would you deduce the 
graph of log, a ? 

2. If the lengths of the sides of a cyclic quadrilateral taken in 
order are a, b, c, din., the area is V(s —a)(s —b)(s —c)(s —d), where 
s is its semi-perimeter. 

(i) If the sides of the quadrilateral touch a circle, it can be 
proved that a+c=b+d; simplify the expression for the 
area. 


(ii) Interpret geometrically the result of putting d=0 in the 

given formula. 

(iii) What is the result of putting a=b=c and d=0 in the given 

formula, and what is the geometrical interpretation ? 

3. In how many ways can 8 people be seated at two round 
tables, each of which holds four ? [Arrangements in which at 
least one person has a different right-hand neighbour are to be 
counted as different arrangements. | 

4. The area of the wing surface of an aeroplane with load W lb. 

: : W 
for a speed of v miles an hour varies as as How must the area 


be altered approximately if W is increased b 
v is reduced by 2 per cent. ? e y 3 per cent. and 


5. Find (without using logarithms) the a i 
the cube root of (i) 125-5; (ii) 127. PREPS Seas 
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@. (i) Inthe game of Crown and Anchor, two dice are used, the 
faces of each of which are marked with a crown, an anchor, a spade, 
a heart, a diamond, a club. The gambler chooses one of these 
on which to stake. The dice are then thrown. If both dice show 
the figure he has chosen, the Banker pays him 4 times his stake 
and returns his stake; if one of the dice shows his figure, the 
Banker pays him twice his stake and returns his stake. If his 
choice does not turn up at all, the Banker takes his stake. If 
during a session the total stakes amount to £600, how much 
profit will the Banker expect to make ? 

(ii) If three dice are used, the Banker pays, besides returning 
the stake, four times the stake for a triple success, twice the stake 
for a double success and a sum equal to the stake for a single 
success; in the event of failure he keeps the stake. What frac- 
tion of the total sum staked does the Banker expect to win ? 


Beads 


1. The horse-power H required to drive an electric fan of 
diameter d feet to deliver V cu. feet of air per second is given by 
V = 14a? /H. 

(i) Express this as a formula in which the units are inches and 

cu. inches for the diameter and volume. 

(ii) What is the effect on the horse-power if the volume and 

diameter are each doubled ? 


2. In a game of chess, the first player (white) can make any one 
gf twenty moves. Black can then also make any one of twenty 
moves. White can play his second move in about twenty ways 
and Black has the same choice for his second move. Find 
approximately the number of ways in which the first two moves 
on each side can be played. 

3. (i) If h is small compared with x, find an approximation 

for Vx? +h?—x. 
(ii) The height, h in., of an isosceles triangle ABC is small 


compared with the base BC ; the excess of AB+AC 
over BC is din.; prove that the area of the triangle 
3 


is approximately aq: 


4. A tank, fitted with a tap enabling ith of the contents to be 


drawn off, is full of a certain liquid. As much as possible is drawn 
off, and the tank is filled up with water. What fraction of the 
original liquid remains after the process has been repeated, 
(i) twice, (ii) p times ? ' , 
If N=10, how many times must the process be repeated in 
order that less than half the original liquid may remain ? (C.S.C.) 
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5. A policeman on a motor bicycle, pursuing a thief who has 
stolen a car, comes to a cross-roads; he turns down @ road at 
random, and then comes to @ point at which the road branches 
into two; he again chooses at random. What is the chance he 
is still on the right road ? 


6. It can be proved that if water stands in a spherical vessel 
of radius a in. to a depth of d in., the volume of the water is 


f(d)= ndt(a = 3): 


(i) Use this formula to obtain the volume of asphere; (ii) evaluate 
f(d) +f(2a —d). 


N. 8. 


1. The electrical resistance of a copper wire varies directly as 
its length and inversely as the square of the diameter of the cross- 
section. How is the resistance altered if the length is doubled and 
the diameter is halved ? 


2. What would the graph of (— 1)* drawn for all positive values 
of x look like 2. What is its chief peculiarity ? 


3. How many different signals can be sent, using one or more 
of 4 flags of different colours, (i) if different orders count as 
distinct signals, (ii) if the order does not matter ? 


4. (i) If y is so small that y* can be neglected, express 
in the form a+by+cy?. ty 


(ii) If x is so small that x can be neglected, express 
2n+(n+1)x 


2n+(n—1)z 
in the form a+bx+cx%, Express also 142 in the 
same form. 


(iii) What can you deduce from the results of (ii) ? 


5. (i) In how many ways can 12 competitors in a race be 
Aivided into two heats of six, if the order of the heats 
is immaterial ? 


(ii) What is the chance that the two best runners are in the 
same heat ? 


6. The volume of a circular cone, base-radius r in. and height 
h in., is }rr*h. A frustum of a cone is the portion between two 
planes perpendicular to the axis. If the areas of the two plane 
faces of the frustum are A, B 8q. inches, and if the distance 
between them is h in., prove that the volume of the frustum ig 
jh(A+B+ V AB). 
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_ 1. If a disc of diameter d feet revolves at the rate of n revolu- 
tions per minute, the power wastage due to the air is P ft.-lb. 
per sec., where P?= 10-?#d11’, 

Express this formula with P as its subject for a disc of diameter 
x inches revolving m times a second. 


2. Motor-cars are numbered with either one or two letters 
(e.g. P; AA; LH) followed by any number from 1 to 9999. 
How many cars can be numbered differently if all letters in the 
alphabet are used ? 


8. If water to a depth of d in. stands in a hemispherical bowl 
of radius a in., the volume of water is nd*(a -%) cu. in. 
If the contents form th of the bowl, where n is large, find an 


approximate value of d in terms of a, n. 


4. Four people wish to settle how to play a foursome; three 
of them spin coins, and the odd man out plays with the fourth. 
What is the chance that the first spin is decisive ? 

5. (i) There are 4 teams competing against each other on 
the ‘‘ knock-out”? system. In how many ways can 
the draw be made ? 

(ii) What is the number of ways if there are 8 teams ? 

(iii) What is the number of ways if there are 16 teams? 

6. (i) A framework of rods has 5 corners, no four of which 
are coplanar; what is the greatest number of rods in 
the framework ? 

(ii) If the rods are jointed freely at their extremities, how 
many can be removed without affecting the rigidity 
of the framework ? 

(iii) A framework of rods has n corners, no four of which 
are coplanar; what is the greatest number of rods in 
the framework ? 

(iv) If the rods are jointed freely at their extremities, what 
is the greatest number that can be removed without 
affecting the rigidity of the framework ? 


N. 10. 


1. The acceleration g feet per sec. of a falling body near the 
surface of a planet varies directly as the mass of the planet and 
inversely as the square of the radius. The time of oscillation 
of a pendulum varies directly as the square root of its length and 
inversely as the square root of g. Find how the mass of a planet 
varies in terms of the time of oscillation of a pendulum of given 
length and the radius of the planet ? 
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2. (i) How many terms are there in the expansion of 
(1+2+27+4 23)(1+5+ 57+ 5° + 5) ? 
‘ii) In how many ways can 5000 (t.e. 2? x 5‘) be expressed 
as the product of two factors ? 
(iii) In how many ways can 10,000 be expressed as the 
product of two factors ? 


3. A domino consists of two halves, each of which may have 
any number of pips marked on it from 0 to 6; how many different 
kinds of dominoes are there ? 

4. What is the coefficient of ¢° in the expansion of 

(i) (1 +at + a*t* + a3¢8 + att) (1 + bt + b*t? + b3t8 + bt) 
x (1 + ct + c7t? + c3t? + ctt!) ; 
(ii) (L+¢+é7+22+#)8 ? 
5. f(x) is a function of x such that 
(i) f(z) =a—-—2n if 2n<a< 2n+l], 
and (ii) f(z) =2n—a if 2n+1<a%< 2n+2, where n is zero or 
any positive integer. Sketch the graph of f(x) for 
positive values of a. 
6. A, B play a match of the best three sets at tennis. Either 


is equally likely to win any set. A wins the first set; what is 
his chance then of winning the match ? 


P, 
(CHAPTERS XII.-XVIII. and XXII., XXIII.) 
| ee 


1. In a certain formula ah is taken as an approximation for 
hin 
= hi find the error as a percentage of the true value: and evaluate 


it for the special case h=2, a= 4000. (Certificate. ) 


2. Two men measure independently the length of a fence ; 
the first makes it a yards, and his error is less than x per cent. ; 
the second makes it 6 yards, and his error is less than y per cent, 
Find two inequalities connecting a, b, x and y. 


3. An experiment to determine the force P Ib. required to lift a 
weight of W lb. by a system of pulleys gave the following results: 


_—— | | | ~ 


ie 1:23 | 2-15 | 3:06 | 3-98 | 5-82 | 7-64 


Ne Se deg ee 
Find the best fit equation for P in terms of W. 
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4 
* . o,°¢ * . x - 3’ 
paras () pare oA pee ; (ii) slightly greater than 4; 
iii) slightly less than 4; (iv) slightly greater than 3 ; light 
less than 3 ; (vi) less than — 1000. A Screg 
_ For what range of values of x is this function negative? Sketch 
its graph. 


5, Simplify. (i) 4 (w+2)(e-3); (ii) wit ASE 
(iii) [(@-p)e (ir) [(@+ 1)*dz. 


6. (i) If a sphere of radius a in. contains water to a depth of 


4. Describe in general terms the value of the function phe 


z in., the volume is [ * (2ax—a3)da. Simplify this 
expression. 0 

(ii) Water is poured into a spherical bowl of radius 5 in. at 
the rate of 4 cu. in. persec. At what rate is the water- 
level rising when the depth is 3 inches ? 


P, 2. 


1. Given log x=3-2 logt+7-4, express x in terms of ¢ without 
using logarithmic notation. 

9, I is an index-number representing the cost of living compared 
with a fixed pre-war standard. A workman receives a fixed wage 
of 40s. a week plus a bonus directly proportional to the cost of 
living. The purchasing power P of his wages is measured by 
W =I, where W shillings is the weekly wage. When J =250, 
he receives 90s. a week. Express W and P as functions of J. 
Prove that, when the wages increase, their purchasing power 
decreases. 

3. The following readings connect the candle-power and voltage 
of an incandescent lamp: 


Candle-power - | 20:68 23-24 26-00 28-96 


Voltage - - 94 98 102 106 


If the candle-power varies as the nth power of the voltage, find n. 

4. The horizontal cross-sections of the crater of a volcano are 
circles with their centres on @ vertical line, the radii of the circles 
at different heights are as follows (measurements in feet) : 


Height -| 0 | 10 | 20 | 30 | 40 | 50 


(eile) [neti | (k SR) | ae (ae ian 


Radius-| 0 | 17 | 24 | 27 
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Find its volume im cu. ft. to two significant figures, (i) by 
Dufton’s rule, (ii) by Simpson’s rule. 
5. The work done in stretching a spring of natural length 
> . 
a inches to a length b inches is 5 [ (x —a)dx foot-lb. Find the 


work done in stretching the spring from its natural length, 10 
inches, to a length of 14 inches. 


6. A particle projected in a resisting medium finally comes to 
rest. It travels s feet in ¢ sec., where s=50t— t*. How far does 
it go before stopping ? 


Py a. 


1, Simplify (i) log(x*) —log a; ii) Joie). 


loga ” 
(iii) log (10x) + log (5): (iv) loga if = 100. 


2. (i) If ryz=a, xzw=b, xyw=c, express the ratios y:z:w 
in terms of a, b, c. 


(ii) Divide a*— 6? into two parts in the ratio a: b. 


3. The following table gives the distance, d yards, in which a 
train running V miles per hour can be stopped : 


Plot d against V*, and then express d in terms of V. 
4. The moment of inertia of a spherical segment, radius r in., 
height thins about ete: asia is he | (-23).dx, where d is its 
r—h 


density. A sphere of radius r is cut into two segments by a plane 
dividing a diameter in the ratio 3:1. Compare the moments 
of inertia of the two segments about their axes. 


5. A piece of wire two feet long is cut into two parts, one of 
which is bent to form a square and the other an equilateral 


triangle. If the sum of the areas is a minimum, find the side of 
the equilateral triangle. 


6. A weight hangs at the end O of a spiral spring: it is pulled 
down a certain distance and released, and then oscillates back- 
wards and forwards. If its velocity is v inches per sec. when its 
distance from O is a inches, the differential equation of the motion 


ad : acts 
is qa) = =F (i) If it is pulled down 5” and released, find its 
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velocity when passing O ; (ii) how far must it be pulled down to 
pass O with a velocity of 1 inch per sec.? (iii) with the data of 
(i), find an equation expressing dt in terms of x, 6x, and write down 
the integral which gives the time of a complete oscillation. 


P. 4. 
1. If pv” = 329, find n when p=11-6, v=3-82. 


2. The connection between the speed v feet per sec. of a column 
of water produced by a pressure of head A feet is shown in the 
following table : 


—_———— | | J] | | Ee 


v 15-7 | 32-7 | 39:3 | 49-1 | 63:3 


Plot » against 1/h and find the most probable relation ex- 
pressing v in terms of h. 


3. A circular cylinder of radius a in., height J in., is closed at 
one end with a flat cover, and at the other with a spherical cap 
of height hin. Find the total surface. [The area of a spherical 
cap of height 4 which is part of a sphere of radius r is 2xrh.] 

4, Given y=(e—1)*: (i) find the value of 4% when 2=1; 
(ii) find the sign of - when «=0-9 and when =1-1; (iii) isr=1 

2, 
a turning point of the function (x—1)*? (iv) find the sign of 


when x=0-9 and when 2=1-1; (v) sketch the graph of (~— 1)? 
from x=0 to x=2, and explain the geometrical interpretation 
of results (i) to (iv). 

5. The gradient of a curve which passes through the origin is 
given by the equation oY a a8(1 —x); find the area between the 
curve, the x-axis and the ordinate x= 1? 


6. If a gas occupies v cu. feet under a pressure of p lb. per 
sq. inch, where p. v'**= 300, the work done in expanding from 


v, cu. ft. to v, cu. ft. is ["p .do ft.-lb.; find the work done in 


expanding from 5 to 8 cu. ft. 


P20. 


1. If a exceeds b by x per cent., by how much per cent, does 2a 
exceed 61? In what ratio must b be increased to give a? 
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2. The following figures are given for torsional resistance (steel) s 


Diameter of shaft ininches,d_ - 1 2 2-5 3 3-5 


Torsional resistance in tons, m ~- | 1-28 | 10-2 | 19-9 | 34-5 | 54-7 


Plot logm against logd; hence find the best fit equation 
expressing m in terms of d. 


8. Construct a simple line chart connecting Centigrade and 
Fahrenheit temperatures from 0° to 50°C., given 0° C.=32° F. 
and 100° C.=212° F. Read off the equivalents of 18° C., 98° F. 


4. If fuel contains C per cent. carbon, H per cent. hydrogen, 
N per cent. oxygen, the calorific value of 1 lb. of fuel in British 
thermal units is V, where V=145C+620H —77-5N. Construct 
a nomogram for 70<C<90, 2<H<6, 4<N<8. Read off 
from it the value of V when C=75, H=3, N=6. 

Sy tb =, and y=49-— 2%, express 8z in terms of y, dy, and 
express Sy in terms of 2, dx; hence find 8z in terms of 2, 52, and 


d 
deduce the value of (a=). 
ay ie Pa EN Ws ieee 


6. Sketch the graph of (#—2)(5—z), and find the area of the 
portion of it which lies above the z-axis. 


P. 6. 
1. If t= 2na/e is the same formula as l=kt!, find b correct to 
3 significant figures, given m= 3-142, g= 32-2. 


2. If a jet of water is projected from a }-inch nozzle under a 
pressure of P lb. per sq. in., the effective height, h feet, of the jat 
is connected with P as follows: 


P | 40 | 50 | 60 | 70 | so | 90 | 100 


h 61 67 72 76 | 79 81 83 


lie d 
Plot R ogainst P, and hence find an approximate formula for A 
in terms of P. 


8. Represent by a straight-line graph th ecyoraers 
OS iealkeas e 8 graph the formuia 1 = 392? for 
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4. For ordinary wrought-iron shafting, if D=diameter of shaft 
in inches, H =indicated horse-power transmitted, N =number of 


. . 3 
revolutions per minute, D=/ yh construct @ nomogram 


for 10<H< 100, 10<N< 300. Read off from it the value of 
D when H=80, N=100. 

5. Sketch the graph of the function y=f(x) from x=0 to z=8, 
from the data in the following table : 


x | 0 |} Otol] 1 |} lto2 | 2to4 6 | 6to8 
a ainO t = = 

dy a S ae aa 

al ae + 0 - - 0 - 


6. Interpret graphically [ ‘VT =a de. 


By using (i) Dufton’s rule, (ii) Simpson’s rule, find an approxi- 
mate value of this definite integral. 


| fo 


1. If a 1 candle-power lamp is at A, and if AB=1 foot, the 
amount of illumination at B of a plane perpendicular to AB is 
called the unit of illumination. The amount of illumination 
varies inversely as the square of the distance from the light and 
directly as the candle-power. (i) How many units of illumination 
are given by an x candle-power lamp at a distance of r feet ? 
(ii) AC = 15 feet, a 20 candle-power lamp is at A and a 40 candle- 
power lamp at C; a screen perpendicular to AO cuts AC at P; 
find the position of P if both sides of the screen are equally 
illuminated. 

2. Given that 1 litre=1-76 pints, construct a simple line chart 
connecting pints and litres, up to 1 gallon. 


3. The formula given for staying flat surfaces in boilers is 
d=ty/ ("), where d=pitch of stays, t=thickness of plate in 
inches and P=pressure of steam in lb. per sq. inch. Construct 


a nomogram for 0<t< 1, 0< P< 200. 
4. The following swimming records are taken from Whutaker’s 
Almanack : 


150 | 220 | 300 | 440 500 


92:4 | 145-4 210 323 | 367-2 


Distance in yards, d_ - 


Time in seconds, ¢ - 
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Plot log ¢ against log d, and express ¢ in terms of d. The record 
for 300 metres is 230:2 sec. Is this what your formula would lead 
you to expect? [1 metre=1-094 yards.] 


5. (i) At what point on the graph of y =x? — 2x is the gradient 1, 
if the unit for each axis is 1 inch? 
(ii) How is the answer to (i) affected if the unit for the 
x-axis is 1 inch and the unit for the y-axis 2 inches ? 


6. If the graph of y=f(x) passes through the origin and has 
& maximum at x«=1 and a minimum at «= 2, but no other turning 
points, and if the slope at the origin is 1, find a value of f(z). 


goes 


1, ABCD is a rectangular sheet of paper; AB=ain., BC=b in. 
(a> 6); a rectangle 4 PQD is cut off the ends just large enough 
to allow two equal circles to be cut from it so that when the re- 
mainder PBCQ is rolled into a circular cylinder, these two circles 
will form its ends. (i) Express the volume of this cylinder in 
terms of a, b. (ii) If the area of the paper is 20 sq. in., for what 
value of b is the volume of this cylinder greatest ? 


Pp 
© 
S 


D 
3 Fia. 108. G 


2. What equation can be solved from the graphs of xy =4 and 
y=x3—x? By sketching their graphs state how many real roots 
this equation has. Check your answer by an algebraic solution, 
showing that x= 2 is one answer. 


_ 8. The following table gives the diameters of Cornish boilers 
in inches for various indicated horse-powers : 


Horse-power, H 10 20 30 40 60 


Diameter d, - 36 51 62-5 | 72-2 | 88-5 


Plot log d against log H, and hence express d in terms of H. 
4. Represent by a nomogram the formula (p. 300), 
hee for 150< W < 200, 40< v< 60, 150<d< 200, 
and read off the value of F for W =180, v=50, d= 160. 
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§. (i) Sketch the graph of ry=4+42%. 


(ii) At what points on this graph is the tangent parallel to 
the x-axis ? 


6. The weight per inch length of a rod AB varies as the cube 
of its distance from A ; the rod is 20 inches long and the weight 
at B is 5 lb. per inch length. Find (i) the total weight of the rod, 
(ii) the length of AC if the portions AC, CB are of equal weight. 


Q. 
(CHAPTER XXIV.) 


Q. 1. 


1. Ifa+b, prove that x(x +a) +6 and 2(% +b) +a have acommon 
factor if, and only if, a+b=—1. 


2. If a number and its square root contain respectively p and g 
digits, prove that 2p —4q¢+1=(- 1). 

8. Write 5(a+2b)(3a—4b) as the difference of two squares. 

4. What digit must the symbol x represent if the product of the 
two numbers 25 and 3z is the number 2x5 ? 


5. In the sequence uw, U2, U,..., if u,=2u,,+a" and u,=a, 
\yrite down the value of w,, us, and express u, as & function of 
a and n. 

6. Solve the equations : ay =72, 

yz = 60, 
“2+z=11. 


Q. 2. 

1. What is the condition that the values of « and y found from 
the equations ax+by=p+qz=p+qy may be, (i) inconsistent, 
(ii) indeterminate ? 

2, Prove that the fifth power of any whole number has the same 
last digit as the whole number. 


_,fat+e_ a 
3. If ab+bc+ca=0, prove that RET ee 
4, Prove that the relation y= eee can be written in the 
form 
y—p_3(@—Pp) 
YIN ee T 


and find the numerical values of p and g. 
D.W.A. 2m 
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5. If a is the nth root of « and if y is nearly equal to x, then 
the nth root of y is approximately ee Use this result 


to find the cube root of 1020, and compare your answer with that 
obtained by logarithms. : 


6. A company advances £95 to one of its employees for the 
purchase of £100 War Loan, and it is to be repaid by 10 equal 
annual instalments, the first to be paid in one year’s time. Allow- 
ing compound interest at 5 per cent., find the amount of each 
instalment. 


Q. 3. 
ils Ubi at5=6, b+i=d, c+5=4, prove that cd =}, be = — 3, and 


find the numerical value of ab. 


2. If e(a—b)=y? and y(a+b) =x, express a?— 6? and ? in terms 
of w and y. b 


8. Solve the equations : ft +y=2=22y, 


(i 


4. If (ce +1)? is greater than 5z—1 and less than 7x — 3, find the 
only possible integral value of x. 
x?—5 2 
Bar. eas 
end explain the appearance of the root «=1, which does not 
solve the original equation. 


5. Solve the equation 


6. If the result of substituting ae for x and a for y in 
2? + 2hey + by? is AX*4+ 2HXY +BY, prove that 
(i) 4+ B=a+b; (ii) AB— H*=ab—h', 


Q. 4. 
n-1l 
41. Rewrite the formula 7,=7, (2) " with n as the subject. 


2. Solve the equations : ius +y)=b(a-1), 
y(1+a)=a(b—-1). 


is a root of the equation : 


8. Prove that «= 7 . 


What are the other two roots ? 
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t ee a ae 
4. If Se en 
a b c 
a*—be_ b%—ca_c*—ab 
Ck ee we 
5. A betting-man learns that only three horses are going to: 
start in a certain race, and finds that the odds* quoted against 
them by a bookmaker are 3 to 2 against, 3 to 1 against and 2 to 1 
against. Show that the man by adjusting his bets properly can 
make certain of winning £a, whichever horse wins, and find how 
much he must bet on each horse to do this. 


6. Generalise Question 5 by considering the case in which 
three horses only are running and the odds quoted against them 
are p; to 1, p,to 1 and p,to 1; show that a man betting on them 
can be sure of winning £a, whichever horse wins, provided 

PiP2P3—Pi—P2—Ps—2 is positive. 
Examine the case when p,=5, p,=2 and p,=1. 


prove that 


Q. 5. 


1. If 5? is an arithmetic mean between a’ and c’, prove that 


a+c a+b b+e 

2. Ifx+y=1, prove that (x7+ y)?=(y?+a)(1—zy). 

8. li p=ny—mz, q=lz—nz, r=mx—ly and x+y+z2=0, prove 
ak Pet Pee 

Lyz 

4. A circle of radius r is divided into 12 equal sections by 
6 diameters. Through the extremity A of one of these diameters 
@ perpendicular AN, is drawn to an adjacent diameter; then 
N,N, is drawn perpendicular to the next diameter, and so on. 
Find an expression for the distance of N,, from the centre of the 
circle, and show that the total length of the spiral so formed 


cannot be greater than r(V3+ Ap 
[Use the fact that cos 30°= , sin 30°=$.] 


5. Prove that x (6 —c) (a —b) (a —c)= —(a—b)(b—c)(c—a). 


i pone : ‘ 
——-— is an arithmetic mean between 


can be expressed in terms of l, m, n only. 


6. (i) Find a symmetrical, homogeneous expression of the 
third degree in x and y, which has 3% —y as a factor, 
and is equal to 8 when x=y=1. 

(ii) Find the most general rational integral algebraic function 
of x, of the fourth degree, which leaves remainder lI, 
when divided by (2-1), (w—2), (x —3) or (x — 4). 


* For the meaning of this, see paper G. 6, Question 1. 
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Q. 6. 
pel oil 1 Vere 1 
“ It ryt ea bye? Prove that Gyayt matt (ote 
Dame f(x, y)=2ay+ut+y+2=0, 
; az? — 32-1 3_ 3y-1 
sed Xn serty' ~ syut0 
prove that Ffi(cXom Ys) =O 
3. lé {pent satan 
y? =z? + x3 — 2mza, 
z2=23+y*— 2nry, 
Fr otl y? z? 
prove that iaait Stead a 


4. Find the conditions that ax +by?+cz*+ 2fyz + 2gza + 2hay 
may be the square of an expression of the type le+my + nz. 


5. Find the factors of (i) > (y—2z)*; 
(ii) 5 a(b—c)* 


6. Prove that if x is real and a and 6b are positive quantities, 


\ , 1p2 _ 
such that 6> a, ae ae cannot be less than <5 Or 
preater than gay 

b-a 
Q. 7. 
Via Whi AUS Rot pap ing z2*-xy=c and ry+yz+2zx=0, prove 
a*b*c 
MgBg% == —_______., 
that atytz acacer 


2. Prove that the values of 2, y which satisfy the equations 
(Qa +y)*= 2a —3y+1 and «+ 2y=1 must also satisfy the equation 
a — oy -+ 3y?=0. 

3. If at +y3 =1, prove that y?— 2y(1+32x)+(1—2)*=0. 

1, Solve the equations: (i) (e+1)(#+3)(~+5)(%+7)=384; 

(i) Vima+ ¥2—-a= V3 — 2a. 

5. Find the limits between which m must lie if both roots of 
the equation 2* —(m— 1)x+(m—1)(m—2)=0 are real. 

6. (a) What is the equation whose roots are a, B, y ? 


(b) If a, B, y are the roots of the equation 23+px+q=0, 
Beis ibe a+ P+y=0; and express in terms of p, g 
the-values of F(i)"(a4 8)(B+ry) Gre): 

(ii) 2 (a4); 
(iti) &(a*). 
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Q. 8. 
. ab ced be ad 
2 alt bra dty aw” 
prove that either Zt5t1=0 or z=a-6 
Has Gh Leet ee | | an | 
pedi nd Pie a ts Vota 
(ii) Given ax ya by ae oe ey, 
prove that abcu*y?z? =b+c—a. 


2. If y is small, an approximate value for W/(1+4y) is 
To ; if y=z+z?, find in terms of z the error in the approxi- 
mation. 

8. If 27=0, prove that 


(x+y —2z)(y+2—2)(z2+u—-y) = — 8ryz. 


4. Determine the values of a, 6, c and d so that 
a+b(a—1)+¢(x—1)(a—2) +d(a -1)(« —2)(x—3) 

may be identically equal to 4x? — 5a? + 6x —7. 

5. The following transformation is used in the theory of 

aN 

Meintiviy, seni )) t= p(t - ) where =(1 2 =) s 
Express x and ¢ in terms of @,, t, etc., in as simple a form as possible. 
What do you notice about the forms of x and ¢ so obtained ? 


6. Solve the equations: (i) Vat+a+ Vb+a= Va+b+2a; 
(ii) 2a4 -— 7x? + 9x2? -Tx+2=0. 


Q. 9. 
1. If c=m*—n?® and y=(2m+n)n, prove that z*+ayt+y’ is 8 
perfect square. 
2. If x3 =2, prove that (1+ ma +nx?)(3—x +2) 
= (31 + 2m — 2n) + ( —1+3m+2n)a+(l—m + 3n)a*. 
3. Find an equation whose roots are those of 27*-«—5=90, 


each diminished by c, and find the value of ¢ in order that in the 
new equation the sum of the roots may be zero. 


4. Find the factors of: (i) (a+b)(b+c)(c+a)+abc; 
(ii) (@+6+c)® —2(b+c—a)* 
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5. Solve the equations: (2?+ 2yz=y?+ 2z7=3, 
12 + 2xy = 19. 
6. (i) Writ eens. in the form 
vo. (1) rite (2—x)*(3—2) 
A — — 
(2-2)? e (2-2) 3-2° 
(ii) When f(z) is divided by x—1, the quotient is d(x), and 
the remainder is 2; when ¢(x) is divided by x— 3, the 
quotient is y(x) and the remainder is 4. What is the 
remainder when f(x) is divided by (x—1)(x—3) ? 


Q. 10. 

a-d a : aoc 

at Abi Beka di beg’ Prove that either b7a d* = —abe. 

2. Prove that a+ b(1—a)+¢(1—a)(1 —b)+d(1—a)(1—6)(1—e) 
= 1]—(l=a)(1—8)(1—c)(1—d). 


3. If ae tl dS and b*+ac, prove that 2, y are 
y 2 


the roots of @ certain quadratic equation. 


4. The following is a method in use amongst Russian peasants 
for multiplying by numbers larger than 2. 

To multiply 34x43, halve the left-hand number and double 
the right-hand number, ignoring fractions, and continue the 


process until the left-hand number is 1, thus: 345¢—43. 
writing each line of working immediately 17x 86 
under the preceding figures. Sx—-179 

Cross out all the lines in which the numbers 4-344 
in left-hand column are even, and add up re- 2688 
maining numbers in right-hand column. 1x 1376 

Then 34 x 43 = 1462. =e 

Show that any number can be written in ee 
the form 


@ 2946. 29-140 29-84 LB 
where a, b,c, ... k are either 1 or 0, and hence justify this method 
of multiplication. 

5. A number of cannon-balls are arranged in the form of a 
triangular pyramid, so that the sides of the successive layers are 
made up of I, 2, 3, 4, ... balls, while the layers contain 1, 3, 6, 10,... 
balls. It is known that when there are n layers, the number of 
balls in the pyramid is given by an expression of the form 

an +bn*-- en’, 
where a. 6 and c are independent of n. Find their values. 
(Army C.) 
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6. Prove that (Sx)? —2(2x)(Da*) — 8xyz has a factor «+y-z, 


X,Y, 2, 


and hence find all its factors. 
7 If e=¢(a) is one root of the equation 
I(x) =f(a), 
prove that «= ¢[¢(a)] is also a root. 


Use this result to find the remaining roots of the 
equation in Paper Q. 4, No. 3 


SYMBOLS 


= is approximately equal to. 


a:b equals 5 . See p. 284. 
a:b:c:d:e:.... Seep, 288, 
oo varies as. 


is less than or equal to. 

= is greater than or equal to, 

Va. See p. 255. 

logaz. See p. 280. 

J(«) a function of x. 

Zz. See p. 454. 

> tends to. 

+> +0 tends to zero through positive values. 
+> —0 tends to zero through negative values. 
co infinity. See p, xv, 311, 324. 


ean the positive value of + (a—b) if a, Bare real. 

Lt 7(x) the limit of /(v) when x tends toa. See p. XV, 324, 
—>a 

dv a small change in x. See p. xvi, 339. 


ad 
pe See p. 340. 


[ I(x)dz, i! ; S(x)dx. See pp. 368, 370 


"Pr, "Cy. See p. 398. 
|[m. See p. 395. 


GLOSSARY AND INDEX 


References in Roman numerals are to pages of the Introduction in 
the Teacher’s Edition. 


Abscissa. The x-coordinate of a point. p. 325. 


Approximation. By differentiation. p. 356. 
By binomial theorem. p. 408. 


Arbitrary constant. A constant (q.v.) whose value is as yet undetermined. 


Areas. Calculation of. p. 368. 
Approximate calculation of. p. 376. 


Arithmetic mean (A.M.). p. 382. 
Arithmetical progression (A.P.). p. 382. 


Best-fit line. p. 417, p. xxi. 

Binomial. The sum or difference of two single terms such as (a+b) 
or (x —@). 

Binomial theorem. p. 407, p. xx. 

Characteristic. The integral part of a logarithm. p. 269. 

Combination. p. 398. 

Common difference of an A.P. p. 382. 

Common ratio of aG.P.  p. 385. 

Constant. A number whose value does not change. 

Cross-multiplication. p. 451. 


Decreasing function. p. 346. 
Definite integral. p. 370. 
Dependent variable. A variable number whose value depends upon the 


value of one or more independent variables. 
Derived function. p. 340. 
Determinant. p. 451. 
Differential coefficient. p. 340. 
Differential equation. p. 364. 
Differentiation. p. 339, p. xvi. 
Discriminant. p. 441. 
Dufton’s rule. p. 376, p. xviii. 
Elimination. p. 461. 
Empirical formula. A formula based upon numerical results found 
by experiment. p. 415, p. xx. 
Equation of a straight line. p. 423. 
549 
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factorial. Factorial n, where n is an integer is written | or m! and 
means the product of the numbers n(n —1)(n -2)... 3.2.1. 


Function, A number, or quantity, is said to be a function of one or 
more variables, if its value can be determined when the values of 
these variables are known. p. 306, p. xiv. 


Functional notation. p. 320. 


Geometrical mean (G.M.). p. 385. 

Geometrical progression (G.P.). p. 385. 

Gradient. A measure of the steepness of a graph. pp. 333, 338, p. xv.. 
Graphieal solutions, p. 314. 

Growth function. p. 392. 


Homogeneous function. p. 454. 


Incommensurable. Two numbers whose ratio cannot be expressed in 
the form p: g, where p and g are integers, are said to be incom- 
mensurable. p. xii. 

Increasing function. p. 346. 

Indefinite integral. p. 370. 

Independent variable. A number which varies unconditionally and 
independently of other variable numbers, 

Indices. Fractional. p. 260, p. ix. 

Integral. p. 253. 
Negative. p. 260. 

Infinity. pp. 311, 324, p. xv. 

Integer. A whole number, 

Integral. p. 370. 

Integration. p. 364. 

Interpolation, When the value of a function {s known for some values 
of the variables within a certain range, approximate values of the 
function may be determined from these for other values of the 
variables within this range ; this process is known as interpolation, 
p. xx. See Exx. 20, 21, p. 290, and Exx, 18,19, p. 422. 

Irrational number. A number which cannot be expressed in the forma 
- where p and q are integers. p. 261, p- x. 

Limit. p. 324, p. xv. 

Limiting sum. The number to which the sum of a series tends as the 
number of terms of the series tends to infinity. p. 388, 

Line chart. p. 424. 

Logarithms. pp. 267, 269, 275, p. Xe 

Logarithmic graduation. p. 428. 

Logarithmic notation. p. 280. 

Logarithm paper. p. 429, p. xxii, 
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Mantissa. The decimal fraction of a logarithm. p. 270. 


Maximum. The value of a function which is greater than all other 
values of the function in the immediate neighbourhood. p. 347. 


Mean. The average of two or more quantities. See also Arithmetic 
mean and Geometric mean. 

Minimum. The value of a function which is less than all other values 
of the function in the immediate neighbourhood. p. 347. 


The graphical representation of equations and 
formulae containing more than two variables. 
pp. 424, 431 ef seq., p. xxii. 

Odds. p. 400, p. 488, Ex. 1. 

‘Ordinate. The y-coordinate of a point. p. 325. 


Nomogram. 
Nomography. 


Permutation. p. 394. 

Probability. p. 400, p. xix. 

Proportion, pp. 288, 450. 

Proportional. Third, Fourth, Mean. p. 288. 


‘Quadratic equations. Theory of. p. 441. 


Rate of change. pp. 328, 332, 334, 360, p. xv. 
Ratio. p. 284, p. xi. 

Rationalise. pp. 261, 262. 

Reference line. p. 432. 

Remainder theorem. p. 457. 

Root. Ann“ root, p. 255. Of an equation, p. 441. 


Sequence. A succession of numbers which may or may not obey some 
definite law. p. 380. 

Series. A succession of positive or negative numbers obeying some 
definite law and regarded as a single group. p. 380. 

Sigma notation (>). p. 454. 

Simpson’s rule. p. 377. 

Slide rule. p. x. 

Sum to infinity (see Limiting sum). p. 388. 

Support line. p. 432. 

Symmetrical function. p. 454. 


Turning point. p. 346. 
Turning value. p. 347. 


Variable. A number whose value changes. 
See Dependent variable and Independent variable, 


Variation. Simple. pp. 291, 299, p. xii. 
Joint. p. 299. 
Volumes. Calculation of. See Ex. 8, p. 372. 


0128 | 0170 
0531 | 0569 
re 0934 


1239 | 1271 


1553 
1584 


1875 | 


[2041 | 2068 2148} 


2601 | 


2833 | 2 


20 | 3010 f 3022 
21 7 32226 3243 
22 1.3424 9 3444 
23 | 3617 § 3636 
24 } 3802 9 8820 


26 | 3070 | 3007 
26 } 41504 4166 
27 14314 § 4330 
28 | 4472 4487 
29 f 4624 # 4639 
80 4771 4 4786 


31 4914 | 4928 
32 1.5051 f 5065 
38 95185 45198 
34 [5315 15328 


36 | 5a41 
36 | 5563 $5575 
37 15682 | 5694 
38 #5798 f 5809 
139 § 5911 15999 
40 1 6021 f 6031 
41 #6128} 6138 
42 6232 1 6243 
43} 6335 | 6345 
446435 16444 
45 1.6532 | 6542 
46 | 6628 | 6637 
47 1.6721 16730 


3054 
3263 

3464 
3655 
8838 


4014 | 403) 
4183 | 4200 | 4216} 
4346 | 4362 | 4378 


4502 | 4518 | 4533 
4654 | 4669 | 4683 § 


4800 | 4814 | 4829 
4942 | 4955 | 4909 | 
5079 | 5092 | 5105 f 
6211 | 5224 | 5237 
5840 | 5353 | 5366 
5465 | 5478 | 5490 


5587 | 5599 | 5611 
5705 | 5717 | 5729 
5821 | 5832 | 5843 
5933 | 5944 | 6955 


6042 | 6053 | 6064 
6149 | 6160 | 6170 
6253 | 6263 | 6274 | 
6355 | 6365 | 6875 
6454 | 6464 | 6474 | 
6551 | 6561 | 6571 
6646 | 6656 | 6665 
6739 | 6749 | 6758 


4896812 {6821 | 6830] 68389 | 6848 
4916902 | 6911 | 6920 | 6928 | 6937 


50 #6990 f 6998 | 7007 | 7016 | 7024 
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5 6 vA 8 91123 a|5 6789 
4 91317|21|26 30 34 38 

0212 | 0253 | 0294 | 0334 | 03749 4 812 16|20]24 28 32 37 
¢ 81215|19|23 27 31 35 

0645 | 0682 | 0719] 075574 71115 19] 22 26 30 334 
|| J3 722 14]18/ 21 25 28 82 

1004 | 1038 | 1072] 1106} 3 7 10 14] 17/20 24 27 31 

~~ 3 71013|16|20 23 26 30; 

1335 | 1367 | 1399 1430] 371012 [16] 19 22 25 29] 
T{——|___|__f8 6 912]15|18 21 24 28 
1673] 1708] 1732]3 6 912|15117 20 23 26 

3 6 911/14]17 20 23 26 

1931] 1959] 1987 | 20143 5 811]14]16 19 22 25 

3 6 811/14|16 19 22 24 

2297 | 2258 }227913 5 §10|13|15 18 21 23 

3 6 810|13]15 18 20 23 

2480 | 2504] 259972 5 710|12115 17 19 22 

25 7 9/12/04 16 19 21 

9718 |2742}0765}2 5 7 9/11/44 16 18 21 

2 4 7 9/11/13 16 18 20 

2945 | 2967} 208072 4 6 8|11]13 15 17 19 

3160 }3181/3201}2 4 6 8|11113 15 17 19 

3365 | 8385 /3404)2 4 6 8|10]/12 14 16 18 

3560 | 3579] 359872 4 6 8|10/12 14 15 17 

3747 | 3766 | 378412 4 6 7| 9/11 13 15 17 

3997 | 3045| 396272 4 5 7| 9/11 12 14.16 

4099 | 4116] 4133]2 3 5 7| 9|10 12 14 
4265 | 4281 |4298f2 8 5 7| 8|10 11 13 

4425 | 4440 28 5 6| §|91118 14 
4548 | 4564 | 4579 | 4594 23 5 6| 81911 12 14 
4698 } 4718 | 4798 | 4742 13 4 6| 7/9 10 1213 
4843 [4857 | 4871 | 4886 [49001 3 4 6| 7| 91021 13 
4997 | 5011 |5024|5038f1 3 4 6| 7] 8 1011 12 
5132 18 4 5] 7] 8 91112 
5263 18 4 5| 6] 8 91012 
5391 18 4 6] 6! 8 91011 
15514 1 2045 | 6) erg Tos 
5635 124 STG" Mawronn 
5752 12 8 5] 6] 7 8 910); 

1 5866 12 8 5| 6] 7 8 910 
5977 12 8 4] 517 8 910 

f 6085 12°83 «| 6\\6) Si ol 
pe oe fe | meee i |S RS SRR 
6191 1234 Citas eo 
6294 | 6804 ison era 6789 
16395 | 640516415 |642541 2 3 4 et SO 
46493 | 6503] 6513|6529941 2 3 4 ee) | 
6580} 6590 | 6599 | 6609 | 661811 2 3 4 6 Teg 
6675 6684 | 6693 | 6702] 671211 2 3 4. 6 7a tes 
6767 | 6776 | 6785 | 67946803412 3 4 5.6 7 8 
6857 f 6866 1284 by Gms 
6946 | 6955 | 6964|6972|6981f1 2 3 4 5, 6-758 
7033 | 7042 | 7050 | 7059| 706781 2 8 38 SG uns 
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7348 | 7856 
7412 | 7419 | 7427 


9455 | 9460 | 9465 § 
9504 | 9509 | 9513 


9552 | 9557 | 9562 


9600 | 9605 | 9609 
9647 | 9652 | 9657 
9694 | 9699 | 9703 j 
5 | 9741 | 97465 | 9750 } 


9882 | 9836 
9877 | 9881 | 9886 | 
9921 | 9926 | 9930 
9965 | 9969 | 9974 F 
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711817126 
§ 7202 #7210 | 7218 | 7226 | 7235 FL 
#7284 67292 | 7800 | 7308 | 7316 1 
7364 17372 | 7380 | 7388 | 7396 #1 


§-9320 § 9325 | 9330 | 9335 | 934081 


9841 § 9845 #9850 | 9854 


7135 | 7143 | 7152 1 


7443 07451 | 7459 | 7466 | 7474 f 1 


7520 § 7528 | 7536 
7597 # 7604 | 7612 | 7619 | 7627 #1 


7543 | 755141 


7672 % 7679 | 7686 | 7694) 7701 92 
7745 9.7752 | 7760 | 7767 | 7774 yl 


8028 f 8035 | 8041 | 8048 | 80554 1 
8096 #8102 | 8109 | 8116} 812241 


8482 #8488 | 8494 | 8500} 8506 41 


8543 4 8549 | 8555 | 8561 | g567 #1 
8603 f 8609 | 8615 | 8621 | 8627 41 
8663 f 8669 | 8675 | S681 | s6s6 1 
872288727 | 8733 | 8739 | 8745 91 


8779 f 8785 | 8791 | 8797 | S802 1 


8837 f 8842 | 8848 | 8854 | 8859 4 
8893 | 8899 | 8904 | 8910 | S915 f 
8949 § 8954 | 8960 | 8965 | 8971 } 
9004 § 9009 | 9015 | 9020 | 90254 


| —_|_—_ 
9058 § 9063 | 9069 | 9074 | 9079 


9112 9 9117 | 9122 | 9128 | 913391 
9165 § 9170 | 9175 | 9180} 9186911 
9217 § 9222 | 9297 | 9232 | 9238 91 
9269 f 9274 | 9279 | 9284 | 928991 


a SS ee 


ey eee 


| 


9370 § 2375 | 9380 | 9385 | 9390 § 1 
9420 #9425 | 943019435 | 944040 
9469 # 9474 | 9479 | 9484 | 94899 0 
9518 f 9523 | 9528 | 9533 | 9538 } 0 


9566 f 9571 | 9576 | 9581 | 9556} 


9614 f 9619 | 9624 | 9628 | 9633 f 0 
9661 f 9666 | 9671 | 9675 | 9680}} 0 
9708 f 9713 | 9717 | 9722 | 9727} 0 
9754 4 9759 | 9763 | 9768 | 9773] 0 

9814 | 9818} 0 

9859 | 9863} 0 
9890 f 9894 | 9899 | 9903 | 9908} 0 
9934 f 9939 | 9943 | 9948 | 99524 0 
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ANSWERS. 


PART I. 
EXERCISE I. a. (p. 3.) 
1. ntn=twice n. 2. n-n=0. 38. xx xv=2x", 
4. a+b=b+a. 5. 2n—1 is an odd number. 
6tee el. ee 8. txc=zt, 
a 5xxe. 5 
9. What must be added to 3 to obtainz? 2-3. 


. By what must 7 be multiplied to obtain x? 2 


7 


. n—1, n, n+1 are three consecutive whole numbers, 


12. If the angle ABC is x degrees, the angle A BD is 180 — x degrees. 
18. The number of shillings in 2 guineas is x x 2] (or 212). 
14, There are 3 even numbers up to and including n (where n is an evew 
number). 
15. Oxa=0. 16. 3 times x+2=4 times =z. 
17. Sincea-b=c, .. a=b+e. 
18. x per cent. of a number is 160 of that number, 
19. 20-7; 20-3, b-a. 20. x+2; x+1. 
b x z 

. one t . == X80} ——-XY¥- 
21, 28x3; ax3 (or 3a); 3 22 100 * 5 100 *¥ 
23. 5745; nit+n. 


I. b. (p. 6.) 

(i) Multiply 2 by a (or a by 2). (ii) Multiply 3 by o (or a by 3) and 
add b. (iii) exaxa. (iv) Add x toxxaxa. (v) Multiply 2 by 
a and then take the square root. (vi) Add 1 to the square root 
of x. (vii) 4xaxbxb, (viii) Multiply a by b and subtract 5. 

ae; a8, 3. 2xaxax; 22%. 

(i) 18. (ii) 11. (iii) 11. (iv) 81. (v) 36. (vi) 3. 

D.P.A. i 


li ALGEBRA 
5. (i) 5. (ii) 5. (iii) 6. (iv) 6 (v) 16. (vi) 0. (vii) 16. (viii) 60, 
(ix) 125 (x) 1S (xian (xii) gfe: 

6; (i) Sa) (ii), Po (i) 20 Gy) 202 (w) fee (va) 2c 

re ON ee: Ghee. (oI Xe Pe es (AeA Tees 

8. (i) 30. (ii) 90. (iii) 12U. (iv) 90. (v) 38. (vi) 10. (vii) O 

9. (i) 8 (ii) 14. (iii) 54. (iv) # (v) 0. (vi) d. (vii) 8 

10. (i) py (ii) ae (iii) 9. (iv) $(v) $. (Wi) 

11 i) LOS i) 2 Gv) OF Ce nO.as (a) atl etn) 

12, 6. 13. 8. 122k, 15. 6. 16..12. Dinenee 18. 432 
HCE Qy) 

1. If x=14, 3x=44, 4a=6 and 14+44=6; and so on. 

ll. 9x3=124+15; 5x3=0+15. 12. 5x3¢~10. 

13. 7 is the square root of 36+12+1. 14, 77 -21-=56. 

15. 9?- 8?=17. 16. 36. 17. 59° F. 18, 35 sq. in. 

19. 160 Km. 20. 14+2+34+4+5+6=18+3. 

21. 10=3x4~-2; 22=3x8-2. 22. (i) 4. (ii) 12 right angles. 

¥8. 7 o’olook. 24. 79 sq. in. 25. 43d. 
Tt ace Cp: 11s) 

1. 5x4, 2. 4a. Soa 4. Quy. 5. 62. 6. 30a. 

Us SE 8. 82. S595 LON ba: 12S G9. LeeeGo: 

18. dab. ES GES vere WW, 1%. Qley. 18. 5a% 
1G is (gale 

1, 2a+5. 2. 3x+2y. 8. 36+7. 4. 3x+2y, 

5. 3x+8. 6. a+2b+6. 7. a+b. 8. da+y. 

9. 5a+b. 10. x+2y. 1ivse: 12. 2a+2b +26. 

13. 32+3y. 14, 22, 15. 4m, 16. 2a+2c. 

17, 2n+y+8. 18. a+b+1. 19. 2xy + Qyz. 20. a? + 242%, 

Bl. at+ayt+az. 22. daytat+y. 28. 10a2+106?—5c2, 24. 6yz — bay. 


LIC. (pei. ) 


1, 2.1094+6.104+5; 2274+6x2+5; no. 


- 4.10°+6.107+9; 423462249; no. 3. No. 4. Neo. 
. 2u?+ 3m 6. 22-1, 7%. a3 —28, 8. 129, 9. 28, 


ANSWERS ii) 


10. 2342, ll. a+ 2a?+ 3a. 12. 2a7+2, 18. 2*+8x-8 
14. 23+”%-2. 15. 3a4, 16. a?4+4. 17. oA+40241. 
18. 3-6a. 19, a?+2a?+2a+1. 20. 5a5+ 5a?+5a+5. 
21. (i) 7x4. (ii) 2. (iii) 5. 22. (i) 5a. (ii) 1. (iii) 2, 
23. (i) 9at+a5+7x2+2xe4+2. (ii) 24274 7x2+ 034 Oat, 
24. (i) 28+4a%+3a%+a41. (ii) l+24+3a2+425+ 23, 
25. 4422+42:, 26. 62?+2, 
II d. (p. 14) 

7. 6. 8. a5, 9, x7. 10. 2.5%, 11. 2a3, 12. 6c5. 
18. 207). 14. 327yz. 15. Qa’, Gy, Sy ie fas 18. 112 
19. x7. 20. 2a. 21. 6a?. 22. 324. 23. 3. 24. y 
25. 4a. 26. 12a%b’c. 27. 3a7b’c, 28. 2a%bc?2, 29. a. 30. por. 

II. e. (p. 15.) 

7. 923, ; 8. a’, 9. ab‘, 10. 25aty?, ll. 16a?b4c?, 
12. 4a‘b®c!9, 18. 32. 14. a’, 15. 2a;3, 16. 3y1. 

1. abc. 18, 4ay% 19. (i) 8x%. (ii) 27a%D°, 20. 42°, 

II. f. (p. 16.) 

lg CR orp Pena er 2. 3x, 22:3. 8. (i) and (iii). 

4. Yes. 5. No. 6. No. 7. Yes. 

8. (i) 2, 2a, a. (il) 3x, a, ay. (ili) x. (iv) 4x7, 12x%y8, 622y?, 6x7y, 1824, 

62z. (v) 12a%y?, 6x*y?, 627y, bry, 3x°y, Bryz*. (vi) 12a%y3, 6x?y?, 6x?y. 

92—(1) 00314, 0c» a(il)| 6, 3az,.a, 20%, 10. 2a. 11. 6ab. 

12. 42. 13. be. 14. 6ab. 15. ab. 16. 6a7b5. 

17. 10a%bc; 10bc, 2a?, 5abc. 18.) W2atyeP s Sxt28, Qary, datz, Gy}, 
19. H.c.F. 527; Lom. 302%. 20. u.0.F. 3; L.o.M. 24ayz. 

JOT (x (Gay Sls) 
Py 2 1 8. @. a, 5, 2. 6. 3b. 
y a 3 c 
x iv Qe ip. lige? eee te ie 
oy, Sa) 3p r iz fe 
1 a 16 32 17. 1 18, 20d 

13. % 14. 5 15. 23. ie eas ire 

19,22 90, 222191. ga, 30% gg 2 ak. bytes 
y ab 2a ac 


iv 
ALGEBRA 
ih (Gi) 4 |... 20 Il. bh. (p. 
8 i) 4%, iy 22 - 9. Gi) Gh 
3 . z i vate ese 
ly tee Bary & - a =. 
6. (i) a (i) 6a%b ssePt sees > 5. l5xry? ibs 
- 120%? 45° (iii) 0" : 7 6x2y?’ 6xty?” 2y* 
(.0) eat aw NS, a®)s ae 
7 ii) = (iii) i xy? (v) ze 
9. (i) J; (ii) 5 1: 8. (i) ee ey ns 
1. Gi). (ti) © zig (i) B. (aiy GY 
13, 2+ 2a" ie ae Be 
oth a tte (a ou eee 
; > yg. gee xy ig, 2 
a) eC te ie ye. eye 3 
Faye lpg eg 7 OY 
19. (i) 5 i) 0-4 3x 18. (i) 3 3 Qa 
7 eid (iii) Y=} io Sg 3bce—b 
20. (i) — iy =a? zy “i 
c 11 = 
21 os Te” (ii) 22" 
» (2) a (1i) 7x —2 xyz 
= (iii) #4 —¢ 
gg, Ste a 99 2 
b eae, G98, StY 
28. (i) 264 oe ha 6x o, ¢-> J 
_ (ii) aR (iii) 2 a q7, 2-” 
30, (i) 3*2, (iy 34 a Oran sae 
a ii) + (iii) Sco (ii) %. (ii) 2 
eco — a1. a2 3b ii) — 
Gye (il 2b 4 ila) me A 
Et Ba (iii) 34 ax7 i 5: (iii) 24 
84, i) Seta 26° 33. (i 3x7 : 3b° 
iRe (ii) @ ree 1) ij) 3 
- (iii ad 2 , (ii) vo ar 
be ) <= Guy = 
36. (iy. (i a 85. (i) 5 ; a 
. (ti) (ii 5 (ii) 2. (iii 
iii) 1. ene? 
38, i 5. 87. (i y a 
“a (ii) ©. (iii 32 ay Gi) S 
g (ii) = ii) 5+ (iii) 
40, (i) 272. Gi) a 39. (i) 3%, ii 03. ~~ 
05°) a5" (iii) 7Y 2 ia) 08m" Gis) 22 
41, (i) % ; oe Bop 
ail) ee en af y 4 
bo C*HD ait aeyty® 
a2, Yt (iy 3 ny deals 
a ay (HG HAE 4 
; . 43. = 
(i) 36a. (ii) a gq » =. (i) 3 an tf 
' y 5 (ii) = 
36 45. (i) 12a Oe No. 
+b, (iy 224+ 
12° 46, 2. 
12y° 
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100 - - 
5 ee 48, ss 49, zt, 50. No; it always =§. 
51. 


100 
No; it always =2. by 58. 3a- 4b. 


; 55. 1. deta). 2 ii) 245 
§ 1 56 (i) (ii) -— 


Il. kK. (p. 22.) 
Subtract b from a; multiply the result by 3. 
Multiply a by 3 (or 3 by a); from the result subtract b. 
Add z toy; multiply by 2; add the result to x. 
Add 2y to x; add z to the result. ° 
Add 2 to x; multiply by y; add «. 
Add 2 to x; multiply by y; add z. 
Add 2 to x; addz to y; multiply the two results. 
Add b to a; from the result subtract c. 
Add 6 to a; subtract the result from c. 


. Add b toa; subtract the result from c. 
. From c subtract a; add b. 

. Add b toa; addc toa; subtract the second from the first result. 
. Addctob; multiply by 2; subtract the result from a. 
. Add ¢ to 2b; subtract the result from a. 


Subtract 2 from a; addc to}; multiply the two results. 


. Subtract 2b from a; add c. 
. Add b to a; take the square root of the result. 


. Subtract y from x; multiply by 2; take the square root of the result 
19. 


2a —(b+¢). 20. (a—b)-(c-@). 21. 2(x-¥y). 
. Qx(x—y). 23. 4(b+c). 24. a+(x+y). 
. (x+y). 26. (a+y)?+(a—-y)*. 27. {2(a+y)}* 
. Aaty)+h(z-y). 29. Ney. 30. Vz-AVy. 
. 1-(x+y). 82. (x—2)(a+b). 88. a(a+1)(a+2). 
. 12(@+y). 85. a@—(b+c) in. 36. (a+b) —(%+y) mi. 
c 15-(#-4) sh. 38. (a+b)c sq. ft. 89, Vx?+ ay ft. 
871(100 - 1). 41. 59(2-}). 42, 350-(%+y) pounda 
. (x+y)+2s(%+y) pounds. 44. 35+(x+y) shillings. 


. 50(p+g)+r lb. 46, 100-(z~-y). 47. x+4(y— x) Ib. 


em © wo = 


ALGEBRA 


IX. L  (p. 26.) 


(i) b+e. (ii)a-—(b+e). (iii) a—b. 
(iv) a-b-c; a—(b+c)=a-—b-—c hours. 


- G)y-z (ii) wt(y—z). (ili) x+y. (iv) e+y-2; r+(y—z)=z4+y-5 
. (i) 11-4. (ii) 11-4 or 7. (iii) 11-642 or 7 inches. 
. (i) OR. (ii) PR. (ili) PQ. (iv) PR. (v)a-(b-c); a—b+c inches 
2+10+5; 2+(10+5) shillings. 7. a—(b+c); a—b-c inches. 
. Floor, 3+6+4; 3+(6+4). 
2155 + 4425 — 4325 ; 2155 + (4425 — 4325) ft. 
x-y+z; x-(y—z) pounds. 16. x+y+2z. 
. “+2y—-2, 18. Qx+y. 19. y. 20. 2x-y, 
= Vary 22. 1. 28. 2?-22+1. 24.. 2-2. 
0: 26. a—b—2c. 27. a-2b+e. 28. a—b. 
reba 30. 2b. Sk: 1233" 
. a+6d. 83. 23+22-2-1., 84. a3 —a2+2-]1, 
1-3x+32%-a%. 86. a’—a2b+ab2_ 3, 87. 23-Qry + y?, 
. 4ary + 2Qy?, 89. 22-3245. 40. a3 —327+3x-1. 
BO AIE 42. 0. 43. 3a—-3b. 
x? + 222, 45. x34 y%+22—Qyz + Qe + Qry. 
II. m. (p. 31.) 
- wzt+yz. 2. xz+yz. 8. xz- yz. 4. xz-yz. 
. Qab—2ac. 6. 4x3 2Qzy, 7. Qa34 3x2 8. x3 —Qx2 4 x, 
x+y. 10. a-b. Lie = 2: 12, 227-3, 
. w+a-2, 14. a-b-e. 15. Qa%y-Qry2, 16. a-l. 
aur 18. a3, 19. 2842. 20. 222 +42-2 
. xi+y? 22. 4a -23y. 23. 2a7- 3x. 24. day+3, 
. e+ Lay, 26. 7a—9b+38c. 27. 2a? + 3b, 28. 2-1. 
. wy—l. 80. b+a. 


II. n. (p. 32.) 


. Subtract the sum of c and d from b and add the result to a. 

- Multiply the sum of c and d by 6, add e, and multiply the result by a, 
» Multiply the sum of b andc by a, subtract d, and divide the result by e. 
. Subtract ¢ from b, subtract d from the remainder, and divide a by 


this result, 
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6. (i) {(3x204+7)4+1}+80. (ii) {4(20x%+y)+2}+ 80. 
%. {a(b+c)—2*}+144. 8. 2b+c. 9. 4a. 10. 67+ 6y. 


55. 


67. 


. (i) = (ii) ba. (ii) ¢. O17, 8x. 28. (i) ~. (ii) 3. (iii) 


_ 3423-4}; 34. 36. (i) 


. a+b. 12. 3b-c. 13. 0. 14. 4x-2y. 15. a—b+c-d-e. 
16. 
20. 


4a? — 26ay + y?. IW Rep 18. a-4b+7ac. 19. x—4y. 
0. 21. a+b-—a?+ab. 22. 2b-2a. 28. Gbte. 
xyty*% 25. 1-ab+ac+d. 26. 22:2 — 2y3, 


II. p. (p. 33.) 
6x sh. 2. «+1; 7-3 years. 8. 22%, 4, 152 miles; 34 hr. 


- Ix-—4;3 3. 6. a+b miles an hour; x(a+b) mi. 7. a+2b+e. 


5a. 9. 12a+b; 24a+2b. 10. 10x in. 11. 3ab. 

(i) 12y. (ii) 30z. 13. 62x, 12, xy; 6x, 12. 

(i) 7x% (ii) 3a®+4a. (iii) 122°%. 15. Qr+y years. 

47, 62,39. x followed by y. 17. (i) 25xyz (ii) 9afy®. (iii) 2. 
22 +3y sh.; ax+by sh. 19. a—b+e. 20. (i) 14. (ii) 0 


2; 484, 92. Ba+b. 23. 2400+12b, 24. 19rin, 25. 2at+d-«6 


5ba’ 


2 n-m 
5 ahs 


y+az lb. 30. 24-—3a lb.; 8—x% lb.; a(8-—-) sh. 31. «x in. 
5(m—n)-—3(m+n). 38. (i) 8; (ii) 5. 84. ~,(b+2c). 


. 10a ;s-) @ tee 3 , 2p+q 
a7 (ii) 5 (iii) 5a" 87. 4p%q; aig 


120-(a+5) pence. 89. 24a%-2ab?; 2ab, 40. & 


(Pee Ss i 2. (ai) 5. 42, (i) 2° -2x24+3x-2. (ii)a-b 
a 


. 22-427, 44, 4a?-{2u(x-y)+y"} 45. 20(a+1)-17. 
. (Qa—y)?; 2h. 47. 12—2a miles. 48. 120a”+3000 gallons 


: ee: A 0? ay b= 1 Gigy Bat 
(i) 25ab®, (ii) 32?y72*. 50. (i) = (ii) me (iii) 3" 


(20a-+y)12+2. 52. 67950 — 1359 =66591. 
(i) 4az. (i) 3c + By. 54. (i) 16a%%c3, (ii) Qac. (iii) mn. 
y 


2 
(i) 4a—6 ft. (ii) a®-3a sq. ft. 56. (i) Quy. (ii) * 


58. (i) = WED 59. b. «60. abu. 


n—qmtn rh toe 
a® xat=amtn, (ii) 100 


ALGEBRA 


viii 
81. 2(bc+ca+ab) sq. in.; 6a? sq. in, 
aoe 
y 


felts 4 66,525. 
ac+be me 


n 


668 


65. ae 
100 


III. a. (p. 39.) 


x pence; 2% pence. 8. ab square feet. 


. x pence per lb. 6. x pence. 


10. x miles per hour. 


III. b. 
Wf = 
8. 3 4d. 


(p. 41.) 
4, 302 


lO bs 2. 32 sh sacha: 


. 3y sh, 7. 120z. 8. 9, 


y 11, 12, 2240 


miles. 


125 
Qa 


16. 1600(x+y). 


nd 


88 
23. = (202 +y) Ib. 


20, mi. per hr.; 40 mi. per hr. 


ab 
Se aa. 
= days 
>} 
2240 24. x; £400 
x 31 


tons. 


III. c. (p. 43.) 


24x sq. ft. 2. == sq. yd. salts, 


Ue i (1 sheet gives 2 pages). 


24h, 1. 100A. 1D. 72ery, 


Sha 5l 
IGS 1 
320 © are 


21. 1728x in. (48x yd.). 


xy. 
20. 


Qqrr 


23. Seer 
3 ft. 


to 


(ah + bh+ ab) aq. ft. 24. 


III. d. (p. 45.) 
: 6 -., 62 
2. (i) 60x 5. (ii) _ 


62. /a?+ab. 


sh. 


(i) 20 min. 


17. 1 day; = days. 
y 


7 4. £ 


1s, 7% 
tek 


25, wrth; 


67. 2{2(2a+b)+b}+b. 


4. 2 degrees; x+3 degrees 


8. x* square inches 


» «x shillings; y shillings; either (x—-y) shillings =3 shillings or z-y=3 


5. + ya. 
(ii) 20a min. 


14 


21. 


== = 6: Ste 
4 7 S 
8. xyz ou. in. 


13. 18hx sq. ft. 


19. wdin 


22, x(z—y) sq. in. 


25r1h 
— 


100a 


17. 


22. 
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(i) 3100. (ii) $< 100. (Gi) i. (iv) 1002, Aare 
y 
3P His 21n 109 
fa : Binds —-xy ae 
100 Ue ope 100 8. ai 9. 100-x%. = 10. = br 
n 5(12a +b) 100a 
= 13. 10a sh. 1G Fp eee 167 (=, : 3 249 
a as 7. ea 16. 5sh.; 24% 
3a Ze 500 — x 
ie 8% 19. 6 ,, Se 2p. 
5 a 50° £nr ; £(100+nr) 20 5 21. p 
mn 100z 3b 6000 
ae CL teens : =~ ish, : ; 
100 AOE ee XS li ee Teer age 
III. e. (p. 48.) 
A=axy. 2. V=lbh. 3. m=" 124 mi. 4, wae. 
p=" (or p x-%); 15s 6. p=2(/+b) 7 fa, 9 f 
. R 2(100+ R) _ _ ld 
‘ y=a(1 + ar or 100 ; 27s. per week. 9. =o * 
C=180-(A+B). ll. A=}(x,+2,+%,+%,). 12, A=6a?, 
Aa =2h(1+6). 14, /=24-—2¢; 14hr. 15. A=900(30 - x) 
. vas 189 mi. per hour, 11. sae) 18. DAC=90+5. 
108+" hr., or 10 hr, (41 +4n) min. 20. 6 br. +4/ min. 


III. f. (p. 50.) 


. (i) 30°. (ii) 30°x 6. (iii) 30x. 2: 50(y—a) sh., or £ Sys) 2) 


4x 
ce 
iB ft. 4. l5n years. 5. £(a+ 4b). 6. fx. 7. ERs 
2 
a days. 9. 2. 10. < sq. in. 11. 10x Kg. per aq. m. 
Coie ee 15. 52x % 16, 12% 
ag Bye Le 
[etc ey 3x 
8-3 miles. 18. J= 003 88. 21. 16+n. 22. 7° 
: af 24. _ grains. 25. Error < 0'002da%, 
. 2-2 o'clock. PH, MOAB MO 28. 52-10 pence. 
64x xa\. 632 x 
. n greater than 100. 30. 3 (or otis) + ey (or 2-5) 


. Income of A is £47; income of C is £#I. $2. 2 days. 


36. 


40. 


mim ox oo om 
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Aes 34. 2 (e- 2000) ; 2000 + 2¥. 85. 4x —3y. 
x+y 9 


£ (6a + 4b). SIABCAAE A 88.6 39. 40 —% sh. 


tte ahs a 42. Es or 15+ 5 yr. 48. 2 2¥% 
3 x 21 x 


be 45. lla=9b. 46. — 48. 2h+(x+2)r; 814 ft. 


IV. a. (p. 54.) 


. 5, 18, 13°5, 28°1, 22°5, 25°8. 2. 0°5, 1°8, 1°35, 2°81, 2°25, 2°58 in. 
. 1, 36, 2°7, 5°62, cute 4, 2°5, 9, 6°75, 14°05, 11-25, 12°9 see. 
. (5, 5) 5 (18, 4); (13°5, 11); (28°1, 17); (22°5, 9°7); (25-8, 0°8). 


Divide each coordinate in Ex. 5 by 10. 


- (1, 5)5 (3°6, 4); (2°7, 11); (5°62, 17); (4°5, 9°7); (5°16, 0°8). 
. Same as Ex. 7, units 1 in. ld. O. FE Eth e 


IV. b. (p. 56) 


2. (i) 1904. (ii) 1910, 1911. (iii) 1907. (iv) 1908. 
8. (i) 1841. (ii) 1811 to 1841. (iii) 1841 to 1911. 
4. (i) 1906. (ii) 1902, 1908 to 1911. (iii) 1902 to 1906. 


12. 
15, 


DV Sc (ps62:) 
3. 10°77. 4 T1ft. persec. 6. 1s. 1d.; 30]1b. 7%. (i) 1°85. (ii) 1°73 
. 4°1 sec. eee ae ne Ml. (i) 2°6 (2:7). (ii) 0-21 
32'2 sq. in. ; 3:56in. 18. (iii) 57-1. (iv) 2°71. (v) V-71. 
From 0 to 2; 2; 4. 16. 4°25 mi. 17. 14°4 mi. 
V. a. (p. 66.) 


- (i) 10, 9, 8, 7. (ii) 2, 1, 0, (1). (iti) (-2), (- 8), (—4), (-8). 
° (i) 3, 4, 5, 6. (ii) (-6), (-5), (—4); (-8). (iii) (2); C1); 0, 1, 


(=7)°O. 4. (i) 1%. (ii) O°. 5. 8. 6. 10 
10. 8. (i) 25. (ii) 20. (iii) 0 (iv) (— 20) ft. 
(i) (4). (ii) (— 4) mile. 10. (i) 30. (ii) 0. (iii) (— 10) miles 


- £20, (-6), (—20), 0, 30; £(-20), 6, 20, 0, (—30). 
.-5, (=), (—8), L mins ~ 18. 40, (~60), (- 10), 20 yards. 


0°7, 1, (-1), (-5), (-5°8) sh. 18 (—2) mi. 19. (--50) ft. 
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5 mi. 21. 1300 ft. 22. 3900 ft. 
. (—2600) ft. 24. £(-2); £2. 25. (—36), (0), 33 ft. 
(i) 4. (ii) 0. (iii) (-- 4) ft. 27, (-3); 2. 28. 2; 9. 


. (i) 30. (ii) (-50) yd. 50 yd. E. 


(i) 4. (ii) (—28) ft. per seo. It is coming down with a velocity 28 ft. 
per sec. 


V. b. (p. 69.) 


10. A gain of £5+£( —3)=a gain of £(—-3)+£5. 

11. A rise of 3°+(-7)°=a rise of (—7)°+3°. 

12. (i) A meaning has been given to the number (—8), but not to the 
process +(-3), t.e. add (—3). 

13. (i) We assume that we add 5 to a negative number as we do to a 
positive, by counting up 5. (ii) We assume that a+b=b+a, 
whether a and b are positive or negative. 

14. (i) The number after (—3) in the scale 0, (—1), (-2), (-3). (ii) The 
result of adding 1 to (— 4). (iii) The result of adding (-— 4) to 1. 

15. (-2)+(-4). 

16. Hither a fall of 2°+4°=a fall of 6°, or a rise of (-2)°+(-4)°=a rie 
of (-6)°. 

V.f. (p. 75.) 
l. zt+x+u+a4+a3 (—2)+(-2)+(-2)+(-2)+(-2). 
Oe (h 2m (i) (aol 2) 8. axb=bxa. 
4. (i) 6x9=9x6. (ii) (-4)x3=3x(-4). (iii) 5 x (-2)=(-2) x5. 
5. (i)(-—12). (ii) (—12). 6. (-—35). 
4. (i) 4x2, or 8. (ii) 4(5-3), or 8. (iii) 4(5 —3), or 8. 
9. (i) 3(9-5)=3x9-3x5. (ii) 3(5-7)=3x5-3x7, t.¢. 3(-2)=(- 6) 


(iii) 5(0-4)=5 x 0-54, i.e, 5(-4)=(- 20). 


10. (—4)(3), i.e. (—12); (-20)5 8, since (-12)=(-20)+8. 

13. 24. 14, 12. 15. (a)( —b) = —(a)(d). 

16. (—a)(b)= -(a)(2). . 17, (-a)(-b)= +(a)(0). 

18, 24. 19. 30. 20. (-6). 21. 3; 3. 

2. (-5); (-8). 28. (-3); (-3). 97. (i) 0. (ii) 0. 
Veep. 4 ts) 

1. (—30). 2. (—36). 3. 30. 4. (-8). 6. (29) 

6. 18. 703: 8. (-2). 9. 4. 10. (-4). 


u, 


4. 12. (-3). 138. 1. 14, 9. 15. 1. 


xl 


16. 
21. 
24, 
26. 
27, 
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(28); 177 (aI. 18. 4. 19. (-9). 20. & 
(i) 0. (ii) O. 22. 0. 28. (- 100). 
£6000 ; 10 years ago he had £6000. 25. £40; £(—40). 
(i) 160 ft. per sec. (ii) (— 160) ft. per sec. (iii) (— 80) ft. per sec. 
O50 ses) (—ta is de 28. 5a, (—5a); 5a if a is positive. 

V. kK. (p. 82.) 

5 Se 2. -a. 8. —7b. ae Oy 5. -Ty. 6. -lla 
a, Sat. 9. 5ab. 10.' =6a7) “114 4a. 7 12..—2c8%. 
—5a. 14. 62. UB So GR Vara 17. 100. 18. -—6z. 
l2y, 20. —2x2, 21. -ab. 22. a?-b%, 28. x+2y,. 

. —2a-1l. 25. —6a*. 26. -— 6a? 27. —xy. 28. — 15x. 
—627, 30. —ab. 31. 6ab. 82. - 24a’, 83. -—3zryz 
4dabe. 35. xy3, 36. 0. 87. —3a. 38. -52. 

— 2a. 40. day. 41. —42. 42. a. 43. -3. 

12:3, 45. -—2ab. 46. — 327%, 47. —1, 48. 0. 

-a. 50. —2z2. 51. —2z. 52. 62. 53. Sy. 

—227, 55. —4a?, 56. —6zxy. 57. — 423, 58. —8ab. 
Ty. 60. a?+2a. 61. - 3023, 62, -4. 63. — 1624: 
2a?, 65. -a', 66, 2a%b?, 67. —2a?, 68. —xy. 

x, 70. Qa. = 71. —4a%y2, 78. —8a8, «78, > 

ie ead 16. --Oa. TT. 2, ee 

y ¥ y ay 

2 e 80. —a’. 81. = 82. °-a. 83, x2, 

—4. 85. — 22x. 86. x?-4dz. 87. —32. 88. 2a-b-e, 
— 3a +36 + 3c, 90. x? - Qay + 3, 91. x-y. 

— 2a, 98. 2a3—4da?+2a. 94. a2—Yab —b?, 95. —2?47+42, 

- @+3%—5. 97, Qy—2z, 98. 0. 99, 22422 -4, 

. 2y2-xy, 101, x+y+z. 102, -a*+2-1, 108. —a8tx-]. 

- @ 105. —5a-4. 106, 2a3+a+2, 107. 0, 108. a3+a%b-—abé 

Vat aG@. 84.) 
4 2. -2. $8. -4., 4, 4. 5. 0. Ce 
3 Sh it 9.85; 10. —5. ll. —8. 12, -1, 
-4, 14, _9, 15, -2, 16. -12. 17. 9, 18. 0, 


ANSWERS 


xiii 
19. -6. 20. 3. 21. 12 22. 0. 38, 18. 24, 12, 
25. -6. 26. -1. 27. —6. 28. 2. 29. —-1l}. 30. -1L 
81. 4. 8205-14. 4) 33. 2. 84, 4, 35. 16. 36. 4 
V.m. (p. 86.) 

1. 3a- 3d. 2. 2a. 3. 2x-y. ite 

6. 32-2. 6. -a-4. 7. a—-b. 8. «-1. 

9. 2x7+2. 10. 22?+a”-1. 1l. 2?+624+3. 12, 2Qy. 
18. 2a+4c. 14. -—32+3. 15. 3-323. 16. 0. 
17. 6-32. 18. -x-y-z. 19, -—47+3. 20. —a?-8x-2 
21. a—2b. 22. x-2y, 23. —x+2y. 24. a+b. 
25. 2y+2z. 26. x-1l. 27. 32-2. 28. 274+2. 
29. 2?4+2x-3. 807 —a?—1. $1. —2?-6x4+2. $2. 92-1. 
83. at+b+e. $4. -2%?+a2-1. 35. 7x-7. 36. 3x-3. 
87. —4r+13. 38. 342x-27. 39. a2?—4ab+2b?. 40. 2a -2b. 
41. ax+bz. 42. -—ax—bzx. 43. -—ax+bz. 44. —a?+ab. 
45, xz7-«2. 46. —a?+2. 47. Qy —2Qxy. 48. —b+2ab. 
49. —2ax+6x2, 50. -a%b-ab% 51. - 222+ 4a. 52. -—10a2%+ 15x 
53. —2a2°+2?-3z. 54, —a+27- 32, 55. —8a?- 2a’. 
56, — 2a3+ 22°. 57, —x9yz+ay%tayz. 58. - 6a? + 3ab + 9ac. 
59. — 1824+ 1223 - 302. 60. —6a*b — 2a*b? - 4a . 
61. b+e. 62, -—b-ce. 68. —b+e. 64. x2. 
65. —a?-a 66, —2a+b. 67. 22-3a+4. 68. —2°+2x-6. 
69. —4—-2+382%. 70. -1+z%. 71. a-4b. 72. xy —2. 
73. a?+4b?, 74. x-y—2. 76. —a7+1. 76, 1-2a+27. 
47. a®-c%. 78, -x?+a+l. 79. x+ytz. 80. —at+bd4. 

V.n. (p. 87.) 

1.7; -7. 2 -z 8. 300 ft. 4, 423, 5. 8. 6. -3; 2; 8 
 aniohs (OP Bip r/R SUR 8. 32%. 9, a-b. 10. -x+y. 
11. 1500; 2000; -500; 1000; — 5000; — 1000 ft. 12. x+y; —(z+y). 

13. -14. 14. 9; 9; 3, -3. eit 

16. —11; —10-1; —7°7; —2°3; 3°5; 9°85 13°1; 12; 7°6; 0-4; -6°1;-9°7. 
a7 727 4= Ott. 18. AMallof 3°0.; —1' C0. . 19, (a —y) mi. ; 5 mi. 
20. 100-2 degrees ; — 10 degrees. 21. Each =8. 38. (i) -—1. (ii) -L 
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xiv 
24, (i) -8. (ii) —x. (iii) -(m—n), or n—m. 

rt 
25. -yzt+ax—xy; etpth 26. Soa 
27, —15ft.; (a-30)ft.; (30-a) ft. 29. (i) 2x?-2e, Gi) 842-2, 
80. (i) 1. (ii) 4. (iii) 258. 81. a? b3=(a—b)(a®+ab +02). 
32. a?+.b3 4c? + Qhe — Qea— Qab. 83. (i)1. (ii) -1. 9384 5. 

85. (-1, -4). 36. (i)1. (ii)0. $7. Onoorthree. 38, Each = 16. 
39. (ii) Any value between 0 and 14. 40. ° 41. (i)0. (ii) We cannot say 
Vib, in. 875) 

14: 22: 3. 4. 4. —4, ba 72 6. 6. 
i =3. 8. 30. a 10, 21. 11> 16, 1272. 
13. 2. 14. -8, 15. 84. 16. 4 17, 15 TE 50: 
19. -1 20. 24. 21. 8 22. 5 23. 34 24, 8h. 
25. 8 26. 8 27. 15 28. 21 20. ~1. Sia0 
31. 5 82. 2 33. 9 34. 13 35. 2 86. -5. 
87. 2 38 39. 33 40. 9 41. 14 42. 23, 
48. 2 44. 34. 45. 1:9 46. 1-4 a7. 10 48. 5. 
49, 27 SOM SB D128: 52, 15 538. 20 54. -3. 
55. 35 56. 6. 57. 44. 58. 59. 0 60. 5. 
61. 13 62. 19. 63. 4. 64. 6 65. 17 66. 1}. 
67. 9 68. 5 697 2 70. -—19 Kee DES 72. 19, 
73. 4 74, 5 Ose 7 76. 8 Tied ee aE SP 
19, sir 805 —J3. 0) 81.75 82. 6 83. 37}. 84, 60. 
85, 2-414... (238), 86. 60. - 87. 83. = 88.50. S89, 14, 
90. 4. 91. 4, 2258 ee 93 OA eo: 95. 13. 96. 3} 
Siaas 98. 47. 99. 3. 100. 8. MONE 7 ay 2°30... (242). 
VI. c. (p. 100.) 
1 9 3. 18. 3. 18. ce SP 5. 5. 
8. 15. Ue ee 8. 36. 9. 19, 20. 1Q. 36. 
Visd. &(p; 104.) 
1. 120°, 60°. 2. 135° 45°. 3. 80 yd. 4 120 ft. 5. 428. ga: per gr. 
i vb Ste he VEPISL Cease 8. 16 ft., or 24 ft, from an end, 
9. 5s. 6d.; 48. 6d. 10. 7, 41. 152 girls, 114 boys. 


12. In 22 years. 
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14 gallons. 14. £400, 15. 60°, 30°. 16. 6. 17. 35. 
24d. per gallon. 19. 250. 20. He right angles; 8. 
. Day 13} hr., night 10} hr. 22. 423°N. of E. 
113 from A, or 3} from B. 24. 100 lb. 
16s. 26. 3s. 4d., 1s. 8d. 27. 4s. 4id., 2s. 6d. 
. £160. 29. 30s. perton. 30. 100yd.; 200 yd. 31. 24 mi. 
40. 33. First kind, 300; second kind, 500. 84, 2. 
al6 £6: 86. 6 mi. 37. 400. 88. £400. 89. 120, 180. 
421, 253. 41. 120. 42. 10 of 12 in. ; 8 of 15 in. 
. 44 in. 44, 25 gallons. 45. 18, 19. 
. 50 min. after second train starts; 33} mi. from the start. 
. After 20 years. 48. £500. 49. 20 lb. 
. 84 bushels. 51. After 6 yr. 52. 13} lb. 
. 113 mi. from Croydon, 284 mi. from Brighton. 
4. 55, £280. 56. More than 1750 were sold. 
VI. e. (p. 109.) 
(i) 1°67 (13) ; (ii) 1°67; (iii) 1°67. 2. x~=20. 
. (i) x greater than 0°4. (ii) x less than 0°4, (iii) e=0°4. 
1:37, 5. x less than 1°47. 6. (i) 10°5f.s. (ii) 8°3 sec 
| £12. 16s. 3d. ; £ 7g (x - 160) or £(75- 10). 
. No; 1 lb. coffee to 0°77 lb. chicory. 9. 2°38 yr. 
. About 71 mi. from the station. 
TT. Semi 2s) 
. 8x+l5y=39, 324+ Ty=28. 2. 12%+3y=39, 12% -10y=26. 
302+ 3y=9, 30x —2y=4. 4. 122+2y=40, 5c+2y=19. 
4x — l4y= — 10, 49x + l4y =63. 6. 32+ 24y=15, 20a -24y=8. 
9y = 23. 8. x=65. 9. 5a=17. 
. B(y-2)=2(y+)). 11 x=10, y=7. 12, 4, 3. 
. 4,1. 14. 4, 1. 15. 5, 2. 16. 3, 7. We Bh YE 
Pap lle 19. 62,34. 20. 1}, #. 21. 4, -1. 22. 11, 5. 
opel. 24. 6, 4. 25. —103,5}. 26. 4, 4. 27. 1,2. 
B thot 29. 8, 8. 30. 0°5,0°3. 31. 11, 6. $2. 4, 6. 
EDM cog tho e $4. 4°89..., 15°45... . 85, 13, 16 


xvi ALGEBRA 


os >» 


s Ghee? 37.5, 2: 38. 4, 1. 39. 2, 2. 40. 7, 3. 

. x+2y=6; 32+y=12. 42. 3x-2y=4; 62-y=l}. 

. 52+6y=70; ldix-—y=13}. 44. 6x—Ty=28; 57+9y=38}. 

. 2n-y=3,; x-8y=0. 46. 4x+3y=382; 3x+4y=33}. 
wel4s 48. 3,1. 49. 6, 0. 50D 0145 1y 7 role 4 


—2$,-43. 58. 2.97,, #3. 54. 6, 6. 55. 4, 6. 


. ody, —ves 57. 6$, 103. 58. 12,16. 59. 29,47. 60. 30, 28, 


VII. b. (p. 115.) 


- @=},5=16; 56lb. 2 a=$,b=-17§. 8. a=}, b=-15. 


Yes; a=},b=-2. 5. a=4; 3s. 6d. 6. £80. 
Go, 0-=0'6: 8. 6(n—a) shillings ; §(n — 500) shillings. 
» 2828, 838 
VII. c. (p. 116.) 
m4 ST? 2. 54 sq. in. 8. Classical 240, Modern 210. 
Penny } oz., half-penny } oz. 5. 63, 99. 6. £6. 
. 147, 168. 8. 5 mi. %. 280 shillings, 80 half-crown tickets 
. £800. LRP Tess 12% 12. 32, 12. 14, 53. 
«=30, y=35. 16. (i) CA=4, AB=43. (ii) TB=189,"; TO=21,%", 
9. 18. 20Kg. 19. 4} pages of large type, 5} of small. 
8s. 3d. 21. 72 sq. in. 22. 32-y=180; 674°, 45°. 
» 4e+y=180; x=24, y=84. 24. £1500. 25. 160 tons. 
. 76 mi, 27. AB=41°5..., BO=46°5... ft. 


VIII. a. (p. 121.) 


(i) 10 multiplied by x+3y (or x+3y multiplied by 10). (ii) 10x + 30y 
(iii) 10 and x+3y. 


z+y; 7. 8. x+y. 4. a(x-3y). 5. x+lse. 
a(y-1). 1. 2(%—1). 8. x-3y. 9. 3a?(a? — 5d%), 
(i) x(y+z). (ii) x, 11. (i) 3be(b-2c). (ii) b-2c. (iii) Bde, 

. No. 18. 2a%a-3b). 14 5(2- 327), 15. xy(y—2). 
x(a3+x+41), 17. c(c?+cd +d), 18. 3ab(ab—2¢ + 5a), 
x(a + y + 22), 20. a*(a+ 2b), 21. a*(5- a8). 

Tay3(a — Sy? — Qty), 23. a. 24. a+b. 25. 6(a+b). 


(i)a, (ii) ety; x-y. 7. (i) a(z+y)(x—y), (ii) e-y; x+y. 
(i) wy(w@+1). (ii) y; x, 29. 6a%y(3x—-y), 80. a(a+b), 
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XV 
81. 30ab(a—b). 82 22+). 88. (i) 3. (ii) (iii) (iv) 
ace ie es 1 as, 1S es Re 
34, (i) ——. (ii) -—. Sban(1)==- ae 3) a(z+y) 
Mery aay 55 ge OO) baeey) 
ge aT 2) ag tO) 
xu(x+y) x(z+y) b(a—b)’ b(a—b) 
2x2 + 2a 
39. Z 0.2, 41. are eer 
APEay) (xin) 1. H.O.F. 2—y}3 L.O.M. x(x- y) 
BS iy a, ONE iy egg eed oe 
xy’ atb x-y x+y * 6(a—6) 
a® 1 x-3 a?+ah+b? 
: ; Ce 47. ae AS eee 
a+b x(a +1) 6(z -y) ab(a+b) 
pe goatee De Hi cei ae Md age soe 
y(a+y) a(z+y) (a+b)? a-b 
53. 9. 54. 0. 65. —12. 56. 6. 
87. 2. 58, -2. 59. 2. 60. 1}. 
VIII. b. (p. 124.) 
1, 224+ 7x4+12. 2. 6274+ 192+ 10. 8. x?- 52-14. 
4. 2n?-x-6. 5. 622-5x+1. 6. 2x74 Try — 15y?. 
7. a?— 43, 8. 2527-40x+4+ 16. 9. 4a? -—20ab + 2567, 
10. 23 -a?-2+10. 11. 323- 82?-10x2+21. 12. a?+0'. 
13, 2° -3x7+2. 14. 5a24+7a?+142-12. 15. 2%+ax+bx+ab. 
16. x?+(a—b)x-ab. 17. a%-(a+b)x+ab. 18. y?-y(z+1)+z. 
19. x+1. 20. 3x+1. 21. x-4. 22, 2x+9. 
23. «+5; «+2. “24, x+1; 2274+9x+7. 25. a+l1. 
26. Qu. x-2; rem. 8. No. 27. a+6b. 28. a+b. 
29. Qr-—11; (2a—11)(2x—-11); 9x—-11; 4x”?-44x+4 121. 
30. 27+77+8. 31. Qu. 2?-2-3; rem. — 14. 82. 6”7+4a+1 
88, x+b; (xt+a)(xt+b). 34 a+b. 35. a—z. 86. x—-z; (w—y)(x-z 
VIII. c. (p. 126.) 
1, (i) 10. (ii) 1. (iii) Ye (iv) - 1. 2. (i) -3. (iv) -#- 
8. (ii) -a (iv) -5 4b Gi) E 
6. (i) ¢ (ii) - 5. (iii) - 5. (iv) 5. (vi) ab. (vii) ab, (ix)a% (x)b-a 
6. -1. 7. b-a. -}. 9. x-y or —(x-y)- 
10. ab(a—b) or —ab(a— d). 11. (a+b) (a@- 6). 12. -—(x- y)* 


D.P.A. 8 


XViii ALGEBRA 
ee iy 14) ote Ae 16. 1 17. 0. 
x-l 

a? +b? 1 1 3 
18. — a 20. —. a1. --. 22. 
23. eect Hes 24. y-z. 

(x+y)(x-y) 
VIII. d. (p2129:) 
1. ac+be+ad+bd. 2. ac+bce-—ad-—bd, 8. a?— bi, 
4. 2+ xy +az+ yz. 5. a?- 43, 6. ax + 2Qay — 3bx — 6by. 
7, 6ax+4ay—-3ba-2Qby. 8. xz?-xy-x+y. 9. 2xy-2ay —2ba+2ab 
10. l4+x4+a2?+25. 11. Yes. 12. Yes. 
13. Yes, 14, No. 15. Yes. 
16. (i) No. (ii) Yes. (iii) No. 17. Yes. 
18. No. 19. (p+q)(x+y). 20. (p—g)(x+y). 
21. None. 22. (x+y)(c+d). 23. None. 
24. None. 25. (a—b)(x-y). 26. None. 
27. (a+1)(2x+y). 28. None. 29. (a+b)(x+1). 
30. (b-c¢)(a-1). 81. (w+y)(x+z). 82. (x-y)(x+z). 
88. (%-y)(x—2). 84. None. $5. (a+b)(a+2). 
86. (x+y+z)(a+d). 87. (x?+a*)(2®+b%), 88. (x?+1)(a4+1p 
89. (a—b)(a+1). 40. None. 41. (a+b)(a-1). 
42. (x+a)(x?— be). 43. None. 44. (a+3b)(2+y). 
45. (a+c)(x+d). 46, (l+ax)(1+2). 47. Q(x+y)(a+b+e) 
48. (b+c)(ax+d). 49. (a—b)(x-q). 50, 2(z+1)(z?+1). 
VIII. e. (p. 131.) 

lL. x?+5x+6. 2. 284+12e+35. 8. 2294+32-54. 4 2®-1le +24, 
5. a®@-l0a-1l. 6. 248x423, 7. 14-52-23. 8. z?—182-40. 
9, 24+5a-2% 10, 1452462. 11. 36-13a+a2 12, x? — xy — 6y?, 
13, 39. 14. — 30. Toe 0 16. -—16. be GER 18. -3 
19. -150. 20. 48 21. 15. 22. — 28. 23. 1. 24, -4, 
25. (2+3)(a%+65). 26. (x-c)(x—-d), 27. (a2 +2)(a+4), 
28. (~+4)(x+5). 29, (a%-3)(a—-5). 80. (~-—4)(a—-5). 
31. (@+1)(a +2), 82. (x+1)(a+6), $3. (a2 -1)(x-10). 
84. (x+5)(a%—7). 85. (x+'7) (2-10). 36. (%+3)(2+4). 
87. (x+6)(x+6) or (x +6)% 88. (2 -1)(a—-7). 


91. 
96. 


LG: 
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xix 
(x -- 2)(%—2) or (a -—2)% 40. (x+5)(x2+ 100). 41. (2+1)? 
(a +2) (x+20). 43. (y+4)(y-1)). 44. (a-2)(a+7). 
. (a+5)(a—5). 46, (z+3)(z—12). 47. (J —20)(1— 30). 
. (1-2x)(1+52). 49. (2+y)(5+y). 50. (3-2)(8+2). 
. (3-2)(44+2). 52. (5+y)(7-y). 58. (1+6x)(1—72). 
. 3(a+1)(24+2). 55. 10(%+4)(a+7). 56. (xy+9)(xy-1). 
. (4-ab)(7+ab). 58. 2(x+3)(x —6). 59. 5(x—1)2 
e(+ip, 61, 242 a 4d 08. 8. 64, -2, 
66. 2+3. 67. B(x+1)(z+2). 68. + 69. 2x —4. 
. e+ 1 
x 30. Wek ad 2. (z-l)(@-2)’ 13. (2 +2)(x+3). 
x—4 32-4 x-3 
——. = 3 2, et 
2-2 eT ara ee ER ers) 
x?+4xe+5 
1. 79. 3 80. 2a-2. l= 
os ly * (@+2)(@+3) 
-1 x+1 12 
ott, 1 NT Sin 2s hee 84, —____—_____., 
(2+ 2)(%+3) bk x ‘ (x —3)(~+4) 
3 1 10 
i See ee 
a(x +2) a(x — 2) eu (x —2)(%+3)(x-4)' 
a+b 1 Quy 
a Ch See eee 
a—b (a +2) (2+) oe (x —y) (a —3y) 

1. 92. -3. 93. 52. 94, —3}. 95. —4. 
— 45. 97. 0. 98. -$. 99. 25.. .100..-4, 
VIII. f. (p. 134.) 
2x7 + 9x +4. 2. 1207+237+10. 8. 12x? - 232+ 10. 
122? — 7x — 10. 6. 6x? - 23x +7. 6. 2u?+ Say +2y7, 

. 4% lley -3y’. 8. 12423” +102". 9. 7-15x+ 8x7. 

. —3a?+10ab+8b% 11. 102?-132-77. 12. 21-442 + 153, 

oli Qt ay 15. 465. 16. -95. 17. 5. 18. 23. 
1382. 20. 17. 21. -40, 22. 11. 23. 36. 24. — 650. 

. (3241) (+2). 26. (3a —1)(a—2). 27, (2x+1)(x+2). 

. (2x2 —1)(x-2). 29. (x+1)(5x+3). 80. (a+2)(2x+7). 

. (%+1)(3z -2). $2. (2 —1)(3x+2). 88, (a+1)(52—-7). 
(22-1)(3e+5). 85. (8z-1)(5x-2). 88. (2 + 3)(3z - 2). 

. (Ba—1)(x+5). 88. (2a-3)(4a- 1). 89, 2(a-1)(3a+1). 


ALGEBRA 


. (2x -By)(z+7Ty). 41. (1—x)(3-2z). 42. (2+5zx)(1—32). 
. (2a+5)(Ta - 3). 44. (2—3x)(1+52). 45. (x+3y)(2x-7y). 
. (3+4a) (5 — 2a). 47. (2a+5)(10a-3). 48. (2®—y*)(4x?- Oy") 


. 2(x2 + Qyz) (3x? — yz). 50. (x+2y)(2x—y)(5x—y). 
—22+6 
. 6a?+43ab-—210b%. 52. (@e—1) 22-3)" 58. 5(x+2). 
. 2x2? - 2-3. 55. 22-13. 56. —(2x—1)(x-—2)(x+1)(2x—-7). 
52 
aoe 2s 60. 
. (20+ 5)(x+2). a ee 3 
VIII. g.  (p. 135.) 
xt—y'. 2. xy. 3. x+4. 
(x+a)(x-a); 3,43. 5. (2+2)(x-2). 6. (a+7)(a—7). 
(a+1)(a—-1). 8. (10+b)(10—5). 9. (2a+1)(2a—1). 

. (2a+8)(2a 3). ll. (32+y)(3x-y). 12. (2a +30) (2a — 3b). 
(4y +5)(4y — 5). 14. (xy +4)(xy—4). 15. (a+5b)(a — 5b). 
(wy +2) (xy —2z). 17 (a? +3)(a?— 3). 18. (525+ y>) (523 — y*). 
3(a +2)(a — 2). 20. 5(1+2x)(1—2z). 21. (x+1)(x+13). 

. (%+8)(% - 10), 28, (x+1)(x—-1)(z?+1). 24 (w+ y+1)(z+y-1) 

. (2%+7)(2e-1). 26. (a+b+c)(at+b-c). 27. (44+a+6)(4-a-bp. 

. (b+a—-32x)(b-a+3z). 29. (2a+6b+3)(2a+6b—- 3). 

(10a — 56 + 7)(10a — 56 — 7). 81. (4432+ 3y) (4-32 —-3y). 
9a’ — 49, 838. x-1l. 34. wes 
x-3 

. y(x+1)(x%-1). 87. 4x%(a2+1)(x-1). 88. 2r-4. 

83427, §.e. 110, isa factor. 40. 0. 41. No. 49, — 207 
(x+a)(x-a) 

. One factor of (2n+2)?—(2n)? is (2n+2)+2n, tie. 2(2n+1). 

. -4 45. -6l. 46. a®+1. 47. (%+/11)(x-,/11). 

. 16at-1, 49. 237-18, 650, (x —1)(x+3)(a—-3), 51. 1. 

xs xv+4 
——— Pt hee 3 Sele dliees — Be- 4 
(x+y)(%—-y). 6 (a +2) (x —2) Sia 


» (%+/3)(x -./3). 56. (w—1+,/2)(e-1-,/2). 57. (2 -20)(x — 38) 


VIII. bh. (p. 138.) 


. 246249. 2. 2?-2r+4+1. 8. 23+ 82ry+ 16y’%. 


9x? - Bary + y*. 6. 4a*-12ab +913, 6. 25a*+70x%y + 4942, 


ANSWERS xxi 
1, daty®+ days +2. 8. xt + Qadyt+ y4, 9 nee 
x 

lo. 432,129, 9 20be 4 16 

4674 —+3 11. 25b%c? - —— + 12. Gxt — 244-5. 
13. x-1 14. x+3y. 15. 2x+5y. 16. abt+5e. 17. 3a—7b. 
18. 5a—2b. 19. a?+b% 20. 10+3x. 21. x+4. 22. 9 
23. 25 24, 36 25. 49. 26, 42. 7. 5 ; 
28. 10x. 29, 42% 30. —6azx. $1. —4az. $2. -—6. 
83. —7. $4, +4b; 1663, 385. 2; —12a. 86. Yes. x+2y 
87. No. 88. No. $9. Yes; 2+} 40. Yes; a+. 
41, Yes; a?+3b%, 42. No. 48. Yes; 1-x. 44. Yes; x+§. 
45. Yes; Sry—3y. 46. - 42. 47. 45. 48. +l4x, —14z. 
49. +a%y?,-3z%y2, 50. Yes. 51. 0. 62. 0. 
58. 36(x-1)% 64, 49. 65. —(2x+1). 

VIII. k. (p. 139.) 
1. 3x”(x—-1). 2. (x+8)(x+1). 8. pg(p-4)- 
4. a(l-4a). 5. (a?+5)(a?—b). 6. (a—2)(a—-13). 
7%. 5(n?—-5). 8. (~+10)(%-9). 9. (b+c)(z+y). 
10. (1+n)(1+n?). 11. (y+8z)(y— 82). 12. (¢+5)(¢+8). 
13. ab(a+b)(a—-}). 14. (z+2)(3z-1). 15. (m—n)(x—2). 
16. (w+1)(x-1)" 17, a%\a+2b)(a—2b). 18. (x+1)(a+b+¢). 
19. 7(x +2z) (a —2z). 20. «(x+1)(%+2). 21. (x+y) (4x —-5y). 
22. (a—b)(a-@). 23. (x+1)(x-1)(x*-3). 24. x(x?-x+1). 
25. (x—y)(x-2). 26. (ab—7)(ab+5). 27. (u+2v)*. 
28. x*(a +6) (x — 6). 29. ab(a?+ab+%). 30. 10(a+2x)(a+3z). 
81. (a—2x)(b-y). $2, (1-2)(1- 42). $8. (a-1)(z-1). 
3 3 6 ‘s 

84. (2x+5y)?. 35. (1+2) (1-2). 36. (x -p)(x+4q). 
87. 3(x—5)(z+8). 38. (c—d)(x—q). $9. (8—x)(9-=). 
40. —(x—8)(x-9), or (a -8)(9-—2), or (8 -x)(x — 9). 41. (a—b)(a?+5%), 
42. (a -b+10)(a—6-10). 48, (2y —3z)(x-1). 44, (x+z)(~+z+5). 
45. (a+b+c)(h+k). 46. (x—3)(x—a). 47. (2a+b+c)(2a-b-c} 
48. (a -1)%(a+1)(a? +1). 49. (p+q)(p-9)(m — 2). 50. 5(2-y)*. 
Bl. (2+ 4x2 —4y)(z— 42+ 4y)- 62. (3a+2c)(2a — 3b). 


xxii ALGEBRA 
08. (2x -5)(3 - 52). 54. 8(a+5)(5a—26). 55. (x-1)(y-1). 
56. (a+d)(a-—d)(b+e)(b-c). 57. (834+2)(5-x). 58. (n-1)(m+n—-1) 
59, (143): 60. n(n+1)(n—1)(n? +1). 
VIII. 1. (p. 140.) 
1. (i) y(x-1). (ii) y. 2. (x-7)(x+6). 3. x*- 64. 
4. x?-140413. 5. H.0.F. 2-5; LOM. (2+4)(2+5)(2-5). 
8 5 x(x — 3) 
* ae (2+5)" " 29-92418° 
8. x +40-15a—-18, (w+1)(2-3)(2+6). 
9. Product of 4, 7-1 and z-1; 4(x—1). 
Qu —4 3x-—3 x 
a ee Re 2 epee ii: 4 |e ete Si 2.2 
20. (%-1)(~%-2)’ (x-1)(x—-2) et a 2(a+2) 
18. (i}a+b. (ii) a(a+d). 14. (x-7)(x+3). 15. 28. 
160 eis 1%, a 18. (i) (z-6)(2e-3). 19, 278-lle4+la. 
20. -3¥. 21. 193 = 9g, 3X43. 23. 49; x+7. 
x+3 
— 3x 1 
ee ee 25. 3. mee Raz ee 
24 eanaet 5. 3 26. 1 29. x 30 sa 
$1, 1. 82. (w-1)(x+2). 83. («-1)(x+2)(z-3). 84 2-2 
36. (x+2)(2x?+ 9x41), 87, (w+ 1)%(a+4). $8. (b — 3a) (a —2c). 
89. (a2 41)(y?+1). 40. ac(b+3c)(b- 3c). 41. 1. 
42. (x+2)(x—8). 43. (a — 2b — 3) (a — 2b — 4). 44. 0. 45. 23, 
46. 9x?+ 42xy + 49y9 — 640000. 47. (x-3)(x-3+4ab)(x-3- ab), 
48. 327-9249. 50, (2x +3y—4)(22+3y43). 51. (6-7)(a+5). 
52, -—2 58. -3; 2-7, 54. 9b? - 12bc4+ 4c3, 55. -9. 
56. 20. 57. (%—1)(%—2)(a+2y+z). 58. —.. 
z- 
59. 69300 (2842x6630). 60, —2¥8  g1, ae 62, 44. 
63, (a+2). 64. (a+b)? 65. 2(1-2z). 66. ~ 4}. 
88, (a+b)(a—b-1). 69. 2a. 10. 2(p+y)(p-q+a-y). 
IX. a. (p. 145.) 
1. 4a. gate. 8. b-a 4, 3(p+q) 5 a+b 
3 2 ie 
b a+b mn 
8. - 1 SS 8. bd See 10. 1. 
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b 2 
{ieee ee 12S an +b 
real “> is. =". 14. hak 15. 0. 
16. 17. a. 18, _% 19. cas 
3a — 2b (a+b)(a—6) 
20. ab. 21. 2. 22. 4. a3. P 24, 3a. 
q 
Srey LIS I 8 Ae Deere 1 tea eal : 
eae 5a ae ag, 24? 29. =. 
80. a+b. sieht) Goak Bele ee 93, ete 
2 —2pq-—q? a-b—c+ad 
84. a+b 35 be+ca+ab _ a+b? 
a ee. 86. 0. 81. 
ge, o-B 39. abe. Oe eee 
a-—2b+c bc+cat+ab 
IX. b. (p. 146.) 
J. (i) 4u 13h (i) 4 , 3 inches. 
; , 180 180n 180n 
2. 
(i) 36, 72, 72. (ii) ——; Sl Ina on aa degrees. 
8. (i) 18,19. (ii) n+1, n+2. 4. (i) 14. (ii) > * ib. 
5. 180=4 degrees. 6. 104+9P shillings. 1. b-2a. 
8, -, ft. 9. (n +21) years. 10. cool 
¢ 1600 10c a a 
11, Ga = 12. > sh. per ton. 13 5+5) 5 - 5 sh. 
14, 3004 3006 15, £ 100P, 16. (i) *P Ib. (ii) 2P, Ib 
a+b? a+b r 
3 : +! 2° a ss ac ab 
17. (i) 4:2’, 2'8 (ii) pe es 
IX.c. (p. 148.) 
ee ; Cin 2A _ 0 
1. (i) x=180-2y. Gihueae a eh (i) b= h=: 8. r=57: 
, L 100(y - A 
4. (i) pani (ii) T="0 6. aE bo 4h. 6. eT 
Wee =a 8. C=$(F-32); -13) 9. 2-273; 52. 
UR Dot ay ee ae [3V 
10. je res 1 4; 5 in. 12. (i) ak ae 


XXIV 


A 
13. psa 
18 Sak eT 


Qu —f 


2. One; (x= —1). 
Zia a= ie ae, 


1, (i)y=0. (ii) Nothing. 
(vi) Nothing. 


2. 0. a°0.8, 

7. 0, 5. 8. 0, 3. 
12. 1, 2. Ee Pah ay 
t= 18. 2,6 

22. +3}. 23.0, 4 
Py SS oR og: 
$3.. 9, -1e. 980s 11 
87 23) Sha eT. 
42. 2, 4, 43, 1, 9. 
47.19 8) 48neq Q 


51. 2?-132+22=0. 52, 
54. 2?+1llxz+30=0. 55. 


57. 12074 432+35=0. 


61. 0°63. 62 +a, 

66. 0, ~2. 67, 0, min. 
1, 4+1°4. 2. +0°58. 
3. 42°5. 1 
9, 0-41, -2°4, 10. 
12. — 1-6, 2°6, 18. 
15. 2°30, 8°70. 16. 
18. 0-37, —0-27. 19. 


14. 
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i) 24. (iy Ay, 15. x 
2s -—2an 2(8— ut 
18. = ar 20. Boge 
IX. d. (p. 150.) 
8. Equation. 4. Identity. 
287 a=2, b=). 
X.a. (p. 154) 
(iii) «#0. (iv) z=0, unlessa—b=0. (v) y=2 
40-1 fo tke: & (sie 
a. 5: 10. +4. PRT aT 
16 4 hs eb ie, 16). +2. 
19. 3,-5. 20. 24,5 yea bor Yt 
ee 25. 3, 5. 26. }, 12. 
90.64. ls 30, 5 Desiree 
84. 1, 2. 367-4) san Se 
89. —2, 8. 40. 7, -8. Oe ASS 
44. 10, -12. 45. 8, ly. 46. 3, —3}. 
49. 2*- 327-0. 60. 28+2=0 
x?-4=0. 58. 27+62-7=0. 
22° -7x+3=0. 56. 8a2+2x-3=0. 
58. -—18. 58. —5; 2x. 60. -2; -& 
63, 43, 64, 4%. 65. 0, a. 
2 m 
68. 2a,a. 69. 2p, -3p. 70. = 2b. 
X. b. (p. 157.) 
8. +3°5. 4 +158. 5. 45-2. 
. 0°45, — 4:4, 8. 0°45, 4-4, 
-0°44, -4°6. ll. 0°54, —5°5. 
061, -4°11. 14, 0:28, 2:39. 
0-69, — 1°44, 17. 10°46(7), — 11°46(7). 
0.54(3), -6°54(3). 20. 0-92, — 5-42. 


Bl. —0-45, 1°11(2). 22. -0:56, 3°56. 28. —0°24,8°24. 24. 0°65, — 4°66 


12. 


14, 
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X.c. (p. 158.) 


bere -14(=52*), 2. 2, -2(= 5 8. -1,2(*5%), 


-1, 14(757). in}, WP 14(73*). 
/ 


- 0-29, -1n(=*24*), 1. 0-62, -142(=1299) 


. 2-68, 9°32 (=>*). 9. 1-29, 2°71 ee) 


. = 0-88(9), 1°88(9) (222). 11, 5°84(5), - 6:84(5)(=1#9/181) 


- 0:13, 0-63 ($2""), 13. 0-09, 10-9 (4 ft), 
-— 0°73, 2°73(1+,/3). 15. -0:46, 646(° +3*). 


X.d. (p. 160.) 


41525 2. 0, 2. 8. 0, -1. 4. -1,0,1; 3, 4, 5. 
. 9,27; -9, -27. 6. 8°5 in. 7. 7:07...(,/50) cm. 

. 3°46...(2,/3) in. 9. 7 ft. approx. 10. 14, 21. 

. 2°56 om. 12. 8 ft. 13. +6. 14, 5 in. 15. +1. 

. 6,2cm. 17. ll cm. 18. 13. 19. 3 sec. 20, 21:2... mi. 
. Ten; 39. 22. No (2n?+2=2n?). 23, 1 yd. 

. 2-28..., 3°28...im. 25. 18°7... ft. 26. 4 in. approx. 

. After 5 sec. 28. 5 hr. 29. 24, 7 in. 80. 16 tons. 

. 12 m.p.h. 82. 18. 33. 6 sec. $4. 20 ft., 20 ft 
. Any rate greater than 24°5... (,/600) m.p.h. 86. 6°18 in. 

. 2°07..., 5°43... sec. 88. AP=9°74 or 2°26. 

. 2m.p.h. 40. 11 people. 41. 4°14... om. 


X.e. (p. 164.) 


. 2,3. 2, (ii) 0-75, (iii) x= 2°5. 
_ (i) 0°59, 3°41. (ii) 0°59, 3°41. (iii) 0°59, 3°41. (iv) Close than 4. 


(v) C greater than 4. (vi) 4. (vii) 2. 


, (i) —0°59; 2°26. (ii) —0°59, 2°26. (iii) 0°23, 1:43. (iv) between 


0 and 1°67, 


. 8°73 m.p.h. 
G2 (ii) 2=L. (iii) 0-31, 3°19. (iv) - 0°31, - 3°19. 


. OP=O0Q=5 in. 
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X.f. (p. 166.) 
1. 2=5, 2% y=2)5. 2. x=y=+1 
8. 2=3, -2; y=l, -1}. 4. g=1, —43 ya lt. 
5. z=-1}, 4; y=-8,3 6. x=42; y= F2. 
7. w=-1,4; y=-2, 3. S.3= 45s yoke 
9. w=4,4; y=-3,2 LO 4 er A 
ac yas 12. x=16, -10; y=10, -16. 
18. x=0, 24; —5, 0 14, x=2, -14; y=3, -4. 
15. ‘v=12, —2: y=2, —12. 16. x=3, —24; y=1, -f. 
17, x=10, -100; y=10, -1. 18S od oars 
Oh By yom 29. 8, 6 om. 21. 8 m.p.h. 

22. 6, 7 in. 28. 15 ft. by 8 ft. ; 12 ft. by 10 ft. 24. 4 ft., Qh ft. 
25. BD=3}", DO=2}". 26. 21, 20 in. 27. £320 or £360. 
XI. a. (p. 170.) 

1, a +2a%b + 2ab*+ b?. 2. 2a?+ 2b? - 9c9+ 3bc + 3ca — Sab. 

8. 2?-a2+1. 4, QnI+a-4, 5. 22+a4+1, 

6. xtpatyttyt, 7. 32?-x-1. 8. a-2. 9. 2x+2; rem. 27-2, 

10, 2a - 3aa>+ 6a2x? - 3a8x + 2at, 11, a*+2a7b?+ 4b4, 12, 2+a-a% 

18. 3-—2x+2%+ 22 — af, 14. a-b+e. 

15. a2 + y2 +294 Qyz + Qzx + Qary. 16. 22+ y?4-22 — 2Qyz+ 2za — Quy. 

17. a? -2ab + 26%, 18, m§+m n+ mn?+n3, 19. at+b+ea 

20. 2a-3b-4e, 21. 2x8- 4x5—- 244 lat — 62? - 3249. 

22, a-—ayt+y% 23. —327-6x2-19; rem. 40. 

24. a-24 5. 25. (i) a@-2+3; rem. -1. (ii) 2; rem. 23. 

26. 17. 27. zt1tsS. 28. nt2+—*5. 

29. a4+ 523 - 22 — Bx, 30. -8. 31. 1. $2. a?, 

83, —6. 84. b+e+be, fe ealaas, 
(1-2)? 

88. 2+5-11-9+16-3. 89. 34+5-9-3+20. 40. 64+15-16-104+8 

41. 2-1-6. 42. 34442. 48. 6444-3. 

XI. b.  (p. 173.) 
1, a®+b%+4+c2+42be+2ca + 2ab, 2. a?+ b? + c®— 2be — 2ca + 2ab, 


. aF+b7+ c2 + 2he — Qéa — Qab. 


4, 


a4 + Qa34 5x24 4a +4, 
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4a? + 9b + c? — Bbe ~ 4ca + 12ab. 6. 24+ 42° — 6x9 — 202 + 25. 
yr? + 22a? + ay? + Qarty2 + Qay2z+Qay2?, 8. af —4aty+ 2x2? + dary? + 4 
at — 2a°b + 4ac + a2b? + 4a%c? — 4a*be. 


25x? + 16y? +z? — 8yz — 10za+ 40xy. ll, 223+32+41. 
a? — xy + Sy? 13. 3a?-a-4. 14. 23 -22+7. 
3x+ytz. 16. 2a — 4b —3e. 17. a*-ab—be. 
a+ 2b + 2c. 19. a@-2b-2c. 20. x2 4+y?+2%. 
. be-—cat+ab. 22. 2®+3x+1. 23. a? -32+1. 
. 5a®?-at+4. 25. 10xz?-2x-1. 26. 2° +6x2y + 12ry?+ 84% 
. a8 —B3x%y + Bay? — y?. 28. 234+ 329+3xe+1. 
. 28-32?+3x-1. 80. 8a? +36a%b + 54ab? + 276%. 
xo — Barty? + 3x2yt — of. 82. a+2b. 83. a — 20. 
x? + y3. 35. 27+ 3y. 86. x—4y. 
XL ¢.  (p. 175.) 
a®+ab +b*. 2. a? -Qry + 4y?. 8. x4 — Qlaty2+ 4y4. 
| (atl)(2®—a24)). —-& (z-M)(a®+a4]). 6. (2-y) (4+ 2y ty’). 
. (w+2y) (x? — Quy + dy). 8. (10—a)(100+10a+a?). 
. a(et+1)(x?-x2+1). 10. ab(a+b)(a—b). 
. (atb+c)(atb-c). 12, (2a +2b +3) (2a + 2b - 3). 
. (a? +b?) (a+b) (a—b). 14, 4(2a—1)(4a?+2a+1). 
. (84+5)(82-8.54+5%), 8.6. 13x7x7. 16. (4a +7b)( - 2a+ 3b). 
. (ab+1)(a2b?-ab+1). 18. (x+a+b)(x-a-b). 
. (ety -ayty) 20. (xt+y)(zt+y+1). 
. (a+b+2%)(a+b-2). 22. (x-y+1)(z-y-1). 
. (%-y—2)(z-y-83). 24, (w+y+z)(u—y-—z). 
. (a-—14+b)(a-1-5). 26. (x+y)(z-y+t]). 27. (at+b-—c)(a—b+c 
. (a+b) 29. (~—y)(z®*+xy+yz). 80. (x-y)(2u-y-2). 
. (n-1)(n?-n-1). 82. 4(4a—y—z) (x —2y +32). 
(2+yt+a-b)(x+y-—a+b). 
| WON. 2+y3 LOM. (w+ y)%(a?-axy ty’). 85. (2 — 2)*(a? 4+ 2x + 4) 
. x(at+y)(x—d3y). 87. m5 —27n'. 88. x+y+z. 
_ 2(y8-23). 40, —(2n?+4n+1). 41. (a? - 2). 


_ One factor is 12+1. 48. (2?+a”+1)(z*-2+1). 


(a+b +c)(a?+2ab + b? — ac — be +c). 45. (a+b)%a — 5). 


(ety) (e—y) (2+ zy ty?) (22 -2y tv 


xxvlll 
47, (x-y—2z)(a+aeytazt+y?t+2yz+3). 


49, 3xy +y?). 50. 


(x24 3zxy + y?) (x? - 


51. (a9 4-42 +2) (x? - 4a +2). 52. (x?+1)(x*-2?+1). 
58. Expn. =(x+y)— (2z)*. 54. One factor is (2a —b) —(a— 26). 
56. a?+ayt+y3, 57. a*+9a%b?+ 81b*. 
58. (w+ y)5(z+z)?. 59. (x+y+z)*(z+y—-2). 
60. One factor is (8m — 3n) — (3m —-8n). 
Xivdy (penii) 

a? +58 x ‘ xt-zyty® 
it = 2.81: 3. rea =e os 
5, ztyt g, 2zt+y-1 7, B-3 g. r(z+y), 

xr-yt+2 3 at y(x—y) 
ie TP e io eee 
9, y(x+y) 10. u+vt+l Sag (e-al@onl 

_ 2ab(a - b) 2a z-y 16. 0 
13. aay 14, a tery) va 0. 

YP ty 18, ab. 19. 0. a0, Sy, 

x-1 xt+yt+z 

3a27+1 4ax3 a(a+b)*(a?+ 6%) 
21. : —, Why Sie aS SS 
a (a* -1) 3 a‘*-—a‘ (a—6)? 
— 485? 1 
24. 0. 25. ese. 

Y (a? — b3) (a¥ — 96)" abe 

2a (a —b) a*b? — 3ab+1 
27. 28. 1. ee 

b(a+6) ; b(ab — 2) 

x — 2a%+] 
30. = —7h. 82. 2=23. 
0. 81. x=-Th 2. 2=2} 
88. x= -1f. 84. x= -}. $5. x=5. 
36. «= -34, — 24 87. x= -—2 (x= +1 introduces division by 0). 
88. mee ein Asya RES EA Ea “825. OL Srea de 
40, x= a+b 

x=atb, 2 

XI. e. (p. 181.) 

Lee) v= 1, se. ch EIRP}, OES eave ea Oe I E 
Read Yim eo es — 223. Cr r= bys: 
Ue) eae Gale 8. w= 7, v=x. oe — 3s, Y= age 
10. x=+,/3, y= +1 (any pair of these values). 
Oe Sip SR SS} OS 1b 123, x=11, y=1; 7=-l,y=-11. 
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48. (b+c)(b'-be+e8+1). 


(--8)(e+1+8) 


29. 
82, 


ANSWERS xxix 


<= +5, y= F3; x= +3, y= £5. 14. x=4, y=1; eal y=4. 


x=4, y=3. 16. x=5, y=3, z= -3, y= —5. ijeoc=6, 7 —) 
e=+4, y=42. 19. x=2, y=1; x=-3, y= -4. 

. 2=3, y=3; z=-1h, y= -6. 21. x=2, y=-1; x= -$, y=? 
x=3, y=6; x=9, y= -3. 23. «=0, y= —-2; x=14, y= 
x= +2,/6, y= +6. 25. x=4], y=4+1; c= tn/b, y= t2V3 


= 42, y=41; z= 43, y= +,/3. 


. w= $3, y=tl, D=tTNb, Y= FNb- 
. 2=+2, y=0 (other roots impossible). 


=+5, y=+2 (any pair of values). 30. x=+1. 
2a (3°45...) —1°45...). 32, «=12, 3. 
XI. f. (p. 183.) 
— = _— 

par beP 4q. a -~p+Np*-q. $ Aue ai 4ac 
24 ab+b? 

a= +Nab. 5. x=+a, +b. 6. ae en er 

z= -. 8. 7-41. oieg lay lB 

YP 8 y a ee Bes g 

x=y=a-b. 11. x=), y=a. 

b AG aa’(b - b’) bb'(a -a') 
*=—y+ab? ab’ tab ee ah ales al ae 
_ob'-c'b ca’ —c'a : = 

; x=16, y=08. 15. x=+1, y= Fil. 
ab’ — Anak Yi ba’ — ba’ —b’a x y x > y 
4a 4a a 2a 
. £=0, y=0; Se a Myf c=» Y=" 
. 2=h(ctN2r?—-c?), y=4(c FN2r? - c?). 
qr hy Saree eee 
: ea gt ee af, 20. x=ch, y=73 r=Cly, das 
ae ToS Aaa Te 
TB= Op qg-P 2 
XI. g. (p. 185.) 
A=1, B=1 97, A=1, B=-1. 28. A=2, B= —-5. 
A=l1, B=2. 30. A=}, B=-}. $1, A=1, B=-2, C=). 
A=l, B=1, C=. 33. A=1, B=-3, U=2. 


— ALGEBRA 


A.1. (p. 187.) 


1. 4n® is a perfeot square. 8. (i) 15. (in) 5. (fii) 4. nk 
4. 10+; l0+a+y. 5. (i) 16a%. (ii) 2x, ee 
6. (i). (ii) b& (iii) a 
A. 2. (p. 188.) 
1. (i) #. (ii) 18. (iii) 6. 2. (i)8—(u+v). (ii) 8-4(u+v) miles 
’ tte +.) Qy+z 
8. H.C.F. 3a; Lom. 6x2y. (i) my (ii) Gay 
4. Qe(x+y) aq. ft. 5. a®-B8; 2-2. 6, ae 42-14, i.e, 28. 
A. 3. (p. 188.) 
ax2 a 
1, 6a. 3. 1s. 8d.; 6. 8. bxo= 5 
4. (i) 2}. (ii) 24. (iii) 2 5. H.0.F. 2abe; L.c.M. 24a%e. 
6. ac—ab. 
A. 4. (p. 189.) 
1. 20n. 2. (i) 6. (ii) 2. (iii) 4. 
8. The result of taking y+z from z; x—y+z; subtract x-(y+z) from 
x—y+z and the result is 2z, 
4. 223-2743, 5. a+7b. 6. © shillings ; 3 shillings. 
A. 5. (p. 189.) 
1. 18s. 2. (i) 4. (ii) 10. (iii) +1. (iv) 7. (v) 10 min. past 4 
(vi) 10 min. past #«—1. (vii) y min. past x—1 o’olock. 
3. (i) 4(a+b) in. (ii) (a+)? sq. in. 4. 6a. 
5. (i) 4a% (ii) a?+2a, (iii) ‘. 6. =. 
A. 6. (p. 190.) 
1, For ‘x’ put ‘x shillings’ or ‘x pence’; similarly for 2x, 
2 


- 7x8=67+364+2=56. 


» (i) 2a, (ii) ac. (iii) Qu, ay. 3. (i) 32. (ii) 62?- 424.6, 
- 3n+2 or 8n-1, where nisa positive integer. 5. 23-2, 
» &+2b4+3c— 42x, 


A. 7. (p. 190.) 


2. 10n+3, where nisa positive integer 
2y; a—b. 6. 240 cu. in. 6. xy. 


ANSWERS =o 
A.8 (p. 191.) 


L, ntnin=3n. 8. (i) a™®, (ii) a. 
@ (i) 2" (iy 2. (iii) e-2 6. 20-yeshillings. 6. 7 hours 
A. 9. (p. 191.) 
1. What must be added to x to obtain 20? 20-2. 
8. (i) 9ab. (ii) Ls (iii) 1. 4. 3x22, 
5. (i)6. (ii) 9. (iii) 3. (iv) 5. (v) 1. 6. ae 14. 
A. 10. (p. 192.) 
1, x+2; 3243, ty) 2 ape. did, y. 
He a0 + 3. 2. (i) 5 (ii) = (iii) 5 (iv) - 
8. (i) Multiply y+z by 3 and subtract the result from x. (ii) Subtract 3 
from «, add z to y, multiply the results. 
4. 22402+(a+56). 5. 3, 60%, 2b, 3bc; 3, 2b, 3bce. 6. £(180+19a) 
A. 11. (p. 192.) 
1. 44+25<7, 2. 360-(x+y+2z) degrees. 
8. (i) 128. (ii) 1. (iii) 24. (iv) 1h. 4. 2c + ub%e + abe?, 
5. 330-602 ft. ; 5 min. 6. 500x% +19500a. 
A. 12. (p. 193.) 
2. (i) 9a2b*. (ii) Sab. (iii) 324 - 62. 
8. 7n; 7n+1, where n is a positive integer. 
4. 62; 2y--x degrees. 5. (i) 1. (ii) 4. (iii) o. 
6. a—{30(b+c)+d} acres. 
A. 13. (p. 193.) 
3 : Owe arr 
1. 125. : Basen : SecA, : 10m*n. 
o 2. 5ab; iy 8. (i) 8la’x*. (ii) Diy (iii) 10m’ 
4. 90-ax degrees. 5. x+y in 
6. (i) 20; (ii) 20+, (~- 500) pounds. 
A. 14. (p. 194.) 
1. n(n+1). 2. In+3 or 7n-4. 8. £(xt+y+z); et+at+l 
a aa Oe s+) @—b seen 2 
4. 5° (i) 53 (ii) Fab" (iii) a 


22400 


| &(2x+y) +3(at2y) pence; 240-{5(2a+y)+3(e+2y)}. 8 = 
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A. 15. (p. 194.) 


1. 7 is the same ag a ofnorn Xa: 2. 4e. 8. (i) 15. (ii) 65 va 


5a 52 
5 05} oz, ox" 
4. 23; 4a%, 5. 100} 5: 6. ; 
A. 16. (p. 195.) 
1. (100 —1)23; 2277; (100-1)x or 100z-z. 
2. (i) 9a‘. (ii) 7abe. (iii) 6a. (iv) 2ar%y?, 3. 180-2. 4. x+2y. 
5. £2r. 6. Twice the sum of the first n numbers is n?+n. 


A.17. (p. 195.) 


1. 12 eq. in. 2. a 4. a3+3a% +3ab*40?, 
5. 100-n,; (100-n)a ges ~~ (if z> 100). 
100 
A. 18. (p. 196.) 
1. (i) 2-17. (ii) +6. 2. (i) 4. (ii) 16. (iii) 10. (ivy § 
4 (ig. (i) Ee (iii) 15. (iv) ab. 5. 20x, 
A.19. (p. 196.) 
1. 700. 8. a%4b24c3, da ey er ¢, 30%: 
2 12 
A. 20. (p. 197.) 
1. The nth leap year is 1900+ 4n. 3) Ae Ib. 
4. 2, 2c, ac, c, 2a; Sa%3, dact, 12a%tx2, 5. (i) 1. (ii) p?+pgt¢! 


6. 100004 aoa 
sq. m.; in per sq. m. 
A. 21. (p. 197.) 
aty+% 
Tarn k3 d. per lb. 


2, 2x—4y 46, 8 2s, 4 Ldn ag “t) i 
y oy’ a. \24 7 in. 6. 


1, 10x+ys. per owt. is the same price as ( 


= in, 
IN, EV, (p. 198.) 


l. 2-44 sh. 2 Qxry. 3. lla*b, 4. 3u-a 
§. zyh z+gy 
a ft 8. £27 i, 
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A. 23. (p. 199.) 


1. (i) £10(a-2). (ii) y+2 pence. 2. 5" 3. (i) a% (ii) 2x% (iii) 2a. 
4. 2-2y in. 5. — cu. in. 6. i —Y on, 
A. 24. (p. 199.) 
1 oe pence. 2 =. 8. 36a%*, (i)a. (ii)6b 5. vin. 6. : 
A. 25. (p. 200.) 
1. | Figure. Compartments. | Corners. Edges. 
x y z 
3 4 6 xt+y=rzt+1. 
4 6 9 
5 7 12 
2, (i) 3a+4b—2c. (ii) Qu*. 8. (i) = (ii) ue 
yh 10 10 
4. Bp REDS. 6. 4x+4y+4z+1 feet. 6. is iain 
Beie(p; 201.) 
1. b-a; -2; I. 2. 24a +6 mi.; 3a sh. and 9d. 
8. (i) 6. (ii) a. (iii) 5 (iv) 5 4. 6y—-2x; ab—a*b+ab?— b*. 
5. x2 — (a — 1)®?=39 or (x + 1)?-2?=39. 6. x=4f. 
B. 2. (p. 201.) 
1. 1°72? aq. in. 2. (i) (-2). (ii) (-2). (iii) 3. (iv) - 8. 
8. (i) ri hr. +e hr. =5 hr., or 40x mi. + 25(5 — x) mi. = 150 mi. 
4. 2=2, y=2. 5. Between 14 and 3; any number greater than 3 
6. Q is 20 yd. from B. 
B. 3. (p. 202.) 
1, 25. 2. (i) i: (ii) b. (iii) a’. (iv) rat 8, 212} cu. in. 
5. Inc. from May to Nov.: dec. Nov. to May (roughly). 6. 36 min. 
T 


D.P.A. 
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B. 4. (p. 202.) 


ee wh, 2. at. (ii) zw. (iii) > moa 


12 


8. (i) (-4). (ii) 3a. (iii) (-3a). (iv) 3a. 4 54-{5(a+b)+c}. 


(i) — 6a) ae — es 6. Lavant. Henfield. 


B. 5. (p. 203.) 


. (45-2) degrees. 2. H.-—4, 8.+3°6, G.-1°6, W.- 49. 
. — 3224 6x -2. 4, 3. 5. 20+4(x+2)=24. 6. 752 +» 25y sh 


B. 6. (p. 204.) 


i a ats. 2. (i) 4a oz. (ii) SS 8. a?+h?+ 22; -a-b-e 
4. (i) z=1%. (ii) z=5, y=2. 5. 2kd. 
Butte (ps 204.) 
l. 3p.m.,4a.m. 2.4201; Op lee 2 Oa ae 
8. (i) 2=2. (ii) e=2}. 4. 4ft.; 3 ft. 5. 60. 6. 262%. 


B. 8. (p. 205 ) 


1. (i) 33. (ii) 52. (iii) 19 ft. 2. Increases continuously from — 10 te 2 


2p 2 


x-2;a”-2. Yes. 4. 7+32-22, 


- (i) v=3°5. (ii) z=22, y=11, 6. 114 doz. 


B.9. (p. 205.) 
ty b not less than a. 2. (i)e=3}. (ii) e=3}. (iii) w= 4, 


x-y; —2mi. perhr. Losing ground at 2 mi. per hr. 


» a+(n—2)d; 2a+(n—-1)d. 
- 1801+ 10n, where n is a positive integer between 0 and ll. 


B. 10. (p. 206.) 
+3 ft. above sea level. 2. 334. 3. Less; x between ] and Q@ 


. 2y3 224+ 40-5. 6. 4x ft. 


B. 11. (p. 206.) 


. b-ain.; -2 in. (i.e. 2 west of A); Sin. 


2 ti). (Hl) = di) ae 8 8. 17°6; 3-42 


Cai? 
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(i) 2=75. (ii) The two equations are the same; the equations are 
contradictory. 
8s. 


B..12. ‘(p. 207.) 
5:1; —0°7; 2:1; 3°3; 1:5; 4°3; —1:0; —6°9; 0-5; -17; -2°0. 


3 Babe, “2% , % 4. 8.56 p.m.; 14.56 p.m. (really 2.56 a.m.). 


48a*bc?’” 3a’ 


6. (i) a= —34§. (ii) a=6, y=2. 


B. 13. (p. 206.) 


1. +2 pence, 2. —Qa>+2xy?- Qy?. 
Seana tee cet A 
xy xy xy ab ab 
4. A+aA, A-aA gm. }$4 4, 4% A. 
6. (i)v=2. (ii) z= —-12, y= -19. 6. 3:1 in. 


B. 14. (p. 208.) 
a=06, b=-13. 8. 2%; 15% pence, 4. = 289 (28°57...), 


2. . 5° 8 
A ee An <i 6. 22 
6. (i) -4074+32. (ii) tab et . 220. 
B. 15. (p. 209.) 
1, (i) 6. (ii) 8. (iii) 24. (iv) 216, 
2. 11, —6, mi. per hr., (32-52) mi -3 mi. (3 mi. W. of 0). 
3. 18 lb. 4. (i) e=12. (ii) w= -23, y= -5. 5. 
6. a='55..., b=31°3.... 
B. 16. (p. 210.) 
1. 0-013 in.; 0-001 xn in. 2. Thursday. 
4, 2(v-2)+1. 5. (i) 1. (ii) -3 6. 3 lb 


B.17. (p. 210.) 
The number of which the ten digit is x and the unit digit y is l0x+y, 


16x-15 ; " 
pecar nae, 8. 13, 14. 4. (i) 0. (ii) —96 ft. 5. 160 ft. per sec 
a8 2, 12 (i) 0. (ii) pe 


B. 18, (p. 211.) 


262 tons. 2. 6ab; 24. 8. (i) 9. (ii) 9. 0. 
(i) z=6. (ii) e=23, y=. & 2+1, x~-y o'clock. 
5 lbs (ht. 67 in.). 


ao ~ 
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B. 19. 
495 


(p. 212.) 


3. Av. -3°C. 8., —7; Mi, —3; T., 63; W., 3; T., —l>; F., 8:85 
—4 degrees. 


8.5.3; M., 5; Ti, 4: Wi, leek, 27 ie 
8., 6 degrees. 


2a; 2a?-2; —4a*+ 4a. 6. £250. 
B. 20. (p. 212.) 
1. 64002 tons 2. x=}. 
4. 6ax5y?- 8x%y3; 18ab (2a? —- ab + 26%). 6. 2 mi. 
B. 21. (p. 213.) 
1. 42°6 m.p.h. 2. (i) 4. (ii) -9. 
4. 


1, (i) 2a 


»- 


4. (i) 22%. 


a 


. (i) 2-2a, 


(ome y= 


82 cu. in. 


a=2, b=-7; 3}. 


12-3 lbs. per sq. ft, 


5. 486 owt. 


—2. (ii) —72ab‘, 2. (i) 29. 


(i) e=144, (ii) s=$, y=2. 5. 80:57. 


15}, PSK 
2. z=6. 


(ii) 6.rty. 


(iii) 2. 


B. 22. (p. 214.) 


(ii) 2a - b. 


(p. 214.) 


3. x=3. 
6. AY=3; BX=4 


8. 12(a-—y+z) ft. 
6. nd—n+1 in. 


3. (i) —8x9—4x3.- (ii) a 


iss7 _ 3B°49407 
n galites-hPeslmand 9: 
CV Ba in. or tS * in, (ii) YF2=7 in 
B, 24. (p. 218.) 
(ii) 423 —a24 3x, 2. (i) 0. (ii) 
ae @ (i)b=0. (ii) 11, 6. 2, 
(34 x 24 x 1). 
B. 25. (p. 216.) 
8. (1) - (ii) =. (ii) 772, % a= -2, 453 
6. 11:40:81. 
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C.1. (p. 217.) 


(i) 4a(a+8). (ii) 6b(a-+b); L.0.M. 12ab(a +b). oS (iy 2280 


12ab(a+b)' 


$. 2=3,y=7. 4. 2xshillings, 2y pence; 2x+1 shillings, 2y — 12 pence. 
5. 12, -12 Cor eae 
=r =r 
C22 ae pris.) 
1. 11500-25002 ft.; -—1000 ft.; if he could descend till 5 o’clock, he 


would be 1000 ft. below A. 


. (n-1)x(n+1) <n? by 1. 


3. (i) 10(~@—-1)(a+1). (ii) 2(~-1)%. (i) 2(z- 1). (ii) #-1. 


Qarp o 


* H-IR 


. 42, 70 Ib. 5. E. 6. ll, -17. Either 18, 10 or -10, -18. 


C. 3. (p. 218.) 
194 2. (i) Ifx<g. (ii) Ifx>%. (iii) 2=2. 


£50" 


. (i) v=9, y=1h. (ii) v= - 1. 
. (4e-1)(824+2). w=}, -9. 2=0, — rh 
. (i) aa-1). (ii) a(a-1), Lom. a®(a — 1). 


. (n+1)?-n?=2n+1. 


1 
my 


C. 4. (p. 218.) 


oli 8. 76x — 42% sq. in.; 72 8q. in. 3. 3452 pence. 


wz". (ii) - Be at +0. 6. 12. 


acolo 
x(at—1) 


0.5. (p. 219.) 


_ 25a*— 30ax+ 9a; 4992; (2a -Ty)?— (Ty)? 


2 Qa. Stee. 4. -3y%. 


(ne Se 4)” ame rs 
. It is isosceles. 6. 62 or 0. 


C. 6. (p. 219.) 
‘= 2. x+y+z; no factors. 3. 21243. 


Peon ome neaihial yes. wae lh. coe ay Pe 616 
—=N— (1°72, 0°39); 4(z=3, y= -1) eee : 
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0.7. (p. 220.) 


: , du—22 «7 Og par, ¥ 
. #; all values; 13-1) 8. (i) e=2°79, -1°79. (ii) 0. L 


- Bit. S73 ie 9 in; See oe te 
a i eee 


(i) z=), (ii) x=17, -12 (“=3**). 


0.8. (p. 220.) 
. (i) 8. (ii) -4. (iti) 2% (iv) 6x. (v) 


2. (i) (v+1)(2x4+3). (ii) (w+4)(2-3); 9984. 


- 180+0°02v in. 


. (i)a=f. (1i)e=14, y=1s. 4. 4, 56. a 


0.9. (p. 221.) 


. (2+7)(e+4); er ner. 2.6; -6. 
, Ly = 3 interchange x, and 2. 4. 1, 0°33; the same; - 21°]. 
5) 
(i) x=100. (ii) w=abe. 6.) Setby ie ih 
a+b 


0.10. (p. 221.) 


x—] 
37 =e 
yl 8. 88 yd. 


(i) c= —-2, y=1. (ii) z=ab. Ch ares 6. 10s. per week, 


Qoiis> (hase) 
. x mi. per hr. = f.s.; 23%. 


ty (i) x+y. (ii) (et+y)(o-2y ty); ety. 8. 3-41, 0°59, 
eli 5. 600 of first, 400 of second. 


O12 (ps 2ee.) 

. (i) 5. (iii) - 5. 2. 4d., 5d. per Ib. 
. (i) v=0. (ii) z=2, y=12; x=3, y=8. 

a 5. (i)a-b. (ii) 0, 


“2+4 2+3° 
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C. 13. (p. 223.) 

et) Gl) ps 9, xand x+2a; 0. 

g w 

3. (i) z=16, y=3; x= -3, y= —16. (ii) 0-80, -0°63. 5. $5absq. yd 
C. 14. (p. 224.) 

1. (x- piety tea) pees 

Lig yet (x+z)(y+2) k-u 

8. 2} hrs. after soldiers started ; walking. 

4. | dollar=50d., 1 franc=10d.; only two equations are necessary + no. 

5. (i) v= -28, y=1d. (ii) e=a—b. 
CG. 15. (p. 224.) 

1, n-m4+l. g (i) a4) —-1. (ii) z=7, y=1; w= -6, y= - 12 


8. a=bqt+r; 92. 4. x=1, 0°62, -1°62. 


pepe 


, wah; walt. 2. 64% tons. 3. 26 min. 
_ g=1°45 (6), y=0'15 (6); o= 2°45 (6), y= —3°75 (6). 


9x 
20 


5 £(45+55); 45 + 55 = 4043 x= —10; a loss of 10%. 


. 3 in. from either end. 


C. 16. (p. 225.) 


x? + ax2+\ab+ac+t be) x — abe. 
y=31; x=4°5 from each equation. 


. (i) (444d) (3a — 2c) 5 (ii) (@— 3y) (w+ 3y +1). 


x(x2+40+7) 


; CHIVeTShs 6. 48 mi. per hr. 


(i) e=a+b. (ii) <= — pg. 


C.17. (p. 225.) 
(a—c)x 
* (@+a)(x+e) 


6. (1) Freezing pt., 20°; boiling pt., 120°; (2) —4° on A, 24° on B; (3) 5° 


C. 18. (p. 226.) 
3 a-b 


Te ‘arb’ 


. ty +tg—ts deg.3 4-4 deg.; t, —(tg—¢)=4 — tt tye 
. a=6, b=0°009, R=17 appr. 
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C.19. (p. 226.) 


100z tons. pede | 3, ¥(l-2y) 
Tes I-y 
= 7x? — 12x 
. 5 oO Ooo =0, -171. 
pee * eee Dare) 7 : 
C. 20. (p. 227.) 
40. 2. x3(x—-1). 3s: o=0, ¥=(0% r=? y=2. 
Beye t Caen ~ 3-73 ¢- 20(22+y) 
- 225143; 218. 5. 2-%8-73, 0-27. 6. 1869 b 
C. 21. An. sero 
00000025, 3 
a : ; time is multiplied by V8, #.e. 2°82... 
. 3x24 2. Ss. =3 650-4. 
(i) (x?+2y)(a®-9y). (ii) -(a — Bb), (ili) (2+ 1)%(a—-1)%, 
. 0°055 Ib. 6. 823 cu. in. 
©. 22. (p. 228.) 
: vas vine : 2 dp 
(i) P=g55 + multiplied by 8, 3. (i) z=. (ii) r=}, - 
: 5 (S—2ar), 5. (i) 9}. (ii) (2 -3)*- 42, 6. 100. 
C. 23. (p. 229.) 
= 8 
tay 8. a=8. 4. 367 72= 9, 
330% + 3y pence ; z+ hf. crowns; y=770. 6. pt) mi. 
C. 24. (p. 229.) 
- e+yhr.; x(x+y) mi. Sy =e 7 4. A=z. 
vr 
3x +1 
ele— 1) . (i) Pattie (ii)a=47; (iii) 144 ft., 1}, 43 sea, 
C. 25. (p. 230.) 


(i) fhe 3 (ili) yd¢ ft. (0°09 in), 2. 7, 24, 25 in. 


ers Nt 5. BC=10 in. 6. e-))n men, 
a- 
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Del apes 1) 
. 5-2 2. (i) a5(2a+b)(4a?-—2ab+6%). (ii) (a+2)(b+2x)(a— bd). 
os b?4+¢?—a? a? +c? — b? a 
ih ~ 9a. = —__—_—_—,, y= —____—__. A= 
x=10a, -9a. (ii) x ame! ob 4. -| 
1 
1 100 ad,? — a+ x! 
bo C100 C 
l-z an ad, 
DeZa (ps 2sls) 
5 » "ac meee Sl Ba = 
. w+y, 2. (i) area §=— or (ii) (o=175 y=15,.2—10, 
Ay? 
. x2-Qey-Qaz; no. fh Sit Boks, 
x? —Qay — 2x22; no ay 
. (i) 2; from 0 to 4; any value of ~ less than 2, 6. 10 ‘; 10n in 
n+l n+l 
D. 3. (p. 232.) 
safe a dt, —byeg eg et, | _ 164 71 
. —(c-a)(a—-D). 2. Gea a Ne Eh a8 =e, Y= Ba 
; 1 (a2 + ax + a?) (x? + bx +b?) 
+(a-1+3); ‘ x? —ax—bx—ab : 


. 2=12, y=8; x=3, y= —-8. 6. r=3}. 


D. 4. (p. 232.) 
» (i) (+1) (xt— xt 1)(aF+4). (ii) (L+a)(1+)(2+4 +0). 
x 1 
x=6, y=}, ih — 14. 8. ~(e+a)(z—5) 4. 6a. 


. (@-6)a+b-8; a=6, b=8. 6. r2=a?+p?; V1 (3°32) in. 


D. 5. (p. 233.) 
. Not true for the first 12. 2. a=5, 1, -1, —5. 
Pee 2etl Gi ZHUF2, 4 a6 y=4, = 8 6. 45S ft 
2a? -1 at+yt2 
D. 6. (p. 234.) 
-1)(4m+3 
2) sq. ft.; 125. 4. (m+ Om + ines), 


4 


, ve2°8 (2°7). 6. 4, 3, 1 in. 
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D.7. (p. 234.) 
1, 0°343. 2. (i) (zt+y)(x-y-l). (ii) (7 +y-1)(z-y-U 
3. (31-a)xz; a=31. 4. (3% —2)(x—3)(2x—1); 2x?-7x+3, 
ac ab 
D. 8. (p. 235.) 
1. x+3a-2b; the other is 19x?+ (24a + 14b)2+9a?+ 6ab + 457. 
xet+y—t =———_. 
oe Cl Re ® 4. V3. a3. 6. x= 
6. 12 o’clook; P 125 mi. from 4. 
D. 9. (p. 235.) 
I. x=2, y=-1. hg 
4, H.0.F. a®—2?; L.o.m. (a+2)(a—2)*%{a?+23), 
6. 21,4, 54,4 min. past 7. 
D. 10. (p. 235.) 
1. (i) v=a+1, y=a-1. (ii) e=5, —}. 
a‘ — 10a*b — 6ab3 — b4 BD Leak. ORG 
2 a 8. a=1; x=6'16, -0°16. 6. 25. 
D.11. (p. 236.) 
1. (i) w=74. (ii) e=7, y=2; 2=2, y=7. 2.7 2—5, 
3) 82+3 (55) (a2 +3) (2a?— ab +b) 
8. =. ea AY Ng UN , 2 2 
(i) r (ii) ala it 4. (ac +b?) (be +a?) 
5. £41. 138. 4d. 
6. After 2,4 min.; the roots are imaginary; he is never in range, 
D. 12. (p. 237.) 
1, dy*— 8y - 398 + Ty - 25 (y+1)(y—2)(2y—1)%. 2. x=}, - 3}. 
3. (i = "70. Gi) tome cie ww Sle 
(i) 69, —70. (ii) a ore ets Fe 5 4. met 
6. Tea, 5s.; sugar, 4d. per lb. 
Do1s, <(p5237.) 
c(b-c “= 
1. 2 v= Fenty 2. x +(at+b+c)a%+(be+ca+ab)a+abe; 23, 
4. 1:015. 5. Values between 5 and 2. 6, Soe 13° 


a-b' 19 
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D. 14. (p. 237.) 


- -a-b, 
2. (a) 80, (b) 80°75, (c) 80°99, (d) 81-*% sq. in. x=0. Each side=9 in 
. ©=2, Y= —-4;3 w= -2, y=}. 6. 21,° min. after 4. 
D. 15. (p. 238.) 
Oe 2. 2}. 
. (i) w= -2, y=0, z=2. (ii) z= 4(a+b), y=+(a-5); x= +(a-5), 
y= +(at+b). 
4, (w+3y+3) (x—-2y+2). §. 3:0719(6); 34+ 7x+19a?+ 552% + 16324, 


. a=25, b=15, c=11h. 
D. 16. (p. 239.) 


1. (i) e=48, y=7. (ii) =7, y=9; x=-10, y= -8. 


2act 2 
“per ag 4. (a+b-c-d)*. 
D. 17. (p. 239.) 
L. + y?+a5- 3xyz. 2. 22+6x-7. SZ: 
1 : 
Urea 5. 4(b-a); <(b-a) in. 6. 58 in. 
D. 18. (p. 240.) 
. (i) w= 1, y=—-4; 2=3, y= -2. (ii) r=2a, 3 2. a=- 6. 
see LODE SE _ , [10009 Ween he 
H £ 100+p)(100+q)° 6. p= af OE — ca. (ii) vol. is multiplied by 4 
D. 19. (p. 240.) 
. e+ Qcy + 2y?. 8. 2=+2, y= +3. 5, £1=27}. 


6. 3 in. from pt. of suspension. 


D. 20. (p. 241.) 


3 ( m 2 Pe ot 
. dar] =) -il. 2. x=6, y=l. 


. (i) 3(x+4)(%— 4). (ii) 2(a — 1)(1 - 2x) 4 (ii) v=3, -4. 
. A was absent 64 min. 
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D. 21. (p. 241.) 
a=}, b=§; ~=6°53, — 1-53. 2. 2r7+2pr+pq-g?=0; r=2h, -6 
-7. 4. A=-2, B=-3. 6. (i) 0°36. (iii) 4 ft. 
D. 22. (p. 242.) 
- 48 - 
. (i) 4, 3, -1, -2. (ii) z=5, y= —%. 5. pe 
. §-94 (/80) om. 
D. 23. (p. 243.) 
1204 + & seo. 4. 2=2; (x-2)(x8+241). 5. 16”, 18”. 
= Oss sO == Oc Sienae Leo De 
D. 24. (p. 243.) 
9 g _2(a+1)* 
: Sees 
. (i) z=4, y= -1}, z= -3, y= -9; (ii) z= - 3a. 
es 8, 5. y3. 6. a=0°60, b=0°39. 
D. 25. (p. 244.) 
. 5lyy wot leg ee ot eee 
bhi * Pe c(e+l)(c+2) 2 eletl)e42) "ec 


a 


: b ¢ a 1 
. (i) w= te, y= +o? es (ii) z=a, = 


. (a? +09) 2? — ke + mi. 


D. 26. (p. 245.) 
x] 4a 
. i-y* 3. y=2am or ~ 2am -—. 
- (i) 2*-11lz+01=0. (ii) 2*-(a-1)9=0. (iii) 23 28 -Ox=0, 
; Piped) be, 6. 3(z-x)(x-y). 
D. 27. (p. 245.) 
. (i) (3x? - y) (a —3y%), (ii) (a — b) (2a —b +c). 
. (i) 205 and 235, (ii) —5 and —35. (iii) $$ and 24 (+0°73 and 0:95) 
es adel fot pe N (n+1)(n+2 
ma Gt pt w= 289, 4. mt nt 2), 
(i)z=-1, y=-1; x=3, y=3. (ii) z=4, Y=2) 2=9-3 
OB=5%, BT =6 in. 


OP ond » 
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D. 28. (p. 246.) 
(by — by) x + (ag — @)) y + (a,b, — ab,) =0. 


. (i) w=4. (ii) x=9, 3, —5, -15; y=5, 15, -9, -3. 
. 2b? + 2.20? + 2a8? — a4 — b4 — c4, 


D. 29. (p. 247.) 
(i) Lom. zy(xz+y)*%(28-zy+y’). (ii) (e—a*)(e— B°). 
(i) x=3, y=45; c= +47, y=5. (ii) r=a+b, —(b+e). 


. a%(b-—c)+b%{c—a)+c%X(a—b); —(b-c)(c—a)(a—b). 
. 1—4a4+1022- 20x35 x}? — 4a + 10a! - 2029. 
. (%+a)(yt+b)=$(a+5)?; y=2}. 


D. 30. (p. 248.) 


. a+b+e. @. (i) 1. (i) 3. 


. 2e-(m+n)y+2amn=0; x=am?, an?; y=2am, 2an. 


4. (a? + bS)c? — a*b2d. 5. 36. 


Solid. Cube. | Pyramid. | Prism, 


C+ F=H+2. 


D. 31. (p. 248.) 


n? 
I C.0. 3. 4n—2 months. 
c m+n 
/2(am+S). 5. 2° min.; 6 min. 6. 2=6°81, 0°50; m= +2. 
m a+b 


D. 32. (p. 249.) 
205°4° F. 3. x=a, y=-b. 


4. (i) 50°02. (ii) 100000001. 4% has no meaning. No limit to its value 


as x approaches 0. 
104 sea miles. 6. r=% 


xlvi ALGEBRA 


D. 33. (p. 250.) 

1 B-ax-be-ab, y*+ay+by-ab 

; x—a ; y+b i 

2. a (m—y)£, =(m-y) pence per lb. ; x=21, y=1000; £2333, £2100, 

£1909. 

8, x=4a. 5. (27+2x-1)% 6. 5% aluminium, 95 % copper approx. 

D. 34. (p. 250.) 
a? +b? 1 1 

i aap 8. toes es araeeo 5. 3x -2-—. 6. x=59, y=24 
D. 35. (p. 251.) 

1. rhl(2r—h). 8. agbs — ashy + a,b, — aby + a,by — agb, =0. 

€ eey=l, —2: 6 ere per be 6 A, 576; B, 700. 


e 


ANSWERS. 


E.P. 1. 


x 

dea : ie 2 eee 

= 2. 24+04+2=3 Xa. 3. ox 3 
5 xb=a. 5a x Ol=0: 6. exaxr=2, 
aves a_b+a 3 
b*a7 8. Lae 9. 0—2=0. 

eal .a_6 ee 
é laa 11; Lat 12. «8 —a@ =z, 


. 7 1b. at xd. per Ib. cost x x 7d. 
. N balls cost 2 x Ns. 15. In £P there are P x 20s. 
. When N people are seated, 20 —-N chairs are empty. 


. In a years, age 27 +2. 18. « in. =5 ft. 

. For x pence, i stamps. 20. If x are used, 100 -z remain. 
. After x miles, 45 —x miles more. 

. « bricks weigh 2 x lb. 23. x cwt. =55 ton. 


. When n are done, 50 -” remain. 

. Int min. I walk ¢ x 100 yd. 

. At v miles an hour, he goes v xt miles in ¢ hours. 
. Empty w |b., full W Ib., coal weighs W —w lb. 

. From wz a.m. to y p.m. is (12 -#) +y hours. 


. Saves £P a year; in n years saves £(P xn). 


: aluer R 
30. Scores & runs in m innings, average > - runs. 


31. Cost price £0, selling price £5, gain £(S —C). 


32. Stride x inches ; in S yards s 


x 36 
x 
xlvie 


paces. 


xlvib ALGEBRA 


33. 
34. 
35. 


36. 
37. 
38. 
39, 


Of n beds, k beds are occupied ; (n —&) beds are empty. 
Loses ¢ sec. an hour, loses t x 24 xn sec. in n days. 


When man is 2 years old, son is y years old. When man is 2 +2 
years old, son is y +z years old. 


1 gallon every s miles, < gallons for x miles. 
After x chapters, y chapters remain ; x +y chapters in all. 
Fare n pence, x whole tickets and y halves cost (n Xxz+nx z) pence 


Earn £P a year, spend £M a month, save £(P -12M) a year. 


40. Burn 2 tons a week. WN tons last weeks. 
EcPwae 
115.8515 40, 18, 13,.2,, 16; 2a, Gs035 U5) LOS Osos Ose 
3:-0, 65.0. 9.45545 18, 0. 4.19. & 1 14; 8,4, 4. 
OS PASH USA HATER OS UE 6.1, :65-05 4, 17s; 1,6. 
5/60,-005 0.815, 25052720. 8. 4. 
O24: ING ale i Egil 12. 2, 33. 
13.3,144, 2,43 4 24341412, 
14. 6, 2, 2, a, 15, a, 4, 6, 6}, o83)610 ae 
1540. 6) 1908.3. 909° 
ISLES Sy 
26. 5 is a factor of 15, 7 of 35. 27. 3x$=$+1; 6xf=$41. 
28. 4/36 =6, 4/900 =30. 


. At 3 m.p.h., 24 mi. in 8 hr. ; at 4 m.p.h., 24 mi. in 6 hr. 

. $d. per inch, £132 per mi.; 1}d. per inch, £330 per mi. 

. Falls 64 ft. in 2 sec., 4 ft. in 4 sec. 

. 8§-4*=8 x6; 102-62=8x8 

- 77-32=8 x5; 112?-72=8 x9, 

. 20 ft. long, 12 ft. wide; 16 ft. long, 15 ft. wide. 

. 50° F.=10°C.; 95° F. =35° CG, 

- 3sides, 60°; 4 sides, 90°; 5 sides, 108°. 37. 9 mi., 12 mi. 
. 3 lines, 3 points; 4 lines, 6 points ; 5 lines, 10 points. 

39. 
40. 


h=6, 1=60, 6 x 60 =12 x30; h=3, 1=105, 3 x 105=15 x21. 
2-4 min., 2} min. 


ANSWERS xlvic 
E.P. 4. 

i ake 2. 2a. 3. 6D. 4.-Ic. 5. 4y. 6. 42, 

Yo Ge 8. 0. 8. 30v. 10. 2ay. 11. 8a? 12. 3ab. 
uy Ee 14. 2ab. 15. 102. 16. 7ed. 17. 5c?, 18. 8pgq. 
19. 6x2. 20. 4p. 21. 3R. 22. 3zy. 23. Sry. 24. 8cd. 
25. 3ut+v. 26. 4a+2. 27. 2xn-y. 28. a+26. 29. None. 30, b-a 
31. 8a -—5y. 32. x+5y. 33. 2u+4y. 34. 7x. 35. None. 
36. 6ab -7. 37. None. 38. 6p-q. 39. None. 40. 62. 
41. 0. 42. 3a7b. 43. None. 44. 4st. 45. None. 
46. 0. 47. Qv*. 48. None. 49. e+4y. 50. 4a+2f+2. 
Be OAEr ORE ub2. 24° —3A 8. 53. Qa®y +xy?. 54, 3u+2v+3. 
55. 5ab+at+d. 56. 0. BT. 3#2—-5t+3. 58. 5yz—3xz—-xy. 
59. 28 —22?+a4+1. 60. 2q’. 61. 2? -# -2. 62. c4 +2c? +3. 
63. a*b +ab?. 64. 3a7b?. 65. 6 — 9F. 66. None. 
67. 23 —x2? +22. 68, 422 —5a +4. 69. a? +2a? +1. 
70. 4t8 —4. (ON Pi 72. 3-y —4y?. 

73, 208 —a®+3a+1, 1+3x —2*+22%. 

74, Sat —2 -—2u?+e+3, 34% — 2a? —43 + 5x4. 

15. 322-62 +3, 3-6x +32. 76. 203+6"+4, 4+60 +20. 
iceos Le 78. 5, 3. 79. 2x. 80. 1. 81. 0. 

82. 2, 3. 83,1. 84. 0. 85. at-a®%. 86. a+). 
87. 2at+20%. 88. 40%. 89. 2x7y. 90. x*-—2. 

fale, iy 
1, 1623. 2. 25a. 3. 2a%. 4. 6c. 5. c?. 6. 2d. 
{lo PAVERS 8. 20ay?. 9. 92%. 10. abc. 11. 4abc. 12. ab. 
13. 604. 14, 2st. 15. 2pq?r. 16. 2%. MWS fie 18. Oxy. 
19. p. 20, 22%. 21. 9a2b%. 22. 3yt. 23. 3ad. 24. 6ab. 
25. 8¢°. 26. 6c8. 27. 4r. 28. 6x3y?, 29. 10. 30. 8p%. 
31. 9a%b*. 32. 4xty*. 33. 6p?q?. 34. c’. eb, ths 36. 24x25. 
37. 16a2b*. 38. 2a*. 39. 272%. 40. 9x 41. 4ary?. 42. 8y%z°. 
43. 2a%. 44. 25p%gtr®. 45. 13a2. 46. 16b. 47. 27ct. 48. x, 
49 24nsqt. 50. 2ax>y*. 51. 192. 52. 18v3. 53. 42%. fd. 300°. 
55. 108a8 A, 4atb?. 57. 8¢?. 58. 2. 59. x2y22?, 
1) 


D.PsAp 


xlvid ALGEBRA 
Febaos 
1. 32. 2. ab. 8. 6p2q. 4. Gy2z. 5. Sab. 6. Se%z*: 
7. 2xyz. 8. 28abryz. OF pads 10. 55, 10a*b?. 
Al. 247, 24422. IDA FS RRs 13. 1, 20pqr?. 14. 2ry, 40xy. 
15. 2, 60¢. Ganges, tees Lis ots Serge LO vey, e842 
1931) s6b%c*: 20. 4b, 24ab*xy. 21 22; GOs*4. 
22. 3a%b, 36a*b°c*. Adu Loans 24.1, GTR 
25-02, loa 2002Ye, Lares. 27. 1, 120p%¢* 
28. 3y, 36x%y%z?, 29. 5x, 60avexrsy. 30. 427, 36a*b?c*2?. 
m2 
31. a. 32. b. 33, c. 34. d. 35. 1 36. & 
) 
37. 4. Siighge (9020) Jodi vs eel eee 
t u v 2 x 
43. 1 44, } 45. ee 47. None. 48. - 
Fal 5 3a" ele : - 48. op 
49, 4m%n®, 50. Nono. 51.2%. 52.4. 53.y. 54. abt, 
4 
Bio 56. 2. BY. Bate! MBB eee 89, toe ORO. Nee 
3 4 gr 
3 2 e—1 f+l 
61. da 62. 35 63. 0. 64. : 65. Ta 
h? + 4-[? 6 —p2 = 
66, 2, ot + 68. SP. gg, PELE. 79, MoS 
l-2x 2243 3a? — 262 
1. 0. Aue . ee wes <a 
7 a 6x8 a l2yz? ie 30abe 
Yay? +4622 d ‘ 
75. a TI. 5: 78. ef. 79. a 
" 3 
80. ". BL 82 detye, 88, ke "84. b8, 
4c 27e% 
Biiten 86. = 87. 24p%, 88, ay, 89 p90. 2. 
IHG ie 
i. 2-(~@ +2y). 2. 2% -(w+2y)%. 3. 3c(a —b). 
4, 2(r.=—@) +p. 5. ¥(u+y+z). 6. 21 -(m —n). 
T. w-2(d —c). 8. (N +1)(n—-1). 9. (R+r)?-(h = - 
10. (4-B)+(a-b). 11. N(N-1)(N 2). 12. 21(20 +.2)(21 +4), 


ANSWERS xIvie 


13. 12(2a —6) in. 14. N —(x —y) gall. 15. 8N -t(a +b) pints. 
16. 40 —(# —7) mi. 17. (w +4)(x —4) sq. ft. 18. n(W -w) lb. 
19. 72 +2(n —72) pints. 20. 72 +5(N -12) pence. 
21. 20¢ +30(34 -t) mi. 22. 20x +ysh.; 12(20x% +y) +2 pence, 
23. 6a +b +}(6a +5) sh. 24. (1+8)(6 +8) —Jb sq. ft. 
EPs: 

1.a+b-3c. 2. 6. 3. f -g. 4, 21. 5. 2p -q. 

6. r—3s. 7. 4t -2s. 8. Ty -—x. 970: LON gy: 
11. 3a -32. 12); 25; 13. c-—3d. 14. 5f+h. 15. 3+2k. 
16. 4p —3r. 17. 5a +12q. 18. w-Tv. 19, 2ay. 20. w? —y?. 
pier eos Doi Os 23. 2a-3b. 24. 1. 25. 4e?-llef+6P 
26. aS +a°b? + 20°. 27. 6y —12z. 28.0. 29. 3% —4y. 
30. 7 -y. 31. 1l+a. 32.5p—-15. 338. 2v—2y. 34. x —by. 
35. 9b -10c. 36. a?+ab%. 37. a—2(b+¢). 38. p-(q-7). 
39. a(v@—-y). 40. m-(n-l). 41. 2(a-c) —34v +2). 


. a(a +b) —p(p -q) =4(a +b) + P(q ~P)- 
. w(u+y —2)=xy —2(z -@). 


44, 41 -(l_-m +n) =3(1 +m) - (2m +n). 
45. l+xe+x%(1+2)=1l+a2?+a2(1 +2). 46. 2a -4z. 
47. 0. 48, xy. 49. 2g +2r. 50. r —28 +2. 
ia 12, Gh 
1. s +4 mi. 2.3+W+wlb. 3.10-megall. 4. d-n pence. 
5. 2a +20 +2y books. 6. n +2 apples. 7, 3t -3 ban. 
8. W+n-c lb. 9. 15, #-15, 45 -n min. 
10. 12, 10, 4b, 206 mi. 
11. 51 pence, 2x pence, 12m sh., xp sh., 2nF pence, NP sh. 
12. 48, 57, 127, 121+9, 121+m, 12p +9, 36v +2 in. 
13, 35,20N 5, 20g-fsh. 14, 20+7ain., +" o7,; 30 in, 6 02, 
15. 30 —3z pence. 16. 6+6n sh. 


pete Sgt ere _40) 
. 60, 18, 24¢ mi. 54° Jo 94 gall. 18. £(P -40'. 


xlvif ALGEBRA 
20, 22 2appies. #21. 2 engage 
19. 2-10 sh. . Ad ae ipp . = 9% 
99, 100m 82 Ggh eRe teed. 24, 32, 24, 16W oz. 
asian Ge 1) Se ck ro 
25. 3n, 21¢ loaves ; 3 days. 
EpaLOs 
1. 248, 9¢ in. 2. (nl+c) ft. 3. P hours. 4. 4W weeks. 
2 
5. 181 sq. ft., 22 sq. yd. 6. f sq. yd. 7. $2? sq. ft. 
8. 60x sq. ft. 9. 6¢ cu. in. 10. 6¢W oz. 11. 727 tins. 
9 
12. 54¢? cu. ft., 2¢8 cu. yd. 13. — pencils. 14, 28 mi. 
50 50 N 
15. a hours, bao hours: 16. S° 17. 19y -19zs. 
9 
18. 5p*sq. in. 19. 100n seats. 20. = trains. 21. (12¢-+4h) in, 
22. (12k +48) pence, (k+4) sh. 23. 5 tts 2cin. 24, 44p? sq. ft. 
2 -. 
25 a 26. 4 days. 27. oy sq. in. 28. 6b? tiles. 
29, 3” mi.; 4, 30. £(S +P), £(S +p -P). 31. n+b+c marks. 
32. £(125P). 33. Pay (2y -6x) pence. 
34, 3(p+q+r) lb. 35. 3 mi. 
Vey ie 
1. 2a, —2b, 2y, 8x, —Tp, 42. 2. 0, —5b, 4c, 8%, —2y, —5z. 
3. a, —4b, 12x, —y?, 22, —10e. 4. 4a, b, -3y, -32, 2, -2a. 
5, 2. 6. -3. Thy OF Sade 9. 0. 10. -6. 
Mths ilk LZR Se 13. 0. 14. -—4. 15, 2. 16. -3. 
17. -4. 18. -1. 19,—1. ~ 20:0. 21. 0. 22.72) 
23. —2. 24, 4. 26. 4. 26. -1. Paves. Mays 28m. 
29770: SOUL ols S251 33. -5. 34. 7. 
35. 0. 36. -—2. 37. —4., 38. —-2. $9. -1) 4099. 
41. -7. 42. -7. 43. -9. 44, 2. 45. 5. 46. -6. 
47. 0. 48. 7. 49. -1. 50. 12. 51. 0. 52. 0. 


ANSWERS xlvig 

53. -S8. 54. 5. 55. —2. 56. —12., 57. 9: 58. -3p%. 
59. 2r? 60. —6st. 61. 4¢. 62. -2k. 63. -41. 64. 4a. 
65. 36. 66. -2c. 67. —6x. 68. 0. 69. 0. 70. -3p. 
71. -a. 72. —8t. (b> Seeds UE SPB 1h cee 76. 2a. 
77. —2c. 78. 0 79. 2c-2b. 80. 38r+3s. 81. -2k-1. 
82. =F 83. 84. }. 85. 86, -2. 
87. or 88. 89. 5. 90. -ab. 91. -b. 

92. —c+2d. 93. -w+2y. 94. -ptg. 95. -r+2s. 96. -3x+y 
97. y—-z. 98. 2a-2b. 99. —2za. 100. 2%. 101. 2a+b-a 
102. -x+3y+1. ee 104. (-1)(-x+y). 

105. —abc, x6, —y*, —6pq. 106. -—32? -5x -9. 

107. 5¢ +2. 108. —a3y+ay%. 109. a -a’. 110. 2b?-6-1. 
111. -3. 1125S. DIB ue 114, 2a -20. 
115. 4. UG nS By 117. b+a-1. 

118. -—a2*y +xy? —xyz. 119. -—(48-3r). 120. -2. 

ESP. 12. 

1. a=8}, b=44. 2. u=6, v= -5 8. 2=41, y= -4}. 
4, p=24, ¢=54. 5. l=4, m=4 6.)ti= 5, vie—3- 

7. 7=4, y=3. 8. eat y= 12 9. #2= -1, y=2 
10 ai=2, 7 —5. Il e=z yi—0 12, ¢@=—-2, y4=3 
13b=s5) YH 1s. 14, a=23, b=1} 15. «=-l4,y=-3. 
LGSt—12 2075. 17 we= 1,0 ="—2 18. p= -os, V=34 
TOM — Oe 20. w= —3, y=4 ole eo, Ye 

22. r= -—3,6= —4. 23. p= -2,z=5 24, «= -5, y=2 
25. c=12, d=3. 26. p=}, q=-3 27, w=2,y=-l. 
28. e2=3, y= —4. 9952 =4,y7=—1 30. c= -2, y=d. 
31..p=4, ¢=~3. 32. c=7, y= -3 33. v=4, y =4- 

34. y=}, z=}. 35. L=54, m= -} 36. r= -f,8= -4 
37. ©=2, y=3. 38. w=5, y=2 39. p=9, q=7. 

40. y=6,z=9. 41, 2=24, y=? 42. v=7, y =2 


xlvih 


43. 
46. 
49, 
52. 
54. 


57. 


129 


We 


3s. 3d., 2s. 9d. 
Is. 4d2, 2s: 
DeOd.s OSes 28. 


44, 
47. 
50. 


15 children, 13s. 6d. 


Eie26: 
n-1 


3n 


. (a—c)(b -a). 

. (a —2b)(@ +y). 
. (6 
. (b -c)(b +a). 
+ (y -2)(@ -y). 
. (1 +a)(1 +4?). 
» (& —y)(% - 
«) 


—2c)(a +2d). 


z). 
—Yy)- 
. (a@-1)(a+1). 
. (1 -p)(1 +9). 

. (2a — 3b) (2% — 3y). 
. (6r +8) (27 +5s). 

. (3a — 5y) (a? + 2y?), 
. (4y + 9z)(5y — 62). 


55. 10d.; 2s. 6d. 


where 7 has any value. 


ALGEBRA 


Cio, 1 oa = 
£14552. 10s: 
44, 12 years old. 


56. 


E.P. 13. 


E.P, 14, 


. (¢-—3)(¢ —4). 
. (+7) (x 
. (83a -1)(a +2), 
» (2=—7)(2+2). 

« (14+ 3¢)(1 - St). 
. (5¢ +1)(2¢ - 1), 
. 3(6+5)(t - 2). 
. (a—4)(a—-12), 


—3). 


4(t +6)(¢ —3). 


» (4y -1)(8y -1). 

» (3% —2y)(x +y). 

» (@ +a)(x +b). 

. (7c +2d)(3c + 4d), 
. (1 +@y)(1 +22), 


45. 
48. 
51. 
53. A, £3 10s. ; 


27, 63. 
Ly, Lo: 
l6s., 10s. 
B, £4. 


12 half-crowns, 10 florins. 


58. A, 34 pt.; N, 2} pt. 


- (p-4)(p +1). 

- (y+4)(y +6). 

. (1 -82)(1 -—82). 
- (26 —3)(6 +2). 

. (8a +2)(4a -3). 
. (51 - 
. (3 +4p)(2 - 3p). 

. (4b —5)(5b -6). 

» (3 +4p)(5 -2p). 

. (20 ~3)(6x +1). 

» (8% —y) (2% -a). 

. (4a +3b)(7a — 6b). 
- (t—p)(@ +q). 

. (2a? 


2m) (21 - 3m). 


— be) (a? + 2bc), 


ANSWERS xlvit 


43. (a -2)(x -2). 44, (202+45)(u2+3). 45. (c+d)(2a +b +1). 
46. (3 +412)(1-3t2). 47. (w-y)(1+@-y). 48. (124 -76)(3a + 40). 
49. (c —d)(2c -d). 50. (15 +4p)(7-3p). 51. (w +1)(4 -2). 

52. (~ —2y)(x —3y). 53. (4x -9y)(3a+8y). 54. -(% —y)(w@+y). 

55. (a -x)(y —@). 56. 2(a +3)(x —2). 57. (ab —c)(b —ac). 


58. (wy +2z)(wy -9z). 59. (2a -3b)(7a +4b). 60. (3u -2y)(2% - 52). 


E.P. 15. 
i ome. 3. ¢ ae. 
5. t 6. Fy 7. se 8 zy 
9.2 10,22 11 ae) 12net 
13. = 14. z 15. aay 16. — 
Ve 18. 1c 20. pean 
A 22 ree Bay | at 
hee EAE B26 aa. Woes 28. 20 
29. 5 30, 30 Bh. gee) je 4 82. = 
ees BA AOE) ak 85s CES DICED} py 
i 8. gaia Oe x=) 40, 9 
41, — 42, 1. 43. ESSN 44, a 
45. a=nery 46. 0. Mee 8, oy 
49, - Ft 50. arene Ble 2a et 


xlvij ALGEBRA 
FRE. 16: 

1, 3, no, 3. 2. -2, -2, any value. 3. Not zero. 

4. x=3 if y#5, © has any value if y =5. 5. x?-927+18=0. 
6. y?-Ty+10=0. 7. #=4, 8. z2=4z. 

9. (x -1)(y—-1)=0. 10. x? -2=6. 11. p?+1lp+28=0. 
12. (y—3)(2+2)=0. 13. 229-7@+3=0. 14. 2122-26248-0. 
15. 4y2+3y =0. 16. 62?+232+20=0. 17. 22=25. 

18. 9s2=4, 19. y®-7y?+10y=0. 20. 234222-z2=92, 
21. 828 +222 -23¢+10=0. 22. 16v3=9», 23. 1022 -212=10, 
24, 6y?+5y?-8y=3. 25. 0or3. 26. 2 or -3. 

21.4. 28. O or —2. 29. ld or 5. 30. -3 or -}%. 
31. 0 or 2. 32. -1}. 33. Oor -lor2. 34. 3h or —}. 
35. +4. 36. lor -5. 37. dor -4. 38. lor 2or -3, 
39. 3 or 5. 40. 0 or 8. 41. -40r -7. 42. Oor -1l, 
43. lor -—6. 44, 10o0r -7. 45. 3. 46. -6. 

47. 3 or -12. 48. l5or -4. 49. 9or -8, 50. 9or -11. 
51. 5 or 4. 52. 3 or —}. 53. +5. 54. +14. 

55. gor —4, 56. l}or -?. 57. lor —4, 58. for -%. 
59. 0 oc 138. 60. —24 or -#. 61. 5 or -3. 62. l or -§, 
63. l or 3. 64. 3 or -2. 65. 9 or -2. 66. 5. 

67. 3 or }. 68. -lor -7. 69. 4o0r —5. 70. 4or -}, 

FB 7 

1. 4-6 or -0:6. 2. 1:1 or —7-1, 3. 6-lor -1-1, 

4. 1:2 of —4-2. 5. -2:6 or —5:-4, 6. 8-6 or 1-4. 

TO ong 2) 8. 1-l or -6-1. Sh ES) ye? SPIE e 

OV ile oyan< NI, 11. 0:9 or -2-4, 12. lor -}. 

13. 1:2 or -0:5, 14, 1:3 or 0:3. 15. 1:3 or -0:6. 

16. 2:6 or 0:4. 17. 0:4 or -5-4, 18. 3-4 or 0-1. 

19. 2:9 or —0-4. 20. gor —1. Zi bone 2 

22. 8 or —0-4. 23, 2:2 or —4-2, 24. 0-5 or -2-5, 

25. 4or -1}. 26. 3-6 or -0-1. 27. 2-6 or 1:4, 

28. Oor -11. 29. -46 or -0-4, 30. 5 or }. 


ANSWERS xlvik 


pbad'S. 

1. (i) -—1-2, -1-2, 6-7, 8-0, 3-0 feet; minus values denote above B; 
(ii) 2} ft. above B when t=14; (iii) #= —1 or 4, 0-4 or 2:6, —1:7 
or 4:7, 0:8 or 2:2; (iv) t=3; (v) —1-4 or 4-4, 0-4 or 2:6, — 0-8 or 
3:8, 0-6 or 2:4. 

2. 0:9 or 3-1; 0-2 o0r3-8; -0-6o0r4:6; -1:5 or 5:5; 0-5 or 3-5; no 
values ; 20. 

3. 0:2 oc —4:2; —3:-4 or —0:6; —2; no values. 

4. 2-2 or —0-7; 0°5 or 1; no values; 1:3 or 0:2. 

5. -0-30r2; 1:-40r0-2; 0-70rl; uo values; 1-6 0r0-1; 1:90r -0-2. 

Nay). 

1. © =3 or —2°6, y= —5 or 6:2. 2. e=2o0r -l,y=tor -l. 

Sa =—O.0L 3, Y= 3 Ole. 4. «=1 or t, y=! or §. 

5. «=0°5 or 0:06, y=1-5 or —1-58. 

6. «= -3 or -0:6, y= —-3 or 18. 

ential ta 1 Say or, 0. 9. c=2,y=-1. 

10, «= or 4, y=+t or —}. 11.2 =3) on, yi=—4 ort. 

12. 2=3 or —3, y=2 or 3. 13. <=4 or —44, y= —1 or ¥. 

14. e<=3 or -2, y=-1 or 63. 15. «=2 or —, y=lor —z5. 

16. «= —2 or 22, y=3 or —7;- 17. «=3 or 3, y=0 or -}. 

18. «=2 or —2, y=3 or 6. 19. e=40r7, y= —-3 or —5. 

20. 2=1 or 24, y=3 or 5}. 21. #=3 or 20, y=4 or —30. 

22. 2=+3, y=F2. 23. 2=+9, y=. 24. 2=+4, y=+5. 

25. 2=0 or +3, y=+2 or +1. 26. c=+2, y=H+F- 

27. e=24+/2, y=2F V2. 

28. c=+3 0r +2, y=t2 or F4V/2. 

29. e=4+3 or +13, y= Fl or t$v3. 30. x=41, y=+2. 

IB PAV 

1. l+aorl-a. 2. Sor 2. 3. -bor =a 

4, aor =. 5. pt+qgorp-4q. 6. a or a’. 

7. oor -<. 8. -lor -ps. 9, a or b. 
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10. a? or 2ab -a?-2c. 11. a+6 or 2b-a. 12e.1or oe . 
2452 
13. aa 14. 0 ora+b or © an”, 15. c=y=0ora+b 
a a+b 
5 1 1 
16.2 —q@.or <i ces YRt Or Sey 17. c=a+b, y=a-b. 
aah set 
18. x=b ora-b, y= «* or 2a. 19. aa OT da > ¥Y=olor 5° 
— 3ab* 3a*b — 8 
20. =a or a ab? y= —b aan 
E.P. 21. 
1, 2x3y3 — 20xry> + Gy®. 2. 2. 3. p> +4. 
1 oe 
5. Gong@cpy  & (Be +8Me +), -( ~y)%. 1b 
(x —b)? 

8. (d=a)* oA. 10 a= 3. 1a ber O Os 

l a-c 
12, (2-32)(1+42), (a+p)(a-gq). 13. com 14. tae 
15. 8s., 11 half-crowns. 16. 32. 17. a=if, b= -}. 
18. 4. 20. 2:14 or —0-94. aL. Ge 
23. (1 -—3x)(1 - 62). 24, 21 or —2. 25. a=3, 6=—2. 

a+b 
26. a es 27. cor 2a-c. 28. (x —y) (5a —4y). 
4 8a? — 4x8 2 fv 

9 9 a 
29. A 2s., B Qs. 6d. 30. eae Sul. ee 
¢ cy V 
32, aap 33. R=5455 = 34. 1 or 2. 


35. (ca 36. ©=2 ort, y= -3 or 15. 


ANSWERS. 


PART II. 


Note —Where only one kind of unit occurs in the question, the unit is not 
specified in the Answer. 


EXERCISE XII. a. (p. 253.) 
2. a?, a’, a’, a’, a)®, a}, ail, xls, 3. a™ xa®=a™tN, 
4, a™=a"=a"™". 6. a?, a1, a8, 27037. 
2. (a™)" =a™, 8. x4, 9. 3. 10. *. 
Liswar: 12. Yes. 18. Yes 14. 2°. 
15. 2. 16. 1. V7enazs 18. a**: 19. 64213, 20. 2. 


21. 30,020,000,000 cm. per sec. ; 4,500,000 ; £12,200,000. 
26,000,000,000,000 miles ; 2000 x 4,500,000 =9,000,000,000. 


22. 6-28 x 10?, (6-71) x 10°. 


XII. b. (p. 256.) 
1. Indices 2, 1, 0, —1, —2; values 100, 10, 1, 0-1, 0-01. 
2. Indices 3, 2, 1,0, —1, —2; values 8, 4, 2, 1, 4, t- 
3. Indices 5, 4, 3, 2, 1, 0, —1, —2, —3; values 16807, 2401, 343, 49, 7, 


1, +, iy sis 
Ae Os Ligh: 


(OB Cais eae 


5. 11, 3, —2, 10, 0. 


7. cars ne x, 2, 8, ay, 9. a’, a’, a’, a’, 0, 1, a. 
zx 
lala el 
10. a 7 a: 11. 4, 4,4) 1, 16, $4, 100, 1, 1, % 
Ty yeret pews 13. 8, 7, Th 14. 12, 14, 13 
15. 4, 0. 16. xt, 2%, a3. 17. 23, 2, 3x, Jz. 
18. dx, a3 19. 15, 6, 1. 20. 9, % 2 
21. 4, 27, 2, 9. 99, 256, 32, 27, 128, 64. pa eT) et. 
24. 3,4, 4,0-001, 1 25. xi, x, a}. 26. 6x8, x, 


xlvii 
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28. 
80. 


U/a/x*, 1) /ae. 29. 1-414, 1-189, 1-090, 1-044, 1-022, 2°=}. 
3-162, 1-778, 1-334, 1-154, 10°=1. 


81. Number of zeros after decimal point is 9, 12, 23, 7, 9, 7, 4 
Ll om mi : : i l 
82. 2 B’ Te dB=k, he = 84, Nate LT” Nie PA!e | 
VatVb=Vc, Ja+3/y=Ja*, g#=4r*l; yet=1. 
838. 1-005, 1-01, 0-99, 0-99, 0-995, 1-01, 0-998, 0-098, 10-01, 10-19 x 9-91. 
g 2 l 5 1 -3 5 -§ 
fy os xa nen aie eee Pel 
34. 3a’ ’ gV% 5° aa’ ze’ crea , 0, 37 
eee, tee Lee Se I 2 eel 3 4 
85. ng as gr aa? 7 > dy?” ie > =x? Zz, 9” 
XII. c. (p. 260.) 
1. xt, a8, a?, a4o?, 2a*b, 3a%b¥, abd. 2. Saag ota, Baty}, 
8. 4, 2. 4. 3, 4, —2, — Meas 
5. 2a%,a™,a'b®, 6, at, 2a8,ak. og, al 1. 8. 2+]. 
9. 2, 10. zt) 11. 16. 12. 2% 
3 
18. 0. 14, 102”, Fess x-+, 29, (x+y) 
15. 7, 13, —1, 2" +257, 16. }. 
XII. d. (p. 262.) 
Ai RAN P ED 2. 12, 24, 0-3. 
8. 34/2, 6/2, 54/2, 2041/5, by/a, Va. 4. 17-3, 5-20, 0-866. 
5. 0-577, 1-44. B. 94/2, $4/2, 104/10, 4/3, b/d 
7. 7-07, 22°4, 70°7, 0:894. 8. 1, 2-41. 
9. 38, 35(54/2— 24/8). 10. 0-268, 3-15, 1-24. 
11. 4-31. 12. 1. 18. oa 3: 
14. 2:90. 15. 24. 16. 1-465, 2-07. 17. 3:72, 
21, a+6+24/(ab); a+b; x or y must be zero, 22. xy, zy, yes. 
28 2fxu at+y 
“ a-y’ VJ (xy) 
XII. e. (p. 265.) 
1. 1-15, 0-707, 4:59. 2. 2:32. 3. —7, —10, 
8. 2, 3, 1, 10, 0-01, 2 


ANSWERS xlix 
9. (i) See p. 267. (iii) 1-58, 2:51, 5-01, 7-94. (iv) 0-48, 0-70, 0-91. 
(v) 1:58, 4-64, 3-98. 
10. 0-903, 1-43, 2-301, 1-699. 
12. Indices are 0:4771, —1+0-9542, 0-4313. 


XIII. a. (p. 268.) 


Note.—Answers are given correct to three figures but, if according te 
four-figure tables the fourth figure is 5, this is shown. 


1. 0-845. 2. 0-544. 8. Indices are 1-301, 2-301, 3-301, 6-301. 
4, 2,6. 5. 1-6377, 2:6377, 4:6377, 6-6377. 
6. 72-86, 728-6, 72860, 7,286,000. 7. 1, 2, 4, 5. 
8. 1, 3, 0, 5, 5, 3, 4, 5, 7, 8. 9. Less, greater, less, greater. 
10. Greater, less, less. 11. 224, 51300, 14100000. 
12. (i) Indices are 1-46, 3-785, 6-92. (ii) 1-52, 7-73, 3-87. 


XIII. b. (p. 272.) 


1. 35-0. 2. 2-78. 3. 76-2. 4, 41900. 5. 5-88. 
6. 2040. 7. 2170. 8. 341000. 9. 11-1. 10. 9-09. 
1. 128. 12. 2-01. 18. 3-02. 14. 20-0. 15. 13,200. 
16. 845500. 17. 24-7. 18. 17-9. 19. 5-73. 20. 7:39. 
21. 342. 22. 1-51. 28. 416. 24, 1-24. 25. 38-0. 
26. 1-96. 27. 18-7. 28. 91-3. 29. 5-91. 80. 35-6. 
81. 2-06. 82. 6-52. 88. 1-15. 84. 2-48. 85. 5:34. 
86. 6-44, 37. 2-08, 4:48, 9-65, 20-8. 38. 17-6. 89. 4-28. 
40. 1-04. 41. 50100. 42. 3-23. 43. 1-06. 44. 1-195. 
45. 6-08. 

XIII. c. (p. 273.) 

1. 60-0 sq. cm., 6-91 cm. 2. 5:32 cu. cm., 1-06 cm. 

. 42°8 ft., 2-27 sec. 4, 7-83 sec., 3°26 ft. 

5. 168. 6. 11-7, 4290. 7. 3-90. 8. 4-34. 

9. 1300. 10. 12-6. 11. 2-64. 12. 4-52 tons. 
18. 12-2. 14, 430. 15. 21-5. 16. 1-58. 


17. 11550. 18, 1-1 x 10°, 5 x 10”. 


] ALGEBRA 
SEG (p-276:) 
1. 1-8. 2. 2-1. 8. 0-9. 4. 5-6. 5 5-2. 
6. 1-3. 0-1 8. 3-1. 9. 5-3. 10. 3-8. 
11. 5-7. 12. 1-8. 1357123" 14. 2-7, 15. 0-8. 
16. 2-8. is: 18. 41. 19. 13-82. 20. 5-2. 
21. 3-9. 22. 1-3. 23. 1-8. 24. 3-85. 25. 1-3 
26. 2:8. 27. 1-76. 28. 1-9. 29. 2-9. 80. 1-45. 
XIII. e. (p. 276.) 
1. 3-25. 2. 0-246. 8. 0-004205. 4. 0-365. 5. 0-533. 
6. 0:04935. 7. 12-2. 8. 4-43. 9. 0-0243. 10. 10-* x 2-57 
11. 0-885. 12. 0-280. 13. 0-428, 0-199, 0-09215. 14. 0-126. 
15. 60-0267. 16. 0-120. 17. 000508. 18. 21-7. 19. 0-103. 
20. 1-035. 21. 0-6585. 22. 0-598. 23. 7-16, 0 452. 
24. 0-734. 25. 4-86. 26. 0-667. 22. 0-807. 
28. 10-* x 9-680. 29. 0-794. 30. 10-*x 1-05, 10-5 x 2-6, 
XIII. f. (p. 277.) 
1. 10°x 1-60. 2. 0-779. 8. 0-:0994. 4 11-5. 5. 335. 
6. 338. 7. 112sq.in. 8. 631. 9. 15°58. 10. 0-694, 0-492 
Ll. 1-44. 12. 3-27. 18. 15-6. 14. 0-093]. 15. 951 tons. 
16. 10x 4-81. 17. 33-8, 107° x 9-93. 18. 2330. 19. 0-708. 
20. 3-63. 21. 0-516. 22. 2-69, 2-72. 
28. £2080; 20s. 9d.; £1012 x8, 24. £294. 25. 0-909. 
26. £2940; annuity is worth £5830; £368. 
XIII. g. (p. 279.) 
1. 7-39. Phy ey ob 8. 82-5. 4. 82-5. 5. 15-1. 
6. 21-2. WT: 8. O-O11l. 9, 3-73. 10. 37-9. 
11. 1-54. 12. 2-605. 18. 0-236. 14. 9-90, 15. 4-27. 
16. 1-69. 17. 2:23. 18. 2-51. 


XIII. h. (p. 281.) 
1. 2 log 2, 3, 0, }. 2.2, 2; 
4. log 2—log 1, equal, log (6— 3). 


2. 


3. 
6. 


log (1 +3), log 2 +log 4 


o/2. 


a te 


bls 


cd 


. 6,—, & 
a 


11, 5, & 
6:7:4. 


cars 
2. 4, ca? xy’: 
6. 1, 14:21:6. 


ANSWERS 
. 2,4, 2 log y. 7. 0, log x. 8. 2. 
xy =5, xy®=100, 3¢=1000, 2*=10y, 5*= 6", 5*=100 x 6 
f 1352; —1- 11. 1-06. 12. 1-87. 13. 1-585. 
. 4:8, 0-053. NGS V4 Bh 24 16. 0-312. 17. 23-5, 14-2. 
. 421, 19. 4780 ft. 20. 1-13. 
XIV. a. (p. 285.) 
8:3, 2:3,1:0% 1:2, 5c: 4y, 1:4, 1000: 1, (a+b) :4, 3a: b, dx: 2y. 
9; 2. 8. —4. 
ad p_r atbivetf ny tery a bl ey 
¢ bq p ptqg ctdpadsr oT ne Vite 
ba 
Pas "5 tH. 8. 4 
u+y 4a 
za. 10. 4. il. 5 
cop mip y. -b 14. 28, 20; renee 
ob ey | 13. aq: Op. 4. > q p-4q 
= 16. 8:3. 17. 6:1 
es Jones 2) 19. Greater. 20. Less. 
l(a— b) 
22. 8:6:9. 23. 9(a46) 
mre. 25. $ or — xy. 26. 3:2. 
qy fom st % 
—————s @ . § . 
eb 24, 28. Zid 29. £¢ 
ES iors Qo ae lisas 
, 27:8, 75: 4. 34. Increased in ratio 3:2. 
b-—a 
ean eo 36. —— 
* b+2 ier x a 
(a +)(qe— Pd), 88. 2000. 39. =. 40. 8:5 
qa— pb ; y 
XIV. b. (p. 288.) 


8. 6, a%b*, +/(ab). 
6. 29:9:6. 


b 
10. b+dtf, a—c+e, 10b—7d+2f, aks 
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15. #orQ 
21. 0-104, 0-170. 


12. $4. 13. 5 or —}. 14. —2, 4. 
20. 5, 20 (19), 8, 20; (z=a*y+2xr+y). 
XIV. c. (p. 293.) 
1. Yes, doubles y, doubles x, y=88z. 


ae 


rn 
: 


No, halves y, doubles z, y= 


3. Trebles y, halves z, line me origin. 


4, Halves y, divides x by 10, curve, area is constant. 


8. yats ea =6, 3, 2, 1-5, 1-2; 


13, B48 8 
6. Halves z, divides y by 16, curve. 8. 
1 
9. ya A 10. 
ll. y=4z, y=2z3, ry=10, y=+/x. 12 
18. 0, 3, 12, 27, 75, 300. 14 
15. 2-6, 20-8, 166-4. 16. 


We Acer’, Ac 23, tal youhek yar, 


19. 7-5. 20. 


Cea x3, 


3:1, 10:3, 18:8, no. 


. Ach; 9, 12, 15, 24, 30 
. 8, 2, 0-8, 0-4. 


0, 2, 2-83, 4, 10, 20. 


18. y=} 
Quadruples y. 


21. Increases yi n ratio 3: 2. 22. Divides y by 4. 
28. 2t=5y. 24. xy=8. 
26. Increases in ratio 512: 1, Via 3, 27. Yes, P=0-00492e% 
28. 7:78 mi., N =1-23/h. 29. 6} gallons. 
80. £4. 13s. 9d. 81. 1-41 :1, 1-26:1. 
82. 1s. 9d. 88. 1-7552 lbs, 34. 1:59: 1. 
85. 1 sec., #=0-2 4/1. 86. 20-6 ft. 87. Multiplies sag by 27, 
88. 95-2, 64, S 16; 98-75, 97-5, 75 Ibs. 
89. C=80: 2d}, 147 amp., 13-4 amp. 40. 0-414 units, 66-2 ft, 
XIV. d. (p. 301.) 
lL. Voh, Vort, Vorth, V=4rrih, 
a ot 2 
% Wob, Wx di, Weot,W am, =e. 


% Tay, Pat, Tee, Tait, 28:3 fh per too, vc vt 


ANSWERS hii 


i nh 1 - 

4. Teln?W,T Mids aaa St doubles 7. 

5. Top row 270, 315, 360; second, 216, 252, 288; third, 180, 210, 240. 
6. Top row 3, 6,9; second 12, 24, 36; third 27, 54, 81. 

24 
2. = re 8. Sxl, peTtes 2 pag. to al( =) 
4//2H 
9. d=0°8 1S 10. d=). (>): reduced 27 per cent. 
Pe 
11. H=0-00504d4e eda, On: 
i ¥ , 2507? 
900W  22500W 

13. ee + D? : 50 lbs. 14. vz = 36y%, 

15. Aa. 16. va fd. 17. va alt va ala, 15:9 lbs., 79 lbs. 
18. 27-6 H.P., H=10-* x 2-87Av%, 19. 1-52 lbs. per sq. in. 
20. Decreases in ratio 1 : 6. 

XV. a. (p. 307.) 
1.11,33:2>3 andiz < 1: 2. No. 8 2, —3; 2>2¢>-—-3. 
4. 9; 4,-2; —-~,-om. ", 2>100r2z<-—10; 01l>zx>-0:1. 
8. Small, positive; small, negative ; large, positive; large, negative. 
10. +/(25—2*)3 circle, centre O; +»/(25— 2”). 


. Yes, 2:01, 1:999,1; 2>2z2>1; no, 1002, — 998. 

. 1,3,4; e>4and3>2>1; 378, —12, — 2002; yes, eg. 104. 

. Yes, eg. 2-999 and 3-001; no; 1,5; 0:3, 0-3 per cent. 

. 98, —102, —6, —201, 199; small, 0-000001; —0-000001; 3>a> 2 


and 1>z2. 23. l>a>-—2; 1, -2. 


XV. b. (p. 311.) 


Ll. y=H(x+4). 2. y=/(8r— 2"). 8. y=+/(8x— 16). 
2 
4. y=v(6-2") B. 2=y/(4e—24); y= af z= > 
ab 
6. y=4/(9-2%). 7. 2(1—2)(3¢— 1). 8 Y= 
d by + ay A 
8 y=Sv(@—2). 10. 0a ey 11. V =0-0293 A™*, 


D.W.A. x 


liv ALGEBRA 
Leal 2« 3-3 

12. 4(x*~1). 18. To9V (16— 2*)- 14. 2) #3: 

ba— ay y yy. , _an/2 
15. rere 16. V2’ V2? errr s 
17. 2=/(zy); 2= A/a 18. 2=.)(x8y*) ; z=2 S/(2*y?). 

: z—1 
19. (x—2)(x—8). 20 ae 21. (3—2x)(z—1). 
22. —(x*—1)% 28. 4/(4—2). 24. (z—1)?+2. 
XVienCs (po oko.) 
1. 2-5. 2. 8 8. 9-2. 4. 7-5, $2/(102— 24). 
~ 10z(z—10) _. 
5. 2-94. 6. Ae 
800 4 ; 

7. A=x*+— , 3-68, 10-1 or 1-54. 8. V =42(12—z)*, 1024 cu. im. 
9. —— 5, 2:10 or 11-90. 10. 32(8—z2), 4 
1. V=$2?(16— 4x), 15-6. 12. V=2rr*(6—r), 201. 
13, —4, 1, 4, 5, 4, 1,-4; (i) 3-24 or —1-24; (ii) 3-24>2>-—1-24j 

(iii) 5, w=1; (iv) 2:87 or —0-:87; (v) 2, 2-73 or —0-73; (vi) 3-48 

or — 1-45, 
14. 4-2, 1:8, 0-2, —0-6, —0-6, 0-2, 1-8, 4:2, 7-4; (i) 0-82 or —1-82; 


15. 


18. 


(ii) 0-82 >2>-1-82; (iii) —0-7, z=—0-5; (iv) 1:56 or —2-56; 
(v) 4, 0-8, 1-44 or —2-44; (vi) 0-62 or — 1-62. 

—9-6, —3-6, —1-2, —1-2, —2-4, —3-6, —3-6, —1-2, 4:8; (i) 4-27} 
(ii) e>4-27; (iii) — 3-83, 2 =2-53; (iv) -0-974, a= —0-528; (v) 4-52; 
(vi) (a) 3-78, 0-71, —1:49; "(b) —2-31; (c) 462; (vii) 3,2,-—2 


. 1, 1-62, — 0-62; 2-20; 0-66. 17. 2-11, —0-25, — 1-86. 


No real solutions. 


XV. d. (p. 320.) 


. 3, 2, 3, dat +2, L842. 2. 10, 100, 1, 0-1, 10%. 
. 3,0-301, 1-301, 0,3logz. 4. 3, (w+h)§—3(x +h) +5, 5-545 


, Weth+3; 2243, 6y)y See le eb 


DACA 


at, QR, 11. 1, 2 12. B 18. zo} 


ANSWERS lv 


14. (2—3)(x—4). 15. 8(z—3). 16. a 
17. 32? or 2842. 18. log z. 19. 10%. 20. x*—z. 21. (— 1). 
XVI. a. (p. 325.) 
1. Yes, eg. 3000; no; 2. 22, 11, no, 2: 
8. 0-490, 0-4975 ; 0-5; no. 4. Approx. 0-09, 0-01, 0-001, 0-0001; 90. 
i, The 6. 1-5, 1-67, 1-91, 1:99; 2; no; 09991 <2< 1-001. 
7. 4(h? 4+3h43), 15. 8. 16(h+1), 16. 9. 5-25, 5—2a, 2-5. 
1 n 50(n—1 
10. 2-4, +2 1. 3,4. 12. Pina *, 00, 50. 


apo w 


_ yp, Mt @n+)) 


es ee yt 


6n? t. 
XVI. b. (p. 330.) 
70; 250; 1890 to 1900, 390. 


zy y-x 


Pl bra’ ¥—% miles per min. 


. 8-4, 24-9, 27-3, 29, 37-2 m.p.h. 


1-5, 2-6, 2-25, 3-2, 1-3, 2-4 ft. per seo. 


. 0:3; 1:8; 3; 2-4, 1-2 tons per in. 
. For #=0, 5, 10, 15, 20, 25, rate is 1-76, 0-88, 0:43, 0-21, O-11, 0°05 cu. ft. 


per sec. 


XVI. c. (p. 334.) 


. 0-47, — 2-9, 0. 2. 0-021, —0-020, 0-021, 0-009, — 0-0077. 


4. 0-93, 0-38 ins. 5. 2, 2, 2. 6. —5. emusO: 


. 3 ft., 3 ft. per sec. ; 12 ft., 6 ft. per gec., 9 ft. per sec. ; 13-23 ft., 12:3 ft. 


per sec.; 3(2+4h)* ft., 12+3h ft. per sec.; 12:3, 12-03, 12-000003, 
12 ft. per sec. 


144 ft., 48 ft. per sec. ; 64 ft., 80 ft. per sec. ; 134-56 ft., 94°4 ft. per sec. ; 
16(3—h)? ft., 96 — 16h ft. per sec. ; 94-4, 95-84, 95-999984, 96 ft. per seo. 


. 32 ft. per sec. 11. 32a ft. per sec. 
. 23; 8h2+17h4+23 ; 3h4+17 ft. per sec. ; 17 ft. per sec. 


3, 2, 0, — 2. 14. 0-15, 0-18 cm. per sec, 


. 4, 6—h, 12—2a—h, 12— 2a, 6, y=12x— Gas 16. 5-1, 5, —1-5. 


18. 6c?. 19. 3,4. 20. m. 


. 4046. 22. 2az, +6, ae: 24. 2z. 25. 0. 


lvi ALGEBRA 
XVII. a. (p. 341.) 
1. 5.32, 6 2. 2x. dx+(dz)*, 2x, 


8. 10x. dx—352+5(3z)*, 102-3. 
5. 142z. 
7. 322, 122%, 1522, 8723, 


4. (l+2+6r), 22+2, 
6. 2z, 62, l4z, 200z. 
8. 122%, 40z%. 


9.. 3524, Bart. 10. 4$25, — 625, 1— 1225. 
n_ 
VB Oe i eh sal er 12. 322442, 62+32!, 22 +2. 
520 oz 
18. 3u+5v. 14. 3, 5, 30x, 8, no, yes, 
15. Yes, yes, no, no. 16. Se 2" =ne"-l, 


17. 


4 (can) = San), 18. & (A2™ + Bot) = (42) + S (Bem), 


. The differentials of 28, x5°, x1, 2-8, x, 2°, zi, zt, 27, z-™ are 8x7, 50x, 


—a*, —32-, 1, 0, art, hat, -424, —max-™-1, 


21. 0-41 22 —4, 23. 0-331, 0-030301. 24. 0-008. 25. -20 
XVII. b. (p. 345.) 
1 5 
. Ta, 2, fait 5. 
17 2. 302 8. 1-5. 4-5. 
5. -5. 6. -* o0 Gees 8. x3, 
9. 5a, 10. 37523, 11. 22-2, 12. — 5. 
3c 0) 
18. a. 14. ax*-}, My hang Gain 
15. - 18. 975 
17. 32. geeky 19. 0 20. 4x 3, 
Qn 
te 10 
21, 2a? }, 22, ty. 23. 2128-2, 24. dra, 
6 1 2 
25. 128° 4+ 5. 26. Be Ota hs 
27. 3x844z41, 28, 22— 5 29. 2nx™A, gg, _ fy kt 
$1. 6. 82. 6. 33. 1,2 84. 422. 
85. #4074 39. 68, 100; —32, — 32, 40. 39227, 39227, 
41. 12+420z, 5, 2(3 +52), 60 +100z. 
42 


» 44627 ¢32t, 22, 244274 3at42% 8241223 +628, 
- Bp 


44. 234. 


ANSWERS Ivii 
XVII. c. (p. 348.) 
1. Decr., incr., —, +, yes. 2. Incr., incr., +, +, no. 
8. Incr., incr., incr., decr., decr., +, +, +, —» —» yes. 
4. Max. C; min. A, Z. 6. Max.; decr., decr.; —, —. 
7. Min. ; incr., incr.; +, +. 8. No; decr., incr.; —, +. 
9. No; incr., decr.; +, —. 10. +,—3 —»> +3 ~»—35 +) +. 
11. Yes. 
15. AB-,— +3 BC +,+-3 ODE = tis DE +,+-3 


EF -,- +. 18. 1. 19. 3. 


XVII. d. (p. 354.) 


1. x=1 min.; r=—2 min. ; r=0-4 max.; x=1 min., x=— 1 max.; none; 
x=1 min.; r=} min, not z=0; z=1 min, «=—} max.; 7=3 
min., s=—1 max. ; none. 

2. 40,000 sq. ft. 8. 2 cu. ft. 4. 4 ft. 5. 8 in. 

6. 80,000 sq. ft. 7. 134 sq. ft. 8. 12 knots, 9. 10} sq. ft. 

10. 1} hrs. 11. 18 cu. ins. 12. 0-927. 18. 8 ft. 
14. 2-55 cu. ft. 15. 4 ins. from top. 16. 3 ins. 
17. 0-184. 18. 8, 4 ins. 19. }. 20. 1-5 ft. 
22, 12 cu. in. 23. 1-68 in. 24, 31}. 25. 2. 
26, ve : 27. +/2. 28. 8-16, 7-07 in. 
4 242 

29. On BA produced, PA=3 in, 80. y= VAC 42°"), 500, 707 yas 
81. $a2(a—2x)(b— 2x), 1-27 ins. 

XVII. e. (p. 358.) 

1. 5(dz)?, 3a(dx)? + (dx). 2. x.dx+4(dx)*, A=$ax4, $(5z)% 

8. 27r. dr, 0-63 sq. in. 4, 0-126 cu. in. 

5. 6t(10—0-6#), 0-76 ft. 6. — 7 OP. 

Th ty = .6a; length of wire increases 0-05 in. 8. 540 ft. 

6k 1 
9. 210 q. yd 10. am =i (1-73): 0-12 tons 
UU. 64 =2%. dz, 12. 8V =jrz*. dz. 


lviii ALGEBRA 


13. 6V=-ay. dy. 14. 6V =2(2ax— 2). de 
15. 3.62; 15(1+32)*.3z7; 15(1+3z)4. 
1 Pee Se x 
16. Pea 22.52; YT +28): Vita)" 
17. dy==3(a*— 2x +7)*(32*- 1). dx; 3(z*-x+7)?(3z— 1). 
—6.6z 6 du dy 
te F?7 5h . du=2y.dy; —=2y >. 
18. y= Gz— 5) } — az—5p 19. du=2y. dy dz! ds 
dV dr 
RO Brg ae ee 
20. SV 4rr?.or; di 4nr di: 
XVII. f. (p. 361.) 
1. 0-12 ou. in. per hr. 2. 1-5 in. per sea, 
8. 0-637, 0-326 in. per sec. 4. 4) ft. per seo. 
5. 0-057 Ibs. per sq. in. per min. 6. 0-31 in. per sec, 
7% 102&x3V5, 3. 8. 0-96, 0, — 0-96 sq. in. per min 
9. 0:00133 in. per min. 10. 0-242 in. per sec. 
Ul. 0-286 in. per sec. 12. 1:39 sq. cm. per seo, 
18. — 0-665 mm. per sec. 14. 1-00564. 
15. a = 1(30-Q), where k is a constant. 
XVIII. a. (p. 365.) 
1. y=rt+e, 2 y=fet+ dette 
8. oY 22, parallel curves, 4. y=y,r'+axr+d, 
5. y=tart+e 6. y=2—z +0, 
7. y=4rte. 8. y=ax+0. 
9. 52t, y=jarte, y=pad+e, 10. 82x’, y=4at +o, y= fr Ir +e, 
LY ae 4 4 1 3 
11. “Qe YR tO Yate 12. Te YH— Tate Year te 
1 
18. Ina’ Y=2/xte, y=ha24+6V/r+e. 14. y=§25— gx2+02r 46, 
15. y=iz"—}o243r+6 16. y=tet— st +0, 
3 3b: 
L7e = T+c ie == 
y=Aer 18. y 2 3p 


19. 


21. 


23. 
25. 


27. 


28. 
29. 


80. 


ANSWERS 


y= }x?— $27 + Gr +e. 20. y=yrt—jrt+ar+h 
a3: Bs 
Y= i901" — 992% + 22. 95—1. 
@=12 +.50t— 160. 24. =F +51+8. 
165 ft. 26. y=x?—2 +3. 
=e 
0;0; y= pe0et a(20—x)(400 +202—27), 05 res — —7;; 5in. 
10,000 ft. Ib. 
x=12t, y=16f; y=$a?; 24 sec. ; 30 ft.; 22; 2=10, y=1$°. 
: é dT dp 
} in. per sec., 8 in. $1. ag ~UK-T) 82. E=- op. 
XVIII. b. (p. 371.) 
Das) 2; I sade, 2. at, 8. 4. 
1,4; 44. 5. }, 0:83. 7. Th gy —# Ht 
. wy, wy + dy), Era, 0-148. 9. yma. 10. 1-57. 


_ (100-22), (100-24), (100-2). dx, (100x— 42%), 


4 (2000— 3002 +2), 2090 cu. in. 


. 47-4 cu. in. 13. 142cu. ft. 14. 2§. 15. 4. 
0. 17. Each =8§. 18. 2, § in. 19. 1-56 in. 
. Wr. 21. ¢Wr%. 22. 24. 23. 1f- 
. 210 ft. lb. 25. 2. 26. xe. 27. 44. 
pa. 29. 90 lb. 31. 2520 cu. ft. $2. 3050 ou. in 


XVIII. c. (p. 377.) 
0-335 ; 4, 0-6 per cent. ; 0:33. 2. 120-2, 122-5, 118-7. 


_ 39-495, 38-687, 39-270 ; 0-5, 1-4 per cent. 


41-63 ; 41-59; 0-07, 0-02 per cent. 5. 3°32, 3:28 mi. 
105 x 3-040 cu. ft., each method. 7. Dufton 1090, Simpson 1030 ft. 
2088 ; 2094, 2094 cu. cm. 9. 0-1676, 0-1678. 
128-1, 127-5. 


lx ALGEBRA 
XIX. a. (p. 381.) 
2n- 

1, 12, 2n; 36, 285 Ye, 3 } Trai 8% 10%, nx 10"; 96, 3x24; 43, <<. 

40, 7In—2; —5, 13—3n; 6x10, nx 10; 1, (—1)"; 343, (n+1)3; 

10° +24, 10" +4n. 
2. 1,3,5; 3,4, 4%; 424; 2,6, 12; 8, 40, 315; 0, 7, 26. 
&. 41, 3, 2910, 2. 4. 1, 16, n*. 
5. 29, no, 14 x 29=406, 6. 29, 435; 35,385; —15, —165; 9}, 101¢ 
B. Wo Te 2221019. 8. 104, 7n—1; 128, 2-1; 102, lln—& 
S15 eere ike 7. 10. 2866, 23. 

XIX. b. (p. 383.) 

1. 194. 2. 73. 8. 87. 
4. 56}. 5. 194, 264, 333. 6. 5029. 
2. 130, 8. 702-5. 9. —79}. 
10. 2n?+n. ll. 12a + 66d. 12. $n[2a+d(n—-1)} 
18. 2584. 14. 540. 15. 4n(a+l). 
6. 29; $(n?—n+2). 17. 4215. 18. 2x—a; x(n—1)+a(2—n). 
19. 91, n?—n+1. 20. 5, 5(5n—17). 21. Yes, no. 
22. 999000. 23. I—(n—1)d. 24. $(b+a)(b—a+1). 


+ ar?) ar™, ar +art+ars+ ... 4qrn-2 t+ar™-1+ arm, art_ aq, Lilet, 


XIX. c. (p. 386.) 


n-1 32n-3 


- Tx B"-1, (—2)n-1, Qin, — 10(—0-6)", i Gaz» (— 1)? 227-1, 


pray 
— py, 2. 8. (3)35. 4. 1533. 
80343. 6. ato oh 
r—1 


» 203-1), APTL— (0-4)9}, 8 (§)%, (2441), 44971 — (400), 


: Lortrrtedtrt yes; l+rtrts.. +r; Lott a(1— i 


eS aes 


rom n} 


r—] 


- 1-111; 0-000001 per cent., 42(1~— 10-59), 19-4 per cent. ; 4,2, 


11. 


12. 
16. 


ANSWERS Lxi 


4, 4, 4... ins; 2, 3, tf, $4, 1-279, 1-2-1 ins, ; 1, S+P4+3+...;5 


24% 2-46; 16. 


(ii), (iv) 14. $3. 15. 2500, 8}, or 
630, 23600. 
XIX. d. (p. 388.) 
17-6 m.p.h., 24 m. 2. 0-0966. 8. 6:58, 8 seo. 
. £2400. 5. 3620. 6. 36 ft. 
. 119-5. 8. 4 (10°— 82). 9. 65. 
. 541 yd, 11. 200°. 12. n. 
. £21. 16s. 44d. 14. n?—n. 15. 15. 
. £9500, £14500, 17. 223 yd. 18. £163, 1490, 
. £61-4, 390. 20. £2500. 


1—(n+l)a"+nartt 1-(n+1)2"+4+nanth 


l-z : (1-2)? fs 


. Less than 2200, 25. 26. 4. 

od te a 28. 1, 7, 19, 37. 29. Each =225, 

. 2.3.4.5.6.7.8.9.10.11—1. 

Liao y (before *, the number is EL deel iy ae 1). 
5 PX 


XIX. e. (p. 392.) 


. 1, 1-18, 1-38, 1-63, 1-91; 1-18: 1 in each case. 2. 31:8 millions. 


46-9° ©. 4. £101,000. 5. 40, 1-19. 6. 4:1 per cent 


XX. a. (p. 395.) 


. 30. 2. 120. 8. 12; 720. 
720. 5. 210. 8. 840; 840. 

. 90, 45. 8. 24. 9. 56. 

. 26x99 x 999009, 11. 4/10. 12. 6, 24, 32. 

. 90. 14. |8, 2880, 8640. 15, 192, 144. 
24, 12, 12. 17. 1440. 18. 14400. 
15; 719. 20. |6(|4)?=414720. 21. 36. 

. (| 6)? =518400. 24. rf ic His ae = 

Lm (n— Lim l 26. 2. fm, 27. 10%x8l. 88. 18,8 


lxil 


1. 19. 


|52 
4, ~——, 10" x 6-4. 


ILE: 
7. 31. 


10. 462, 5775. 
18. 15840. 
16. 35. 


ALGEBRA 


1. 1326, 1128, 198, .34,; 188 : 33 against. 


aes 

7. $4 

10.) Sr ee 

18. 120, 60, 10. 


16. 24, 64. 
19. 3150. 


|2n 
22. an" 


25. 4; one penny, two half-crowns ; 52$ pence, 


XX. b. (p. 398.) 
2. 364. 8. 22100. 
5. 66; 220. 6. 66; 132 
8. 13860. 9. 90, 15. 
11. 720 12. = rt 
. . . ([13)*” 24 (|13)* 
14. 56. 15. 56. 
n—r+l in = 
19. = ’ = 992. SS ae =-10,. 
xx. Ce (p01) 
2. 15, 6, 2. 
1 
4. 1365, 1001, 6. 3,4, an 
8. yp 9. yu t- 
11. }. 12. 
14. [15 dlp » | 14. 15. 12, 1728 
36 Is" [ys 
17. 340. 18. 316=107x 4:3, 10% x 2:3. 
20. 60. 21. 90. 
28. 11. 24. zHe 
say 4s. 44d. 26. 3] 
XXI. a. (p. 406.) 


1. af4a22(a+b+e4+d)+4+27(ab+ac+ad+be +bd +cd) 


+2(abe + bed + cda + dab) + abcd ; 


a4 + daa} + 6a42? + 4a8e +a*; af+4a546274+40+13 


at — 4a? + 6x3 
. 64, 6, 15. 


. 4, 35, 35. 


aon FS DY 


4x +1. 


. 4629411246; 24+ 102° + 352? + 507 + 24. 
. Orr + 11x? +6241; 24a4+ 5025 + 3523 + 10r +]. 


. abc +abd + abe + acd + ace + ade + bed +bce+bde+cde; 10a?; ~10 


ANSWERS Lxiil 


XXI. b. (p. 407.) 


1. 143274329 +2%, 2. 1442 +622 + 427 + 24. 

8. l—42+622— 423 + 24, 4. 23— 6274 127-8. 

5. x*— Gaby + 1L5xty?— 20x? y3 + 15x2yt— 6ry® + y6. 

ye 

8. ie eae SNe eo a aie a 7. 8a — 36x%y + 54ay*— 27y%. 

8. a®— 8atb + 24a4b* — 32a2b? + 1654. 9. 35, ¢n(n—1)(n—2). 
10. — 1536025. Gh OES 1ST: 
13. — 202z3y'. 14. 120278, 120z3y’. 
5 Ope 3 Vee a (EW ig OP rene ote 
Orr O perce lett an tae el Lymn tl.) Yes. lye, font 18. x4, 
19. "C,+"0,+...+"C,=2"—-1; 1-"C,+"C,-"C,+...=0. 

P " (n—2r+1)|n 
20. 0. 21. C, = Cro = ‘[r[n—rtl - 
22. peace SOE) a1 AO DOr 23. 34. 
24. 104060401, 9509900499. 25. 1:1041, 0-83297. 
XXI. c. (p. 409.) 
5 
2. i= 8. l+xtar+a%+at, 
x? x x 
4. 0-01, 0-001. 5. ice ee a 
3a2— 223 322 +223 
6. l—x+a23—25 +424; 0-:0001, 0-000001. 7. Ga) ’ (+z) 


8. 1427 +3274 423, 1—22+32?— 423; 0-0003, 0:0003. 
10. 1—42— 42?— Yy2z*, 0-00001. 11. 1+32— 407+ 742%, 0-001. 
th 1h 4. 
12. sae 0:98. 138. = Oy 0-499, 0-332. 


XXI. d. (p. 412.) 
3. 1:000033 : 1, 1:000099 : L. 


1. ab, 0:0002, 1-08. 2. 1:06, 143h. 
4. 2 per cent. 5. 6 per cent. 6. 3, 2; 1-5 per cent. 
9. 1+2h, 1-02. 8. 1-01, 0:94, 1-003, 1-004, 1-005, 0-1999. 
h 
9. 1+2h, 1— 5h, 0-95. 10. 0-028, 0-555 Th 
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11. 2 per cent. decrease, = 12. 0, +1; 1-005. 
1 1 
18. 3a*) 102°, oes eer 14. Decreased about 3 per cent. 
2 
15. 5 per cent. decrease. 16. = in. 
17. 6+36°. 18. 1 per cent. increase. 


XXII. a. (p. 418.) 


Note.—Some of the formulae below are given to a greater degree of 
accuracy than can be attained by drawing alone. 


1. y=)-622— 0-54, 2, 1=17-95 +0-41W. 

8. 1=0-12W +21. 4. y=9-79—0-033z; 0-005. 

5. y=6-92+0-1; when e=3, y=21. 6. P=0-0049v". 

7. Q=31000D*. 8. R=600+0-97% 

9. pai oa 10. $=4-098. 

11. —— 12. £=0-0419d1-163, 

18. p=475y-1-06, 14. P=18-0 x 10°, 16-0 (actually 15:91), 41-0. 
15. H=10-4x 2-18575. 16. = 


17. 5=10- x 1-2474— 90. 


18. y=61+0-068x +0-00242 (but better to write 61-1 for 61); 642 
(actually 64:37). 


19. a=10*x1:5; 56=10-7x9-0; 1-024. 
20. Plot against 4/d; a=0-21, b=0-25. 
XXIII. a. (p. 425.) 


1. 51-8, 8-49, 6-76. 2. 1-58 in., 3-81 cm. 
8. 11-2, 1-405 x 108, 4. 23-6, 7-96 in. 6. 2-31. 9. 36. 


XXIII. b. (p. 429.) 


1. 32-7, 27-7 amp. ; 74:1, 62-7 amp. 2. 10, 24-2 amp. ; 0-52 mm. 
8. 2-5, 5, 5, 3-3, 5:8 in. 4. 1-76, 6-99 in. 

5. 1:2 cm. 6. 1-58, 3-54 in. 7. y=2z', y=3z%, 
8 28-6. 9. 62-4. 11. — 1-06. 


12. 10-8 13. 2850. 14. 0-254. 15. 3-29. 16. 1:44 


ANSWERS lxv 


XXIII. c. (p. 435.) 
£22. 8s., £34, £36. 


45:7, 55-7, 38-6; Z=}(6X+10Y); 38-6, 48-6, 31-45 
Z=}(6X + 10Y—50). 


8. —11-4, —30, 43; Z=(6X—10Y); 38-6, 20, 54-3; 
Z =}(6X -10¥ +350). 
4. 43, 21-5. 5. 2-66, 4-28. 662 S75) te ae. 
fue 
7. 60-8, 81-2. 8. 7, 18. 9. 40, 28. 
eon, 7 B0(4X+¥), 7 00(4X + ¥~ 80) 
10, 55, 45:5, -20; Z= AI); 2 ee tio 


wa" 6:67, 2-25, 4-79, 


XXIII. d. (p. 438.) 


1. log T=} log H+}log W; 10, £10; £20; £27-1; £22. 
2. 5-4, 191. 8. 3:19, 5-18. 4. 33-1, 17-6. 
5. 11000, 38500. 
6. (v) t=3. (vi) 3-45, 1, 1-45, imaginary. (vii) —1, — 1-45, —3, — 3-45, 
(viii) put z= 10z and solve 2*— 2-3z— 4-85 =0. 
XXIV. a. (p. 443.) 
1. Real +, —; real +,—; imaginary; coincident +; real—, —i: 
imaginary. 
2. x?—x-—-2=0, 422— 3x =0, z*— 2ar + a*— b?=0; 
@—x*(a+b+c)+2(ab +be +ca)— abe=0, xi-2=0, 
x— 2¢4/24+1=0; bdz* +2 (be—ad)—ac=0. 
3. BEN 4. 6}. & $e Ssh 
6. 2, —0-05. 8. t>2>-L14>2>-1. 
9. r>l or r< —4. 
0. z>3 0rl>z>-1; 2>$ or4>2>-2; l>z>-4 orxz< —4; 
2>30rl>z2>-—lorz<—3. 
11. (i) e>2or —l>a>-3. (ii) 2>e>—-lorz<—3. 
12. (i) z>h org >z>-3 orz<-4. (ii) }>z>4 or —3>2>-4 


18. 


2, -—3. 14. —0-6, —1:2; 3:6. 15. +473. 
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16. 
27. 
380. 
33. 
34. 
385. 
38. 
41. 
43. 


47. 


49. 
52. 
54. 
55. 


+8. 17. 2g%*=9r, g=0, 69?=25r, r=1, r=0, g?¥=4r 41. 
16 or 0. 28. 8f. 29. —§, 18}, 31}. 
3b=29,9c=4r. 81. 6b? +c=0. 82. y?— 40y=900, 2y84+3y=3 


4y?— 287 +9=0, y?— 8y+5=0. 


Roots of second equation are p times roots of first. 

6? =a" + 4ac, (a+b +c)* =b?— 4ac. 86. Imaginary. 

6. 89. } or 0. 40. a=-2. 

a+b6+2h=0 or 4a+b—4h=0. 42. —4. 

b+e=0 or b—c=1, 45. 4c>a>0. 46. z=y=2 
ae 2 

Not between 2 and — 2. 48. —— t>k>-4; -3. 

Between —} and — yy). 50. 6 and 1. 

ryi+qyt1l=0; y?+y(4r—9*)—r(q?— 4r) =0. 58. g?— 4r =b!— 4c, 


z=2, y=—1, no. 
(x—a)(x— B)(x— y)=0, —a3(a+B+y)+2(a8+fy+ya)—afy=0; 


=— Za, g=Zaf, r=— LTaPy, s=aByé. 


. Sum is zero; sum =product ; roots are of form +a, +6; one is zero. 
. —6. 59. —7. 


XXIV. b. (p. 447.) 


- (2—y)(*+ry+y*), (4+2b +c)(a* +b" 409+ be— ca +ab) 


(a—c)(a* + 3b? +c? + 3bc +. ca + 3ab). 


» (a? +2a + 4)(a*— 2444), (3x + y*) (224 3y*). 
- 16a4— 96x%y + 2162%y*— Q16xy3 + 8ly4 4. 2t4 Be +5, 234 Bry + By? 


- V[xye(x+y +z). $..=1. 9. }. 

. (x 2y)(2 +y)(22— y), 11. ame 

» — Sxyz(a+y)(y+2z)(z+2). 18. 16(55—3a)(15a— 19d). 

» (a—b+c)(a+b—c)(a—b—c). 15. Unchanged ; divided by p. 

; i. a 17. (z@—y)(e+y) (2? +y2)... (x2" +98") aaa" yan 
. (ii), (iv). 


» (a +29)(b +y4), [c(ab + xy) +2(ay—bzx)]}* +[2(ab +xy)—¢(ay— bzx)}. 
. 32; acfhk, bdfgk, lgfeb. 21. 7. 22. 0. 


89. 


40. 


ANSWERS Ixvii 


. n+3;1; 2 if nis even, 0 if n is odd; Oifn#0. 24. 0. 
n(n—1 

. n+l. 26. 2n+1; 1; Oifn+0. 27. (-1),(-1) * : 

- 1452 +102? +1023 +524 +25, at + 408d + 6a2b? + 4063 + dA, 29. 35. 

h ha 
5, al — 42%, 1- _ a bn . 
Te ae ye $1 vz (145. a) 
- 1-22 +4+32?— 4a3 4 ... +(—1)"(n + 1l)a"+..., 
l+nz+ ee 2g MOt Ind) og | 3 
1.2.3 
é az(x—1) 2 
. Reflections in the y-axis. 385. Gai@—t)=* *@+ijess) 


. [e(ac + pbd) + pf(ad + bc)}*— pl f(ac + pdb) + e(ad + bc)}. 


ar—cp 
bp—aq’ 

k k 
@=.a)(6=c)’ (C—a)(c— 6) 
(O+A(b+H)(b+¥) (C+A)(C+u)(C+¥) 


38. y?(bl*— 2hlm + am!) + 2y(lh— am) +a=0 


(b—a)(b—c) (c—a)(c—b) 
XXIV. c. (p. 452.) 
5. (i), (ili), (vii), (viii), (ix), (x). 8. x=2, y=1h, z=2}, t=}. 
10. 1-6 or 0. 11, —9:13:1. 12. 5:—-1:8; §, ~},. 
: ; an cq, cp—ar 
%B. (c—b): (1+4ac):(1+ab). 14. ert aa arn’ 
15 ce 2cy y? 
* bb,—yb, 5,a,—6,a, a,h,—agh,’ 
(ab, — @b,)* =4(ayh,— yhy) (2h, — 6yhg). 
16. 4, 32-2 ori 3) 2: 18. yy. 20. 17. 
21. b44+3d3f; b4+3ad*f— 5bdf?. 22. ab*—c3d4, 
23. +/(a*— 45%). 24. | (2455). 25. +/(a? +54), 
XXIV. d. (p. 455.) 
1. 0, 0, 0, n2+2n. 2. 6, 7, 12, 12. 
8. 2Eab, 3Ea?+2Eab, 3, 3Eabe, log (n +1), log(* i i). 
4. nm 14+24+3+.. +7. 7. n(2n—1). 8. 277—4n—1. 
n 1 1 1 n 
0. a1. 1373.85 nal) acl 
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10. 4[9(q + 1)(2q +1)— p(p—1)(2p— 1)}. 


n+l 
11. $[9(¢+1)(¢+2)—p(p—1)(p +1)}. lie lin <1); 
13. ada?+brzy, 32x1—2Ezy. 14072543 
15. ata? +b2a*y+cryz;a=1,b6=2,c=—12. 16. }(a*— 6%), $a(3b*- et} 
17. 2a?— 66%. 21. ct— = 
22. (w—y)*+(y—z)*+(z—2)% 24. 4(2*- 3y'— 2%). 


XXIV. e. (p. 458.) 


8. —2 4. (@+6)(2a*— ab +53), 5. —2, 5. 

6. Always, n odd, if 5 is an odd integer. 7. z+at+b+e 

8. —(a—b)(b—c)(c—a). 9. 3(x+y)(y+z)(2+2). 

10. (x +y)(y+2)(z+z). 11. 3(z—y)(y—2z)(z—2). 

12. (x—y)(y—z)(z—2z)(z+y +z). 18. 12abc(a+6+c). 

14. (z*— yz)(y*— 2x) (z*— xy). 15. (zy—zw)(yz— wx) (22— wy). 


XXIV. f. (p. 459.) 
Nofe..—Imaginary roots are omitted. 


1. O or § or 3, 0 or} or}. 2 +5 2%, 2%, 
3. Oor +9 -; or a, 4. +2, +3. 
5. 3 or —2 or +4/7, 2 or —3 or +4/7. 6. +4, +}. 
a 6 c ; 
7 + 5, or 0, + = or 0, + oF 0. 8. +Vt t/t FV 


9. lf or 3 or eyes 4 or 2 or maha 


10. 8c or — 2c or —5(1+-/29), — 2c or 3c or — 5 (14 4/29). 


ll. 2 orl, 1 or 2. 12. 3, 3. 18. 1 or 2 or —3, 1 or 2 or 3, 
14. $ or 4, 4 or }. 15. 3 or —5, +2, +2. 16. +2, +4, 

17. +2, +}. 18.7 O12: 19. 3 or —1, 3 or —7, —2or-8& 
20. 12 or 48, 2 or — 43, 9 or 4. 2155226,0--23 


22. 3 or —2, 2 or —3. 23. +2 or0, #20rQ 
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£4. Oor +2 or +4/6 or 3(++/7+4/3), 0 or +2 or £4/6 or 4(4/7F 4/3). 
25. +3 or +1, +1 or +3. 26. 0 or —2, —5 or 3, —3 orl. 
27. 4, not 2h. 28. 1, not 8. 29. 3, none. 30. 3. 
81. —3 or — 2-2. 82. 2. 83. 1,not —4. 84. —Lor —2 
85. 0. 36. 3 or —1. 37. 1, —5, —244/3. 
88. 1 or 2. 89. 0 or 2, —2 or 4, 2 or 0. 
40. —1 or —4, 2 or —1, 5 or 26. 41. 9 or 4, 6 or 6, 4 or 9. 
42, —4, 6, ++/19-5. eee 
44. 3, 2, 4, 3. 45. x, y, z=1, 2, 3 any order. 
46. 2, 2, #. 47. a, b—a. 
ee 1 

8 GAH * ray 

Lh, sud RD ipeatiet ah pls acta 
4 c+a—b a+b—c b+c—a (b+c—a)(a+b—c) 28.0. 
60. Ifa=3, x=y=any number; if a=1, (x +4)(y+4)=2}; ifa=4, e=y=]; 


if a=2}, c=y=—2; in all other cases x=y=1 or —2. 


51. ne r 0. 
62. i Sarat DD Ee es ee emi §. 

627+? c? +a? at+b? 24/ (a? +b? +c?) 

XXIV. g. (p. 462.) 

1. a+c=20b. 2. (a—b+c)(a—b—c)+2a+2b—2c=0. 
8. x? =4az. 4, 2? =y?+2. 5. (v+y)(3c—y) =16. 
6. a+b=3c unless x=y=0. 7. (b+c)?=(a+b)(a+c). 
8. 5¢+2y+z2=0. 9. at ya, 10. 2? +y? =a’. 
ll. a+2=be. 12. 6+ac=0 unless r=y=0. 
18. (a+c—b)(a+b—c)(b+c—a) =8. 14. y?— by—ca+ac=0. 
15. a?— 3ab?—c*+3d3=0. 16. A\=a+b+e. 
17. a2b? + b%c? + ca? =abcd. 18. (¢,@_—C,_@,)* =(b,C_— bgcy)(4,b,— ab,), 
19. 2pgr+pqtgr+rp=1, unless x=y=z=0. 20. ax—dx+3ad=0. 


D.W.A. 


af oO 


oe be 


REVISION PAPERS. 


E. 1. (p. 465.) 
oa a 8P-—W 
No. 2. 2y, 6x%,- 5. 8. w=” 
. — 2h. Boe tyd, 14s 


. Hurdles 25, 20, 15, 10,5; area 1000, 1600, 1800, 1600, 1000; 30. 


E. 2. (p. 466.) 
2 2. |. 13:28 2. 82, 2 a) 
. . 0 > : . Zz, ei pence 5 
<1.m a, 1% eines S 6. £(0-27x—744), £400 
E. 3. (p. 466.) 
. £(208— 2-6a—2-6b—0-6c— d—r). 2. 1:5, 5. 
tV 
V=—-R0L" 4. 27. 5. 6,5; yes, —4, —~% 


5Rh 
v=n/ (“ors 20 m.p.b. 


E. 4. (p. 467.) 
Ga+4b., ls. 3d. 2. 34, 30, 16. 


. (4% 4+5)(4a—5), (8x— 2)(@ 43), w(3x +1). 


0-3, 12; —10; effort insufficient to start machine, 
gis, 6. 6. 
E. 5. (p. 468.) 


32. 2. «,3—avin.; e=1¥. 


. 12a? y? (a®— y?)*, a (x—3)(2+1), 27(x—6)(x+1), a(x +1). 


14. 5. 4-8 in., 19-6 rt. Ib. 6. = g brs. 5 Qe mi, 5 bre. 


lxx 
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E, 6. (p. 468.) 
1. $46=43. 2. 2. 8. 7:40 in. 
4. The tax on £2 is £ a £10, 
1 22 +h 
5. ae Fh)’ “aterny — 1-2 6. —1, 4}. 
E. 7. (p. 469.) 
1. 2n—4, 2n— 2, 2n+2, 2n+4; 12. 2. 2-6. 

8. 0-5, 0-4. 4. 21, 100, 10, 16,43; a=", b=3. 
5. r= +4 45°t4, 6. 10—x; 8—x; 18x—22?; 4-5in. 
E. 8. (p. 470.) 

1. The fewer there are out of work, the fewer felonies are committed, but 

the more cases of drunkenness occur. 
oui? 1, rigpacae 1 5. $or —3, 2 or} 


z?—]’ 
V =30- 52, z=6-0:2V, 0OS2 3, 30=V=216 


E. 9. (p. 471.) 


wot 15a 
“ OTS wv ze 16m—a Eos 
8. 2, 26-8 sq. cm. 4. 2 or}. 5. 4. 6. a 1-08. 
j 
E. 10. (p. 472.) 
tee min eee. 2, 256 cu. in, 8. 4, +2, 
a+b ab ¢ 
4, 5x(e+2)(x—2), 7(a—3)(a +1), (b—6)(b +2). 
5. 1 or —3, 3 or.-1L. 6. 4-2; 62—1-52?; 0, 4:5, 6, 4-5, 0 
Fe 1 (ps 473.) 
2. 8s. 8d 8. 25-2, 5-69. 4, y=4e3, e218, 
5. 4, 6. 1,800,000, 0-018, 0-00018, 1800, 104 x 7-38, 10-® x 7-38. 
F. 2. (p. 473.) 
1, — 16, 4. 2. 14 in. 3. 6z—27; 4-5, 1-5 ia 
1 a 2 ; 
4 (i—a)?’ ru A/ (2x), 2/2, Ve & 1-5. 
Shee each 44. 


(e—1)(@a-1 


D.W.A. Y2 


to 
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F. 3. (p. 474) 
. Wb . 
1. 6, 8 in. 2. All, 1, 1-5, none. 3. W—2Pe’ 4. 1401, 1-672. 
wee Me 4)H® K? 
5. (a + 6%), S/at + 3/6%, ba?’ Say 5 6. til ye oy HS. 
F. 4. (p. 474.) 
1.1; 7;.1,-5;.— 2, = 8. y?+12y+9, 5 or — 23, 1 or -—13% 
4, 3, 1-5, 0, 5. 213, 7-08. 6. 1-40. 
F. 5. (p. 475.) 
1. x(l—n)+n ft. 2. 2, sty 4, aie 1. 8. 12, 5in 
3 
4, 24, 1:31 or 0-19. 5. 12-4, 4-20. 6 r= — 1:56 in 
F. 6. (p. 476.) 


Ltiaiiadd oes cae eee 


7Ro3y 8. 2 or — $, 1:90 or — 1-23. 
4. 224, 328, 1205, 6x2, 825, 8x9, 5. 50,000. 6. 1200. 
Exe (oes parar6:) 
1. (10x +5)*=100e(x +1) +25. 2. 17s. 10d. 
8. After 1 or 3 sec. 4. 4a‘, — fa’, ia, 
5. 0-205, 0-966. 6. 7°52. 
F8s 8 Gosdtz) 
1. 0-1, 0-178, 0-1995. 2. 5, 34, 1h. 
. —$ or §, 1:59 or — 0-420, 4. 4/(10x— 2%), a circla 
5. 23400. 6. 5}, 7} im 
F. 9. (p. 478.) 
Uwe A) each = — } a 
" — (a+1)(a+2)’ wae rae 
a/3 
. ax /b=4/(ab), 8, 12, a2. 3. —. 
12, 9 in 


5. 2-12 in., @=0-743a5H?, @ 0-229, 0-532 
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F. 10. (p. 478.) 


. (202—2x%) aq. in., AP=5 in. 2, Vax alt. 2, 3, 2. 
Vb 6 a 

5 BiG Pp a Phayoey 4. 0-25, 1-75, 1-4, 16667. 

. 0-209. 6. 4 min. 14 sec. 


F. 11. (p. 479.) 


32? +2ry+y8 t 
ery rae 8. 0-36 per cent. 4. 0-319 or — 1-57, 3 or — 2, 
. 20, 7-5 mm. 6. 10-6 ft. 
FP. 12. (p. 480.) 
. 554. 2. 16, 5} 3. 2 or —1, 4 or — 1. 
ate 2-83, 4-24, 1-41, 3-4 
. (e+y)™ 5. , 4:24, 1-41, 3-46. 6. 1:09. 
Fela. (pa4sle) 
. 52-6 in. 2. 25° with keel. 8. 189. 
4. 4,34, —2, -}. 5. 4x 1015, 1018. 6. 24/5, 2, 4/3, 2. 
F. 14. (p. 482.) 
» 28%, 98N-3, 8: 8. 2,3, 4 in. 4. 3-065. 
. £4240. 6. 56900 tons. 
F. 15. (p. 482.) 
. Logarithms 3, — 2, 1:5, 0-25. 2. At the middle. 
. 0-4, 1-2. 4. 2x cars. 6. 3220, 0-136. 


100 [Ve- 1], 5-2 per cent. 


F. 16. (p. 483.) 


m1 2, aes 8. 10-2 in. 
k=(a—1)(1—8). 5. airs 9(8°7). 6. v=230, 8:15 sec. 
G. 1. (p. 484) 
By/z, 34/z, 0-0000014, 2. 39. 
. t=O, eau ffi 4. 4x—2y=a, $(a—2y)(b— 2y)y 


406 6. 7-2, 9 in. 
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G. 2. (p. 485.) 
1. 2:25. 2. 2-2, —3-3. 8. £140, £1106 
= 9 6=5-5, b= ae 
4. p=8x107"V , a=5'5, b=13. 6. wai’? equab 
6. 2-5, 3-5 in. 
4/H8 ‘ 
1. 60, 24. 2. vat). fq» 0-000,000,000,014; yy, L 
= Wr 9. = . . 
3. R= (agp): 271: 4. a—4b,a+7b; 13:3. 5. 6750 tona 
G. 4. (p. 486.) 
a 
1. 8-485. 2. 6-91 x 1043, Ap Se 
1—2* 
5. 24 or 14, 2-41 or 1:18. 6. 1:8 seo. 
G. 5. (p. 487.) 
1. H(pr+gs) 2. a, at, a?, adb5, 8. 84-75. 
4. 2. 6. 3-56 in. 
G. 6. (p. 488.) 
1. £5}, £6; £11} 2. 5}9 ft. @ 2x3", af. 
5. (71. 6. 245 amp. 
G. 7. (p. 489.) 
a—x 8 
1: Taal 2. 42(p—ax), fa(a—2a), 2?, dpa, 
$ 4 : 
3. v=(2) ,v=(2)". 4. as EO 
Pp P a? — 267 
5. 3y, 10x, Try, L2xy; b+d, b—d, 4/(bd). 6. 5-9 im 


G. 8. (p. 490.) 
1. n>17}. 2. 9 times. 8. 59-7. 
4. 0-6645, 3, 40-98, 2,=0-0204. 6. 40r —$4,2-40r —S4h 
6. 6-912. 
# G. 9. (p. 490.) 
. 40, 50 m.p.h eR & -4,-Y. 
4. 37-3 co 6. 4500 days, 6. 8640 lb 


- 


. 0, +1, all, none. 5. 
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G.10. (p. 491.) 
2=0-8, 0-6, 9:12; y=12, 24, 120. 2. 0° 12i8 Ve 8. 1-6, 4-4. 


a+bk 


TE 6. 9-65 in. 


H.1. (p. 492.) 


- 5, 6; (a) and (5) large and positive; 6>x>5; >—1 (actually >— 3), 


2. 1007, —995; 6-0009, 5-9991. BB Salle 


. 0-542, 5. 120 gr. 6. £3000. 


H. 2. (p. 492.) 


1. —2, 3, 6, 7, 6, 3, -2; 7; 2; 465>a”>-0-65; 3-73 or 0-27;1 or 3; 
4-83 or — 0-83. 
ae 130 t ‘ 
2. oh +5 3 t. 8. 6, 0-6, — 0-5. 4. 1-7, 0-29. 
6& —4, 4 6. 2-5 dynes. 
H. 3. (p. 493.) 
1. 0, no, large. 2. 321 cu. in. 4. £1500, £1200. 


5. 2°36, 0-17, — 2-53. 6. 0-018, 0-022, 2-2. 


H. 4. (p. 494.) 
x z—l. 
1. arg > ife>0, 1000. 2. 1,1, >~+0, >—o, r=0. 
8. 33, 31. 4. —1, no value. 5. 35800. 6. 10 mi, 1 mi 
H. 5. (p. 495.) 
2. 2-154. 8. 2, —6, 4a? +14a— 6, 2749742, 
4. hang » S=x244rh, 2-885 in. 5. 9x? +9rh+3h3, 9-09 
6. 0-003, 0-3 per cent. 
H. 6. (p. 496.) 
1. —9, 99, — 99-99; no; 100-01, 1000-0001. 
2. 3, -3>x>-—3:006, —-3<a4< —2-995, 1, 1. 
8. ws) ro09 Ws 5, 6, 2°5 ix 
8. 2,3 1/5 =4-47, 6/5 =13-4 
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H. 7. (p. 497.) 
_ 37-5, 20-25, 45, 30 ft. per seo. 4. r= 3/175. y**, 3-23. 
2 
. 9, 6 in. 6. G>or< 7) asz>or<y. 
H. 8. (p. 497.) 
. 2,3:9,4-h, 4 2. 7,7; 2n+hifh=0; 2x. 8. £(15+4n), 
F wiles _ es) “ . 
. 20 in. 6. iat OE” [4 yy pies 3x+3y=1. 
H. 9. (p. 498.) 


. —4; -1; l>x>-—-3; 1-83 or —3-83; 1-24 or —3-24; 0-73 or — 2-73. 
. —4; —3; —h—2ifh+0; —2. 4. 0-932 or — 1-60. 
. 8, 74+ 24/10=13°3, $(4/5— +/ 2) =0-274. 


H. 10. (p. 499.) 


J. 115; 0-308; 2>2>0and2<—2; 2-214, — 0-539, — 1-675; (a) and (5) 
2-115, — 0-254, —1-861; (c) 1-861, 0-254, — 2-115. 

2, 0-8. BDL Ay 2a 6. 7, 7. 

K. 1. (p. 500.) 

1 

1. Sons vy about 0-03. 2. 22+4, a @— 3. —2, 3a*— §. 
6. t=2-1, y=z?-2, t=+1, 6. y2=2axr+a*, y=/(2azr +a?). 

K. 2. (p. 501.) 

: 6 4 

1 -1,-14 2 4—6x, 4-62, 4-62, $+ 42, ~s" Va" 
8. 18; —§, 44. 4. y=32-8., 
6. 0-026) at distance 0-578/ from A; gradient py 


K. 3. (p. 501.) 


1 
- 8v— 5, 482x280 +2, go#_yot. ag, Sat 120-15; 5, — 


. 18, 66 ft. per seo, 6 ==-. 6. 1%. 
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K. 4. (p. 502.) 


2x 2 
~ aay * ee Ney Vn’ ae 
d 


20, 42/35 42. 4. 5 = M15 - 6). 6. 214:1, 


K.5. (p. 503.) 
s* 15 


aes on +5-q 12-57. 2. 3227; 43; 54, —B4, 


{2” ~ $4 ’ 


. Grows lighter and weight vanishes when x =7°-5. 


4. 0:00649, 0-00736, 0-000087. 5. 22+3+h, 2, 27 +3, 2. 
6. 4800, 29500 yds. 

K. 6. (p. 504.) 
1. x=1 (min.), r=—3 (max.). 8. 4r—27, r=2. 


4. (2p + q)? +(p— 2g), 207 + 15? or 247 473, 5. 14-4. 6. s=k. # 


K. 7. (p. 504.) 
dx 
a a 3 =—_— le 
1. —3- 62%, 2. at 2(a +5) 
2 abeee, Be (A+ ir), 230 sq. ft., 6-46 ft. 
ur 
4. 81,0. 5. th, fh 6. 195 lb. 
K. 8. (p. 505.) 
1, 2 (min.), — 2 (max.). 2. $. 
6 12 
8. 922—7, 187; 10z, 10; 7,0; 0,0; awaits 
4. +125. 6. 2} in. 6. 602— r2?, 9-55 in. 
K. 9. (p. 506.) 
1. Not if x=1, no, 2. 
2. 3400, 3564, 3417-84; 164, 178-4; 180—16h; 180 ft. per sec. 
8. dy=4ax. du+2. (du)? da=3. dz; dy=12(3z+1).5z+18. (52); 12(3z+1) 
b 
@ lin 6. 40, 16875. 6. a 
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K. 10. (p. 507.) 


1. ab:a%:be. 2, x4/(25—23), 12} sq. om 
: 2+h 
8. Less than 13-75 in. 4. ro tom 300° ’ th. 
dy d? 


5. ietete ne +3 ge - ser gst 6. 0-87 ou. ft. 


K. 11. (p. 507.) 
ee GD; 8. 25 yd. 4. 0-00101, 0-00107, 0-00112, 0-00107, 


5. 2e+ ay a = 6. 12-3. 
3 
K. 12. (p. 508.) 
1, Decreased in ratio 1:16, 18 c.p. 2. S 
8. 548, 4. 102, +00. 6. 8 in. 


K. 13. (p. 509.) 
1. 2=2-94, 8. b=60+0-3r, 72. 4. 6-955 in., y=24/(wz\ 
5. Positive if 0<2< 4-76, increasing if <3; 2=3. 
6. 8 ft., 48 sq. ft., 256 cu. ft. 


K. 14. (p. 509.) 
2. 0-73, 11-9, 84-0. 8. 2(1+4/3)=5-46, —2 
4. Each.0-43, 7 Jog = 6. }. 
K. 15. (p. 510.) 
1. 79-6. 2. 60, 240, 540; 30, 120, 270; 20, 80, 180. 
8. a 4 Each~2:3, $ (10) 22:3 x 10 
5. iF a l. 6. yy when y= +10. 
K. 16. (p. 511.) 
1. | 16, 64, 2, 0-001. 2. 2: (y—2). 
& A= Sei) 17-2 sq. om. 4. 2u+h—3, 22-3, 1-5. 
2x 


gery b 6 75; 1-2, —1-2; 30 (min.), — 30 (max.) 
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L. 1. (p. 512.) 


_ 11461? 
a Amar i (in tons), where AP =z feet and all measurements are in feet. 
27:8, 8. (ii) — 20000. (iii) No. (iv) 3-000. (v) 2? 
(ii) 0000. (iii) No. (iv) 3-000. (v) (@=1\e=5)’ 3. 
. 0-26. 5. y=H(3x"— 404 +7), y= dette. 
5 5 gt 5 
: hae oan Mee + pate. 
L. 2. (p. 512.) 
- d+h—4/(2dh). 2. y:%, (l+y):llsy. 
CS %, t. 4. ky= M1000" »2in 
meas 6. 135: 64. 
L. 3. (p. 513.) 
on L:5;5— 1, LO: 2. 4/b: a. 8. +3, +4; 5, —5; 4/2, — 44/2 
5v (400-24), 104/2, 100. 5. #h. 6.  - — 0-4x, 0-16z. 
L. 4. (p. 514.) 
dv 
. #>15,0<27<3. a, Vasil lb., R= 755599 738° 
. 4,—4; x=3; 103. 4. 6t—?* lb.-sec. 
10247 & Pe 8 
op = 25 ih 6. Yes; 6160, 18480, 21560 yd 
L. 5. (p. 515.) 
(2-1) 3(e-1)42, 2. y= 5, 9-91. 8, 617. 
: z+12’ 
0<2<3, —27. 5. th. 6. A square, 
L. 6. (p. 516.) 
. 15-6, 62-2 cu. ft. per hr. 2. No change. 8. zath 
2r Ae « 473 
— in . =z =9-23. . 15, 
3° O(h—r) = 6.6 ha 
L. 7. (p. 516.) 
ily DAG PROBE H CF 2. Equal. 
ie 2 
. Indices are 0-:0791, 2:3980, 2:1761, 0-8060. 4. 4 °v3 _ + 0-885, 
170 ft.-Ib. 6. 5-75, 5-79 mi. 


|xxx ALGEBRA 
L. 8. (p. 517.) 
x*— 160x 
1. = ions 8400? 0, 3, 9-335, 9-93 per cent. 
2. 441 mm. 8. 1-408p. 4. 155=1-50. 
5. 44/21=1-53, 6. y=4(2,+82+3). 
L. 9. (p. 518.) 
pi— qg 
1. x>4, yes 2. i 8. (Decreased) 0-97: I. 
3a 1 Tx 
4. =: 6. —}, 3. 6. 3” 3g = 0-916. 
L. 10. (p. 519.) 
ata oe COTE 2. 0,0,0; 1 log y=log 
° 2 *8G—<)’ § = . »U,U; log x+log y= og (xy). 
8 2 — 00% 2(a* + 3ah + 3h?) 
Perry 3(a + 2h) 
5. 0-232 in. per seo. 6. 0-8, y=xy (16x + 102? 25), 
M.1. (p. 520.) 
1. 1, 46; 6, 132; 0, 99. 2 11, 20, 26, 29; 44; 3n—1, 
8. 26, 1326. 4. 2-34 in. 5. 4. 6. a 4 
M. 2. (p. 520.) 
1. 1050. 2. 15 m.p.h., 104 sec. 8. wo, ry. 
4. 19, 48h 5. 21, 3 sq. in. 
M. 3. (p. 521.) 
1. 49 Ib. 2. 304) 5 ohn: ees 
4. 2:90, — 0-60, — 2-30. 6. 7, 28, 144, 6. 2r—1, n%, 
M. 4. (p. 522.) 
1. 2-50, 2 c=0-16a%d!:5, 8. 1-23 or — 4-23. 
4. +n, & 2x 3-t gs— 7. 6. £5940, £5940. 
M. 5. . 523. 
1 pela Wr 2Ws (P ) 
* Tin) T40 TGee 2 —6, — yy. 8. 3-59. 
4. 4, 3, 2-62, 0-631. 


8. (9+ x4)", (n—1 + x) 


M. 6. (p. 523.) 
29H\n = 
1. y=(27) Las 2. 16-0. 8. 30. 
4. 2,814 5. 34", 10-3 x 2-3. 6. 1050, 802 yd. 
M. 7. (p. 524.) 
1. £600. 2. 0-00632, 8. 6, 56. 
4. 3x27, n4+242% 5. 2-47. 6. 24 in. 
M. 8. (p. 524.) 
2 
1, 2-24 p.m. eee 8. 5-38. 4. |. 
6. 64, 2, 6. Red 348, blue 372 sq. in. 
M. 9. (p. 525.) 
1. 1973 ft. per seo. 2. a 8. d=4G4, 10%, F-04, 
4. 157. 5. 24 yd. 
6. Rate of flow about 4 cu. in. per sec., 7998 cu. ft. 
M. 10. (p. 526.) 
1. (k—1)22 +122 49(k—5)=0. 2. d=0-05915, 75-6. 
3. 7,4. 4. 108, 198, 1683. 5. 4{1—(— 3)", 0°8. 6. 13-6 yrs. 
N. 1. (p. 526.) 
|" 
1. y=3$(x— 29), 104. 2. rainer 
8. a+b+c+d, b*%(d—a—c). 4, 1-435. 
6. Readings for w=35, 50; 1=21 +5" 6. 2n(n—1), 36 
N. 2. (p. 527.) 
Av 1 37504 
Se gee, yg tw 8. 30. 
R= so 4 A 16 


a, 45. 


ANSWERS ee 


6. 0, +10; 10-005. 6. 5 per cent. 


ixxxil ALGEBRA 


N. 3. (p. 528.) 
2. 18432438972, 8. 32 pints. 4. 15. 
3252h 
. 40, 8. 
5. iP avi down. 6 0, 8. 
N. 4. (p. 529.) 
lash, w= Os 2. 33, ae 8. 28. 
4. 1-049. 5. 16y*— 80y? +64; 1, +3, —5. 6. 
N. 5. (p. 529.) 
2. 13-6 ft.-Ib. 8. 0, 0, 0 or 4, 6, 9. 4. 12. 6. 105. 
N. 6. (p. 530.) 
1. log,b, }. 2. +/(abcd), fa*/3. 8. 1260. 
4. Increased 7 per cent. 5. 5-0067, 5-027. 6. £16. 13a. 4d., 2. 
N. 7. (p. 531.) 
1. V =168d?./dH, reduced in ratio 1: 4. 2. 160,000 
ht 1\3 1\?P 
8. 5 4. (1-5)> (1-3) 
B. be 6. ra’, ¢7a’, 
N. 8 (p. 532.) 
1. Increased in ratio 8: 1. 
2. The lines y= +1; everywhere discontinuous. 8. 64, 15. 
: F x (n—1)a3 
4 l-yt+y?; SOD Ik Laine eee 6. 462, 2. 
N. 9. (p. 533.) 
1, P=1-94 x 10-4 x q5-5 , 93-5, 2. 7019298, 8. af. 
n 
16 n(n—1 
4. 2h 6. 3, 315, Lig = 038512875, 6. 10,1, uliiaa)) 3(n—3)(n— 4). 
o N. 10. (p. 633.) 
1 Ma r 2. 20, 10, 13. 3. 28. 
f. c? +c?(a +b) +c(a? +.ab +63) +03 +a% +ab2 +68, 10, 6. 3. 


1. 


ry 
. 


ANSWERS Ixxxiii 


P. 1. (p. 534.) 
100A a b 6 a 
SI Tea gett 2 100-7 Wo0+y’ 100-y> 100+a' 
Gy? Il 
P=0-183W +0-32. 6. 22-1, = eg tg to 24. 
wax? (2 3) ais 5y— =0-0606 in. per sec. 
Pies. (p..535.) 
x=107 x 2-518°3, 2. W=40+HI, p= + . 8. 2-80. 
105 x 7:03, 10°x 7-09. 5. yy. 6. 333} ft 
P. 3. (p. 536.) 
2 log a, 3, 1, %. 2. ac: ab: bc; a*—ab, ab—b*. 
. ad=0-11V?. 4, 459: 53. 6. 4:52 in 
. 1-12 in. per sec., 4-47 in., 2° Ne 35g 
P. 4, (p. 537.) 
2:50. 2. v=8V/h 8. (202 4 Qal +h) 
O; +, +3 no; —, +. 5. zy. 6. 65-1 ft.-lb. 
P; 5. (p. 537.) 
. (2x+4100) per cent., (100 +2) : 100. 2. m=1-276d% 
. 64-4° F., 36-7° C 4. 12300. 
Ree gyre Orie, ey ead. 
Qy7 (49— a7)? 
P. 6. (p. 538.) 
Jz 3-4P 
eae 2. k= 7 09BP 40-29 1+0-031P" 
. o13. 6. Area of quadrant of circle, 0-787, 0-783. 
P. 7. (p. 539.) 
apr AP=621 ft, 4. t=0-28d'!*, 232 seo. 


%-2s bv 8. 5p (20*— 9a + 12) 


Ixxxiv ALGEBRA 


P. 8. (p. 540.) 
He F(ra- by, 4-58 in 2. x3—2?—4=0, one. 8 d=11-44/H. 
4. 93-7. B. (2.4); (-2, —4). 6-25 1b., 16-8 in 
Q.1. (p. 541.) 
8. (4a +35)*— (a +78)%, 4. 7. 


3 a(a"— 2n) 
a 


5. 2a+a, 4a +2074 a3, Ss 6. 6, 12, & 


Q. 2. (p. 541.) 


1. o+b=q=|=0 and p==0; q=0 or ifa+b=g and p=0Q, 4. 3, 5. 
5. 10-067, 10-07, 6. £12-3. 
Q. 3. (p. 542.) 
z+ys 
Lie ik & ey ia oy ye “3. 6. -}. 
Q. 4. (p. 542.) 
1. n=log Pt) + log (27). 2 —b or a—1, —aorb—L 
a Pot 
a-—l 
8. a, Fie 5. 24a, 15a, 20a. 
Q. 5. (p. 543.) 
8. —(l+m+4+n)%. 4. r(%)". 


6. (32— y)(3y—2)(z+y)s 14A(e—1)(x—2)(2—3)(2—4), 


Q. 6 (p.544.) 
4. ft=be, g*=ca, h?=ab, 


5. 3(y—z)(z—a)(a—y); (a—6)(b—c)(c—a)(a+6 +e), 


Q. 7. (p. 544.) 
4. lor —9; 1, 1}, 2. 5. 23=m—L 
8. (z— a)(x—8)(w—y)=0, g, — 2p, — 39. 
Q. 8. (p. 545.) 
228 
2. tea 4. —2,19,19,4 
6. r=f(x,+vt,), t=B (4+%). 6. —a, —b; 2 or 3 


ANSWERS Ixxxv 


Q. 9. (p. 545.) 
« (mM +mn +n") 8. 2y%+y(4c— 1) +2c?—c—5=0, }. 
. (a+b+c)(be+ca+ab), 24abc. 5. +3 or +4, +3 or +4, $l or +44. 


A 1 3: 
y (i) @aay' 2-2 3-2! (ii) 4x — 2. 


Q. 10. (p. 546.) 


8. (5% ac)—8(a* +be— a) +c? + ab—b=0. 
5. he by b 6. (w7+y—2z)(y+2—2z)(z+s—y) 
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